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TRANSLATOR’S NOTE 


This volume is a translation of the first third of P. S. Aleksandrov’s 
Kombinatornaya Topologiya. An appendix on the analytic geometry of 
Euclidean -space is also included. The volume, complete in itself, deals 
with certain classical problems such as the Jordan curve theorem and the 
classification of closed surfaces without using the formal techniques of 
homology theory. The elementary but rigorous treatment of these prob- 
lems, the introductory chapters on complexes and coverings and their 
applications to dimension theory, and the large number of examples and 
pictures should provide an excellent intuitive background for further 
study in combinatorial topology. 

In Chapter I the references have been expanded to include a number of 
standard works in English. References to these and to the books and papers 
cited in Chapter I of the original are listed at the end of the chapter and 
correspond to the numbers enclosed in brackets in the body of the text. 
References in the remaining chapters are enclosed in brackets, capital 
letters referring to books and lower case letters to papers. These refer to 
the bibliography at the end of the book. The bibliography includes all 
papers mentioned in the original edition and a few which have been added 
by the translator. English translations are cited wherever possible. Cross- 
references to items in the text are made by citing chapter and section. 
Where the chapter number is omitted, the reference is to a section of the 
chapter being read. The system of transliteration used is that of the Mathe- 
matical Reviews. This may be confusing only in the cases of Aleksandrov 
and Tihonov, whose names are usually written in English as Alexandroff 
and Tychonoff. 
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PREFACE 


This book is an introduction to modern homology theory. It can be 
understood by anyone familiar with general set-theoretic and algebraic 
concepts and has been designed for the reader striving to acquire a knowl- 
edge of topology through a systematic study of its essentials. Hence, in 
this book, a reader can become acquainted with the ideas of modern 
topology only by a detailed study of the fundamental topological facts. I 
have endeavored to present these facts together with the necessary tech- 
nical apparatus, often cumbersome and not at all attractive, with all 
logical rigor and at the risk of being boring and tiresome at times. The 
book can serve as a text for graduate students specializing in topology or 
any other branch of mathematics related to topology. 

In writing this book I have made extensive use of Topologie I (see Alexan- 
droff [A-H]), a joint work of the well known Swiss mathematician H. 
Hopf and myself. In. particular, Chapter XVII of the present work is a 
translation, and Chapter XVI a revision, of Chapters XIV and XII, 
respectively, of Topologie I. I deem it especially necessary to emphasize 
this debt, since these two chapters of Topologie I were written in their 
entirety by H. Hopf. Both appendices of the present book (on Abelian 
groups and on the analytic geometry of n-dimensional space) are also in 
essence borrowed from the book of Alexandroff-Hopf, but are, in fact, con- 
siderably abridged. Besides these fundamental extracts, there are more 
superficial ones scattered throughout the text. It is hardly necessary to 
enumerate these individually. 

Chapters VIII and IX are central to the whole book. They deal with 
what is called combinatorial homology theory. The necessary technical 
apparatus, complexes and chains, is presented in Chapters IV and VII. 
The approach in Chapter IV is combinatorial-geometric, while that in 
Chapter VII is algebraic. Chapters VIII and IX study not only the usual 
(“lower” or 4-) homology but also the so called “upper” or V-homology 
(cohomology). The latter is constantly acquiring more and more signifi- 
cance in modern topological research. I have tried to expound the whole 
theory as simply and clearly as possible, elucidating it with a great many 
elementary examples whose assimilation is important for an understanding 
of the essential material. 

The topological invariance of homology theory is proved in Chapters 
X and XI, which contain several different ways of proving the invariance 
of the Betti groups. In this connection I have completely dispensed with 
the so called ‘‘continuous” (singular) cycles, since it seems to me necessary 
to look to the “true” (proper) cycles, rather than to the singular cycles, 
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as the basic path of application of homology concepts to arbitrary com- 
pacta. True cycles are also convenient in practice in the study of poly- 
hedra, in all cases where it is reasonable to use concepts whose very formu- 
lation is topologically invariant (e.g., in applications to the calculus of 
variations). In the principal questions of the construction of a general 
homology theory of compacta (particularly if one has in mind the general- 
ization of this theory to the nonmetrizable case, first of all to arbitrary 
bicompacta) it is of course preferable to use “spectral theory” (developed 
in Chapter XIV), based on the direct investigation of the partially ordered 
set of all finite open or closed coverings of the space. For the study of 
the homology properties of a concrete individual compactum, however, 
true cycles defined in terms of the’ metric of the space are the most ex- 
pedient. 

A further development of the homology theory of modern topology is its 
localization, which reduces (by means of the notions of relative cycle and 
relative homology) to the definition of the Betti groups in a point. This 
makes it possible to study, e.g., manifolds with boundary, and also to de- 
velop the homology dimension theory. Of the latter we give in this book 
merely the definition of the homology dimension and a proof of the fact 
that, for polyhedra, this dimension is synonymous with the dimension 
in the elementary sense. Chapter XII is devoted to relative cycles and their 
applications. 

At the present time we consider homology theory to be the fundamental 
core of topology because an extraordinarily significant number of the new 
geometric facts discovered in topology are formulated in terms of homology. 
Among the most important of these are the Poincaré and Alexander-Pon- 
tryagin dualities. Chapters XIII-XV are essentially devoted to these. 
The concept of homological manifold, the elements of the theory of inter- 
sections, as well as the theory of linking, also find their natural place here. 

The latter theory, in its elementary form also turns out to be a conveni- 
ent method for investigating the simplest classical questions of the theory 
of continuous mappings. Chapter XIV gives an account of this theory. 
Finally, the celebrated Lefschetz-Hopf formula for the algebraic number 
of fixed points of a continuous mapping of a polyhedron into itself is proved 
in Chapter XVII (borrowed in its entirety, as has already been said, from 
my joint work with Hopf). 

The reader may choose from all the wealth of concrete factual material 
to which homology theory leads that which he finds interesting or useful. 
For example, one can, studying Chapter VIII and taking from Chapters 
X-XI any one of the proofs of the invariance of the Betti groups, pass at 
once to the theory of linking (Chapter XV) and then to the theory of con- 
tinuous mappings (Chapters XVI and XVII), limiting oneself, if desirable, 
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to the classical topics presented in Chapter XVI. Or, one can, after Chap- 
ters VIII, IX, X, go on to Chapters XIII and XIV, i.e., basically, to the 
duality laws. Finally, the reader who wants to acquire the very clementary 
topological notions can, in more or less arbitrary order, read Chapters II, 
III, V; or, if the predominant interest is in questions of set-theoretic charac- 
ter, he can read Chapters V and VI, consulting the preceding chapters 
(basically Chapter IV) merely as a reference. Introductory remarks at the 
beginning of each part and chapter of the book will generally help the 
reader to choose a suitable sequence for the study of various topics. 


Needless to say, this book does not begin to exhaust even the basic 
branches of modern combinatorial topology. Being oriented towards prob- 
lems which are quite general and at the same time sufficiently elementary, 
this book, as is made clear above, seeks such problems in the domain of 
homology theory. The entire immense field of homotopy methods, from the 
classical fundamental group of Poincaré (see Seifert-Threlfall [S-T, Ch. 7]) 
to the homotopy groups of Hurewicz, and the recent research in homotopy 
problems of H. Hopf, Pontryagin, Eilenberg, and many others, remain 
entirely outside the scope of the book. Neither, however, have I touched on 
many deep questions of homology theory: the theory of intersections and 
products is represented merely by the wholly elementary case p + q = 
n, i.e., only when a zero-dimensional image is obtained in the intersection. 
It follows as a matter of course that all the results of the theory of con- 
tinuous mappings which depend on the methods of “products” and “inter- 
sections” (Product Method of Lefschetz), as well as Hopf’s extension of the 
theory, have been omitted. A series of papers which are due to appear in 
forthcoming topological issues of Uspehi Matematiéeskih Nauk may be 
consulted on some of the topics mentioned (see Glezerman [a]). For a fur- 
ther development of questions related to the duality laws see Aleksandrov 
[f]. [I propose to devote a special monograph to questions of duality and 
homology dimension theory, in the hope of according these questions a 
fuller and more lucid treatment than they have received in the literature 
(see Aleksandrov [h, i, j]). Unfortunately, the methods developed in this 
paper, written after the completion of the book, could not be used here; 
otherwise, various improvements could have been made in Chapters XIII 
and XIV. I therefore recommend this paper especially as supplementary 
literature. Hurewicz-Wallman’s Dimension Theory is recommended in the 
same vein. 

The manuscript of this book was completed in the summer of 1941. 
Naturally, the outbreak of events delayed publication for a long time. 
After five years, as the book was about to appear, I was strongly tempted 
to consider many desirable changes in its text because of the advances in 
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Soviet and foreign scientific thought. I had to consider, first, the question 
of notation and terminology (see Aleksandrov [f]). However, each minor 
change in so unwieldy a work would have entailed others and would, in 
the end, have caused me to undertake a revision of the whole book, again 
delaying publication. I therefore decided to publish this manuscript in 
its original form and to postpone all possible improvements (whose neces- 
sity is more obvious to me than to anyone else) to a second edition. 


In conclusion, I would like to thank all those who helped me in one way 
or another in the preparation of the book. 

First of all, I would like to express my gratitude to L. S. Pontryagin for 
a close reading of the essential portions of the manusċèript and for con- 
tributing a whole series of valuable remarks and suggestions. He frequently 
enabled me to improve the exposition substantially. I have noted in the 
text all cases of new and simpler proofs of propositions (as, e.g., in Chapters 
IV and XIII) communicated to me by L. S. Pontryagin. The continual 
friendly communication with L. S. Pontryagin over a long period of time 
has helped me a great deal in the preparation of the book and has been of 
great benefit to it. M. R. 'Šura-Bura has carefully read all of the book in 
proof, and I am obliged to him for many improvements in the exposition 
(especially in Chapter ITI). 

I am obliged to A. N. Kolmogorov, A. S. Parhomenko, and A. M. 
Rodnyanskii for a number of valuable remarks. I wish to thank A. N. 
Kolmogorov, in addition, for the execution of many of the figures. 

My assistant U. Smirnov, a student at the University of Moscow, to 
whom I express here my sincere thanks, rendered me great assistance in 
the preparation of the final text of this book and a number of the figures. 

I am indebted to S. V. Fomin for his help in reading proof and for com- 
piling the index. 

Finally, I am very grateful to the publishers (OGIZ) in the persons of 
its director G. F. Rybkin and the chief editor of mathematical literature 
A. I. MarkuSevié for their scrupulous attention to my wishes in connec- 
tion with the publication of this book. 

P. ALEKSANDROV 


Bolševo, Komarovko 
June 22, 1946 


Part One 
INTRODUCTION 


Part One consists of three chapters. Chapter I is auxiliary in character. 
Chapters II and III are independent of each other and are concerned with 
the most elementary questions of “geometric” topology: the Jordan theo- 
rem and the elementary theory of closed surfaces. Chapters II and III, 
together with Chapter V, constitute a central core of interesting and im- 
portant topological ideas. Without utilizing the general concepts of com- 
binatorial topology, these chapters make the importance of such concepts 
quite clear. 


Chapter I 
PROPERTIES OF TOPOLOGICAL SPACES 


Chapter I is an outline of the elementary theory of topological spaces. It 
is not meant for obligatory study. It may be used (after reading §1) merely 
as a reference. On the other hand, the student may read the chapter as 
part of the book and either furnish independent proofs where these are 
inadequate or omitted, or look up the proofs in, e.g., Hausdorff (see Trans- 
lator’s Note and [1]). : 

The results of Chapter I will not be applied often in the sequel, but we 
shall, of course, make systematic use of some of the concepts and proposi- 
tions established here. In addition to such elementary ideas as continuous 
mapping, closed and open sets, etc., these include the concepts of deforma- 
tion, Lebesgue numbers of a covering, partially ordered sets, and the 
theorem on the completeness of the metric space of continuous mappings 
of one compactum into another. The latter is applied in Chapter VI. 

The notion of a bicompactum is used just once in the book, in the defini- 
tion of the cohomology groups of bicompacta (see XIV). It would be per- 
fectly possible to confine oneself here again to compacta (the reader may 
do so). Hence, all the elementary concepts introduced in Chapter I could 
have been introduced for metric spaces alone. The student can be guided 
by this suggestion as well in using Chapter I. 

The exposition in this chapter is detailed in those cases which deal with 
concepts essential to the applications in the sequel. The same can be said 
of theorems cited here which are not to be found in Hausdorff (see Transla- 
tor’s Note and [1]). In the remaining cases the exposition has been abridged. 
Needless to say, all definitions and the statements of all theorems have 
been given in full. 


§1. Notation of set theory 


§1.1. Operations on sets. The union of the sets A, B, C, ---, i.e., the 
set of all elements contained in at least one of the sets A, B, C, --- , is de- 
noted by Au BuC ---. Correspondingly, the union of the sets Aa, 


where a is an index (see 1.3) which assumes a finite or infinite number of 
values, is denoted by UaA a. 

The intersection of the sets A, B, C, ---, denoted by AnBnC--:-, is 
the set of elements contained in all of the sets A, B, C, ---. Similarly, 
M.A. denotes the intersection of the sets Aa. 

The difference of two sets A and B, denoted by A N B, consists of those 
elements of the set A which are not elements of the set B. This definition 
does not presuppose that B is a subset of A, so that 


A\B=A\ (ANB). 
2 
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The notation A C B, or B D A, means that the set A is a subset of 
the sct B, i.e., that every element of A is an element of B. 

A C B, or B D A, means that A is a proper subset of B, i.e., that every 
element of A is an element of B but that there is at lcast one element of B 
which is not an element of A. 

The relation ‘‘a is an element of the set A” is written asa € A. 

The negation of the relations expressed by the symbols C, C, €, and the 
like, is denoted by a line through these symbols. For example, a € A means 
that a is not an element of A. 


§1.2. Mappings. A mapping f of a set X into a set Y is an assignment 
to-every element x of X of a definite element y = f(x) of Y. The element 
f(z) is called the image of the element z under the mapping f. If A C X, 
f(A) is called the image of the set A under the mapping f and denotes the 
set of all elements in Y which are images of elements in A. If B C Y, the 
set of all z € X for which f(z) € B is called the inverse image of the set 
B under the mapping f and is denoted by f '(B). If B, in particular, con- 
sists of a single element yo € Y, f-'(B) is denoted by f (yo) and is called 
the inverse image of the element yo under the mapping f. If the image of 
X under the mapping f is all of Y, f is said to be-a mapping onto Y. The 
mapping f of the set X onto the set Y is said to be (1-1) if the inverse image 
of every element of Y under f consists of a single element of X. 

Given mappings f’, of a set X, into a set X; and f’; of X» into a set X3, 
assign to each zı € X; the element f’s[f'2(z:1)] € X3. The result is a mapping 


f = Paf 
of Xı into X; . Accordingly, for every A; C X3, 
(f's) (As) = FDIN A). 


Remark. Instead of f(z), f(A), f(y), F'(B), we will often write fz, 
fA, fy, fB. 


$1.3. Indexed sets; systems of sets; order of a system of sets; coverings. 
Let f be a mapping of a set A into a set M [f need not be (1-1)] and denote 
a paira € A,m € M, where f(a) = m, by Ma . It is sometimes convenient 
to call the set of such pairs “elements of M indexed by the set {a} = A” 
or simply to say that M is indexed by A. The elements of M may, of course, 
themselves be sets. In that case, we have a family or system of sets in- 
dexed by A, or an indexed system of sets. 

For instance, let f(z, @) be a function of two variables, x and 6, defined 
for all pairs of values z, 0,0 <x < 1,0 < 8 < 1. Then for each fixed 
value of 6, the function 


fo(x) 7 f(z, 6) 
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is a function of one variable z, and the functions fe, (x) and fe, (£) may coin- 
cide for two distinct values 6, and 0z of 0. The set of functions f(x) is said 
to be indexed by 0,0 < @< 1. 

Usually, instead of “a set indexed by A”, we shall speak of a family 
or system of elements (which may themselves be sets) depending on the index 
or parameter a; for instance, we say that the family of functions fo(r) de- 
pends on the parameter @. 

Another important example is that of a system of subsets of a set R. 
Let us assign to each element 7 of a set of indices a subset A, of the set R, 
where it is understood that distinct indices may correspond to identical 
subsets A;, i.e., subsets consisting of the same elements. The resulting 
indexed system of subsets A; of the set R is briefly referred to as a system of 
subsets of R. 

A system of subsets of a set R is called a covering of R if the union of the 
sets of this system is all of R. 

The systems and, in particular, the coverings considered in this book 
will consist almost exclusively of a finite number of sets. Accordingly, a 
basic notion will be the order of a covering. The order of a finite system of 
sets is the greatest integer n for which the system has n elements with 
nonempty intersection. 

Remark. A system of sets is said to be simple if every two elements of 
the system are distinct, i.e., if to every two distinct indices 7 and j cor- 
respond distinct sets A; and A;. We could, of course, consider only simple 
systems, but it is sometimes convenient not to be bound by this restriction. 
For examples of this see XIV. 


§2. Topological spaces [2] 


§2.1. Definition of topological spaces and basic related notions. 

Dermirion 2.11. A topological space is a set R composed of elements of 
arbitrary nature in which certain subsets A C R, called closed sets of the 
topological space R, have been defined so as to satisfy the following condi- 
tions, called the axioms of a topological space: 

1,. The intersection of any number and the union of any finite number of 
closed sets is a closed set. 

24. The whole set R and the empty set are closed sets. 

Remark 1. The elements of the set R are called points of the topological 
space. 

The sets complementary to the closed sets of R, i.e., the sets of the form 
RN A, where A is closed, are called open sets of the topological space R. 
They clearly satisfy the following conditions: 

lr. The union of any number and the intersection of any finite number of 
open sets ts an open set. 

2r. The whole set R and the empty set are open. 
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REMARK 2. A topological space could be defined as a set R in which 
certain subsets, called open sets, have been singled out and which satisfy 
lr-2r. Then the sets complementary to the open sets satisfy 14-214 
and are said to be closed. 

DEFINITION 2.12. The intersection of all closed sets containing a set M 
is called the closure of M in the topological space R and is denoted by M. 
The points of M will be referred to as the contact points of M. 

2.13. The closure operation, i.e., the passage from a set M to its closure 
M, satisfies the following conditions: 

I. MuN = MuN. 

2MCM. 

3. M = M for arbitrary M. 

4. The closure of the empty set is empty. 

REMARK 3. A topological space could be defined as a set in which every 
subset Af has been assigned a closure M satisfying 1 — 4. Then closed 
sets are defined as sets which coincide with their closures. This leads to 
precisely the topological spaces which were defined at the beginning of this 
section. 

DEFINITION 2.14. A neighborhood of a point p in a topological space R is 
any open set containing p. 

A point p € M is called an interior point of the set M relative to the 
topological space R if p has a neighborhood contained in M. The set of all 
interior points of a set M, the interior of M, is an open set T C M. The 
set M N T is called the boundary of M in R. A point of M N T is a bound- 
ary point of M. A point of R is said to be isolated in R if the set consisting 
of this one point is open. 

2.141. p € M if, and only if, every neighborhood of the point p contains 
at least one point of the set M. 

A point p is said to be a point of accumulation or a limit point of a set 
M if every neighborhood of p contains an infinite set of points of M. 

DEFINITION 2.15. A set Af is said to be dense in R if M = R. 

REMARK 4. A topological space is a composite of two concepts: the set 
of points of the topological space and the topology defined in this set, i.e., a 
system of sets exhibited as closed (open) sets of the topological space 
for defined in the space by the closure operation (see Remark 3)). 

2.16. Let R be a topological space and let M C R. The topology of R 

induces a topology in M (the relative topology) in the following way: the 
sets closed in M are, by definition, the intersections with M of the closed sets 
of R. 
tastes we refer to an arbitrary subset M of a topological space R 
as a topological space, we shall always have the relative topology in mind. 
This topology obviously satisfies 14-24 . 

It is easy to prove 
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2.17. The sets open in M are the intersections with M of the open sets 
of R. 


§2.2. Neighborhood topology. 

THEOREM 2.21. Let R be any set and call its elements points. With each 
point p € R associate certain subsets V(p) of R which contain p and are 
called neighborhoods of p in the given neighborhood system V. We shall as- 
sume that the given neighborhood system satisfies the following conditions: 

ly. The intersection of any two neighborhoods of a point p € R contains a 
neighborhood of p. 

2y. If q is any point contained in a neighborhood V(p) of p E R, there 
exists a neighborhood V(q) of q contained in V(p). 

Let us call a point p a contact point of a set M if every neighborhood of p 
contains at least one point of the set M, and let us define the closure M of M 
to be the set of all contact points of M. The closure operation defined in this 
way satisfies 1—4 of 2.13 and consequently converts the set R into a topo- 
logical space in which all the neighborhoods V(p) are open sets of R (condi- 
tion 2p). 

The collection of all neighborhoods of points of a topological space R 
defined in 2.14, i.e., the collection of all open sets of R, is conveniently 
referred to as the absolute system of neighborhoods of R; this system satis- 
fies 1y-2y. The topology of the given topological space can therefore be 
defined by applying Theorem 2.21 to the absolute system of neighborhoods 
of the space, i.e., the neighborhood topology induced by using the system 
of open sets of R as the defining neighborhood system of 2.21 is the same 
as the original open set, closed set, or closure topology in R. 

2.22. A collection 8 of open sets T of a topological space R is called a 
basis for the space R if every open set of R is a union of sets of &. 

It is clear that: 

2.23. In order that a collection 8 of open sets of a topological space R 
be a basis for R, it is necessary and sufficient that for every neighborhood 
V of an arbitrary point p (i.e., for every open set containing p) there exist 
an element T of B® such that 


pera y, 


It follows from 2.141 that: 

2.24. Let Y be a basis for R. Then p is a contact point of a set M if, and 
only if, every neighborhood of p, which is at the same time an element of $, 
contains at least one point of M. 

DEFINITION 2.25. Let R be a topological space. Every system of neigh- 
borhoods satisfying the conditions of Theorem 2.21 and inducing, in 
accordance with Theorem 2.21, the very same topology which was origi- 
nally given in R is called a system of neighborhoods of the topological space R. 
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It follows from 2.24 that the elements of a system of neighborhoods of R 
constitute a basis in R; conversely, if each element T of a basis ® is taken 
to be a neighborhood of every point z € T, the basis forms a system of 
neighborhoods of the space R. 

Examp.e. The real line with its usual topology (as in analysis) has, 
among others, the following neighborhood systems: 1. A neighborhood of a 
point p is any open interval containing p. 2. A neighborhood of a point p 
is any open interval with rational endpoints containing p. 3. A neighbor- 
hood of p is any interval of the form (p — r, p + r), where r is any positive 
rational number. 

DEFINITION 2.251. A topological space is said to have a countable basis 
if it has a basis consisting of a countable set of elements. Such a space is 
also said to be a space of “countable weight.” In general, the least cardinal 
number 7 such that a topological space has a basis of power 7 is called 
the weight of the space. 

EXamMpLe. The set of all open intervals with rational endpoints is a 
countable basis for the real line. 

2.26. Let X be a basis for the space R and let M C R. To obtain a basis 
for M, it suffices to take the sets which are the intersections of M with the 
elements of 8. Hence the weight of M does not exceed the weight of R. 


§2.3. Metric and metrizable spaces. 

DEFINITION 2.3. A set of arbitrary elements (points of the space) in which 
every two elements x and y are assigned a nonnegative number p(x, y), the 
distance between x and y, is called a metric space if the following conditions 
are satisfied: 

1. p(x, y) = 0 tf, and only if, x and y are identical (axiom of identity). 

2. p(x, y) = ply, x) (axiom of symmetry). 

3. If xz, y, z are any three points of the space, 


p(z, y) + ely, z) = p(z, 2) 


(triangle axiom). 

A nonnegative function p(z, y) of two variable points z, y of the space 
R satisfying these conditions is called a metric of the metric space. 

REMARK. Every subset of a metric space R is itself a metric space with 
metric the same as that in R. 

A metric of a metric space defines a topology in the space in the follow- 
ing way. Let us call the greatest lower bound of the nonnegative numbers 
p(p, x), x € M, the distance between the point p and the set M. 
Define the closure of a set M in the metric space R to be the set of all 
points p for which p(p, M) = 0. Finally, in accord with Remark 3 of 2.1, 
call the set M closed if it coincides with its own closure [or, Af is closed if it 
contains every point p such that p(p, M) = 0]. It is easily verified that 
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this topology satisfies the axioms of a topological space. We shall say 
that the topology just defined in a metric space is the topology induced by 
the metric or the natural topology of the metric space. 

2.31. Let R be a metric space. The least upper bound d < œ of the 
numbers p(z, y), z, y € R, is called the diameter of R. 

2.32. Let € >.0. We shall call the set S(P, e) of all points z € R such 
that p(P,z) < ¢ an e-neighborhood of the set (or point) P of the metric 
space R. 

Remark. An e-neighborhood is also called a spherical neighborhood (of 
radius e). It is easily seen that spherical neighborhoods are open sets. 

2.33. Let M be a subset of a metric space R; then p €.M if, and only if, 
every spherical neighborhood S(p, e) of p contains at least one point of M. 

2.331. The spherical neighborhoods of the points of a metric space R 
form a neighborhood system in FR (in the sense of Def. 2.25). 

2.34. A sequence 


(2.34) Ti, T2, tt In, '' 


of points of a metric space R converges, by definition, to a point z € R if 
limps. p(T, In) = 0, i.e., if every (spherical) neighborhood of x contains 
all but a finite number of the points of the sequence. 

2.35. A point p of a metric space R is a contact point of a set M if, and 
only if, there is a sequence of points of M which converges to p. A point 
p is an accumulation point of M if, and only if, M contains a sequence of 
distinct points of M converging to p. 

2.36. A metric space R has a countable basis if, and only if, it contains a 
countable set dense in R. 

Indeed, if Ui, -+> , Un, ++- is a basis for the metric space R and x, € 
U,,, then the set of all z, is dense in R. Conversely, if D = {za} is dense 
in R, then the set of all S(a,, 7), where z, € D and r is any positive ra- 
tional number, is a basis for R. 

It follows from 2.36 and 2.26 that: 

2.37. If a metric space FR contains a denumerable set dense in R and 
A C R is infinite, then A also contains a denumerable dense set. 

EXAMPLES or METRIC Spaces. 1. The Euclidean n-space R” is the space 
of all sequences of n real numbers z = (z1, ++- , Za), With the distance 
between two points z = (%1,°°-,2n),y¥ = (Y1, °°: , Yn) given by 


p(x, y) = [(t. — y)? + +++ + (ta — yn) 


2. Every subset of a Euclidean space is also a metric space. Among 
these subsets we note particularly: 

the closed solid n-sphere E” with center a and radius p which consists 
of all points z € R” at a distance <p from the point a; 
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the open solid n-sphere E” with center a and radius p consisting of all 
points x € R” at a distance <p from the point a; 

the (n — 1)-sphere S** = E*N E” with center a and radius p consisting 
of all points x € R” whose distance from a is equal to p. 

3. The Hilbert space R” has as points the set of all infinite sequences of 
real numbers 


r= (zi, tt, En, e) 


such that X Zait < © ; the distance between two points x = (t1, -°°, 
Za, ©) and y = (y1, °°°, Yn, +++) is given by the formula 


p(x, y) = [Sota (en — T: 


This is an immediate generalization of the distance formula in Euclidean 
space [3]. 

4. The set of all points t = (z1, --: , Zn, °°) of. Hilbert space such 
that |z,| < (4)",n = 1,2, --- , iscalled the Hilbert parallelotope (in analogy 
with the ordinary parallelotope whose width is half its length and whose 
thickness is half its width). 

Remark. (Urysohn’s theorem.) Every metric space which contains a 
countable dense subset is homeomorphic (see 2.45) to a subset of the Hilbert 
parallelotope [4]. 


§2.4. A continuous mapping of a topological space X into a topological 
space Y may be defined in each of the following equivalent ways: 

2.41,. The mapping C is continuous if the inverse image C™ (B) of every 
set B closed in Y is closed in X. 

2.412. The mapping C is continuous if the inverse image of every set 
open in Y is open in X. 

2.41,;. The mapping C is continuous if C(A) C C(A) for every subset 
ACX. 

2.42. (Cauchy’s definition of continuity.) A mapping C of a topological 
space X into a topological space Y is continuous at a point a € X if for 
every neighborhood V(b) of the point b = C(a) € Y there exists a neigh- 
borhood V(a) of the point a such that C[V(a)] © V(b). 

2.43. A mapping C is continuous in the sense of Defs. 2.41:-2.413 if, and 
only if, it is continuous at every point of the space X in the sense of Def. 
2.42. 

Moreover, in the case of metric spaces, we have 

2.44. A mapping C of a metric space X into a metric space Y is continu- 
ous if, and only if, the convergence of an arbitrary sequence 


Ti, -2e Ta, ooo in X 


10 PROPERTIES OF TOPOLOGICAL SPACES [cH. 1 


to a point x € X always implies the convergence of the sequence 
C(z:), Clt), +++ , C(an), -in Y 


to the point C(x) € Y. 

2.45. Let C be a continuous (1-1) mapping of a topological space X onto 
a topological space Y. If the mapping C™ of Y onto X, the inverse of C, 
is continuous, the mapping C is said to be bicontinuous or topological; 
topological mappings are also known as homeomorphisms. Two topological 
spaces are homeomorphic if one of them can be mapped topologically onto 
the other. 

A topological space which is homeomorphic to a metric space is called a 
metrizable space. 


§2.5. Uniform convergence of mappings. 
DEFINITION 2.51. A sequence 


Ci, Ce, e, Ca are 


of mappings of a set X into a metric space Y is uniformly convergent to 
the mapping C of X into Y if for every «e > 0 there exists a natural number 
n(e) such that 


alC(z), Ca(£)] < €. 


forn > n(e) and all x € X. The proof of the following theorem is the same 
as that given in books on analysis: 

2.52. The limit of a uniformly convergent sequence of continuous map- 
pings of a topological space X into a metric space Y is a continuous map- 
ping of X into Y. 


§2.6. Topological product of spaces. Let us apply 2.2 to define the 
topological product of topological spaces. 

The product of two sets is, after Cantor, the collection of all pairs (x, y), 
x € X,y € Y. The product of the sets Xa of a system X = {Xa} is the 
set of all systems of the form 


E = {za} 


containing a single element £a of each set Xa. The points of the topo- 
logical product of the topological spaces X, are, by definition, the elements 
of the product of the sets Xa. The points x, € Xa are referred to as the 
“coordinates” of the point £ = {za}. We shall define a topology first for 
the product of two spaces X and Y: a neighborhood of a point £ = (z, y) 
is the product of arbitrary neighborhoods of the points x and y in X and 
Y, respectively. It is not difficult to prove that this topology satisfies con- 
ditions 1 y-2y of Theorem 2.21. 
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A generalization of this topology to an arbitrary number of spaces X« 
was first found by A. N. Tihonov: to obtain a neighborhood of a point 
£ = (r a}, first choose any finite number of coordinates 2°, of this point, 
say 2a, (1 <i< s), and then choose neighborhoods Væ a) C Xa; Of 
each of these coordinates. A neighborhood of the point £° consists, by defi- 
nition, of all £ = {za} such that £a; € V(z.;) (1 < i < s), with the re- 
maining coordinates assuming all possible values. We may again show 
that the conditions of Theorem 2.21 are satisfied. 

Examp.es. 1. The plane is the topological product of two lines, the 
torus [the surface obtained by rotating a circumference about an axis 
lying in the plane of the circumference and not intersecting it (Fig. 1)] is 
the topological product of two 1-spheres, three-dimensional space is the 
product of three lines. In general, the Euclidean n-space (with the topol- 
ogy defined by its usual metric) is the topological product of n lines. 

The topological product of n 1-spheres is known as an n-dimensional 
torus. 


Fie. 1 


2. Let oxyz be a system of coordinates in three-dimensional space. 
In the plane z = 0 consider the unit circumference S’ = z? + y’ = 1 and 
a mechanism M, consisting of two rods oa and ac, each of unit length and 
fastened at the point a by a spherical hinge in such a way that the rod 
oa can rotate freely in the plane z = 0 around the fixed point o, while the 
rod ac is free to rotate in the three-dimensional space around the point a. 

Let (oa, ac) be a definite position of the system of two rods. As a neigh- 
borhood of this position it is natural to take the set of all positions (0a’, 
a’c’) for which the distances p(a, a’), p(c, c’) are less than a given «e > 0. 
This converts the set of all positions of the mechanism into a topological 
space P. 

We shall prove that the space P is homeomorphic to the topological 
product of the 1-sphere S! and a 2-sphere S’. Indeed, a definite position 
of the system of two rods oa and ac determines the point a of the 1-sphere 
S! = 2? + y = 1 and the point of the 2-sphere S = 2 +y +2? =l 
in which this sphere intersects the ray emanating from the point o in the 
direction of the vector ac. Conversely, every pair of points, p € S', p’ € S 
determines a position op of the first rod and also a position of the second 
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rod, obtained by laying off from the point p a vector equal to the vector 
op’. This defines a (1-1) correspondence between the space P and the 
topological product of a 1-sphere and a 2-sphere. It is easy to see that this 
correspondence is bicontinuous. We can say, briefly, that the manifold 
(see 5.3) of all positions of the mechanism M, is the topological product of the 
1-sphere S and the 2-sphere S. 

3. Let us now consider a mechanism M: consisting of a rod oa of unit 
length, which can rotate freely in space around the point o (the origin of 
coordinates), and a rod ac (also of unit length) fastened to the rod oa at 
the point a in such a way that it can rotate freely in a plane passing through 
the point a and perpendicular to the line oa, i.e., in the plane tangent to 
the sphere S° at the point a. ` 

The set of positions of this mechanism may again be converted into a 
topological space Q in the following natural way: as a neighborhood of a 
position (oa, ac) take all positions (0a’, a’c’) for which the distances p(a’, a) 
and p(c’, c) are less than a given e > 0. The reasoning which established 
the topological equivalence of the space P (Example 2) with the topo- 
logical product of a 1-sphere and a 2-sphere is not applicable to this case 
(the reader should verify this immediately). The space Q is not homeomor- 
phic to the topological product of a 1-sphere and a 2-sphere. 

We shall not prove this assertion in full, but will show that Q, in any 
case, cannot be decomposed into the product of a 1-sphere and a 2-sphere 
in so natural a way as in the case of P. To each point of the space Q, i.e., 
to each position (oa, ac) of the mechanism, there corresponds a definite 
point of the sphere S. We shall prove that there does not exist a homeo- 
morphism between Q and the topological product S' X S of S' and S’ 
satisfying the following condition: to each point q = (oa, ac) of Q there cor- 
responds a point (p, a) € S' X S’, where p is any point of S' and the 
point a is determined by the condition q = (oa, ac). 

Let us suppose that such a homeomorphism exists and consider the set 
® of all points (po, p’) € S' X S’, where po is a fixed point of S' and p’ 
takes all values on S’. Our assumptions imply that a definite vector V(p’) 
of unit length emanating from the point p’ of S’ and lying in the plane 
tangent to this sphere at the point p’ corresponds to each (po, p) ES C 
S' X S’. Hence the vector V(p’) is a continuous function of p’. We have 
therefore obtained on the sphere S” a continuous field of tangent vectors 
which vanish nowhere. We shall prove in Chapter XVI, however, that 
such continuous vector fields do not exist on the 2-sphere (XVI, 5.510). 

4. Consider a mechanical system consisting of a point moving on a cir- 
cumference with arbitrary speed. Each state of this system is determined 
by two data: the position of the point on the circumference and its speed. 
Topologizing this collection of states in a natural way (proximity of posi- 
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tions and proximity of speeds), we obtain as the manifold of states (“phase 
space”) the product of a 1-sphere and a line, i.e., an infinite cylinder. 

5. Let us call a space consisting of two isolated points a doublet. The 
product of a denumerable number of doublets is homeomorphic to the 
Cantor perfect set. If + is any cardinal number, we shall denote by D, 
(dyadic discontinuum) the very remarkable space which is the product of 
t doublets. 

The product of 7 spaces each of which is homeomorphic to a closed seg- 
ment of the real line is also very important;*it is denoted by R, . The space 
Rx,, i.e., the topological product of a denumerable number of closed seg- 
ments, is homeomorphic to the Hilbert parallelotope (see 2.3, Example 4). 
The reader should prove this assertion. 

6. Let R be a space consisting of two points a, b with the following 
topology: there are exactly three closed sets in R, the empty set, the set 
consisting of the point a, and the set consisting of both points a, b. We 
shall call this space a connected doublet (see 3.1 for a definition of connected- 
ness). 

Let r be an arbitrary cardinal number and denote by F, the topological 
product of 7 connected doublets. The properties of the space F, are in- 
teresting even for finite r. 


§3. Connectedness 


§3.1. Definition and basic theorems. 

DEFINITION 3.1. A topological space is said to be connected if it is not the 
union of two disjoint nonempty closed sets. 

Since every subset of a topological space is itself a topological space 
(see 2.16), this definition of connectedness applies also to subsets of topo- 
logical spaces. 

EXAMPLE 1. The real line is connected, as are open and closed segments 
[5]. 

We shall prove several theorems on connectedness. 

FUNDAMENTAL Lemma 3.11. If A and B are two disjoint closed subsets of a 
topological space R and a set M G A u B is connected, then either M G A 
or M CB. 

Indeed, in the contrary case, M = (M n A) u (M n B), where M n A 
and M n B are disjoint nonempty sets closed in M. 

3.12. If every two points of a space R are contained in a connected set 
M CR, then R is connected. 

In fact, let 


R = Áu Ag, 
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where A; and A; are disjoint nonempty closed sets. Let pı € A1, p2 E Ae, 
and let M be a connected subset of R containing pı and pz. 

By virtue of 3.11, the set M is contained in one of the sets A;, 42. 
Then both points pı , p: are contained in one of the sets Ai, Az, a contra- 
diction. 

ReMARK 1. The connectedness of a segment and 3.12 imply that every 
convex set is connected. In particular, the space R” is connected. 

3.13. The union of two connected subsets A and B of a topological space R 
such that A n B = 0 is connected. 

For, let A u B = C. 

If 


C= Cully, 


where Ci, C} are disjoint sets closed in C, then, by 3.11, each of the sets 
A, B is contained in one of the two sets C,, Ce ,say A C Ci. Then AnB G 


Cı, whence B C C, i.e., C: is empty, q.e.d. 
DEFINITION 3.14. A finite sequence of sets 
(3.14) Aj, ibe ,A, 


is called a chain of sets (more precisely: a chain connecting A, to A,) if 
A;n Aju #0 (1 Sj Ss — 1). 

REMARK 2. The chain (3.14) is said to be closed if, in addition, A, n A, # 0. 

A system (of any power) of sets is said to be chained if any two sets of 
the system can be connected by a chain made up of elements of this sys- 
tem. 

It follows from 3.13 that: 

3.14 The union of a chain of connected sets of a topological space R is 
connected. 

Furthermore, 3.14 and 3.12 imply 

3.15. Let Aq be a chained system of connected sets of a topological space R. 
Then the union of the sets Aq is connected. 

In particular, we have 

3.16. The union of any number of connected sets of a topological space R, 
each pair of which has a nonempty intersection, is connected. 

DEFINITION 3.17. An open connected set of a topological space R is 
called a domain of R. 

3.18. Let © be a system of nonempty domains Ta in a topological space 
R. The union T of the domains Ta € © is connected only if © is a chained 
system. 

Proof. Suppose that the system @ is not chained. Then there exist two 
domains Tı, I € © which cannot be connected by any chain of elements 
of the system ©. Denote by I” the union of all the elements of the system 


§3] CONNECTEDNESS 15 


© which can be connected to T, by chains of ele- 
ments of © and denote by T” the union of all the 
remaining elements of the system ©. The sets I” 
and I” are disjoint nonempty open sets and their 
union is T. It follows that T is not connected. 
This proves 3.18. 

3.19. If A G R is connected and A C BC A, 
then B is also connected. 

Proof. Let 


B= Bu B:, 


where Bı and B; are disjoint and closed in B. We 
shall show that one of the sets Bi, Bz is empty. 
Since A is connected, A is contained in one of the 
sets Bı, Bz, say Bı . But B; is closed in B. Hence 
the set of all contact points of A contained in B, 
i.e., An B = B, is contained in B,. Therefore, Bz 
is empty, which was to be proved. 

EXAMPLE 2. Let the set A consist of all the 
points of the curve y = sin 1/z,0 <z < 1 
(Fig. 2). Since this curve is homeomorphic to the 
real line, A is connected. If any set of points lying 
on the segment —1 < y < 1 of the axis of ordi- 
nates (e.g., the two points y = —3,y = 3) is added 
to A, the result is a connected set B. 





§3.2. Components. Let p be a point of a topological space R. Since 
a set consisting of one point is connected, there is a connected set in R 
containing p. The union of all connected sets containing p is connected 
(see 3.16) and is the largest connected set in R containing p; it is called the 
component of the point p in R. It follows from 3.19, that the component: of 
each point p of a topological space R is a closed set. 3.13 implies that the 
components of two points p and p’ are either identical or disjoint. 

Therefore, 

3.21. Every topological space can be partitioned into the components of its 
points. 

EXAMPLE 3. Let P be the Cantor perfect set on the segment 0 < x < 1 
of the axis of abscissas, and let Q consist of all points (z, y) of the plane 
such that z € P,O < y < 1. The sets Q,, each of which consists of the 
points (x, y) € Q with z fixed and 0 < y < 1, are components of the set Q. 
The set of these components has the power of the continuum. 

EXERCISE. Prove that a continuous image of a connected topological 
space is a connected topological space. 
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§4. Separation axioms. Compactness [6] 


§4.1. Separation axioms. A set M C R is said to be degenerate if it con- 
sists of just one point. 

4.1. Every open set containing a set M is called a neighborhood of the 
sel M. 

4.11 A topological space R is said to be a To-space if every two distinct 
degenerate subsets of R have distinct closures in R (see the examples at the 
end of this article). 

It is easy to see that this definition is equivalent to the following: 

4.11’. A space R is called a To-space if, given any two distinct points of 
R, at least one of the points has a neighborhood not containing the other 
point. 

4.12. A topological space is called a Tı-space if all its degenerate sets are 
closed. 

An equivalent definition is 

4.12’. A space R is a Ti-space if, given any two distinct points of R, 
each of the points has a neighborhood not containing the other point. 

4.13. A topological space is called a T:-space, or a Hausdorff space, if 
every two distinct points have disjoint neighborhoods. 

THEOREM 4.131. Let R be a To, a Tı-, or a T2-space, respectively. Let 
A be a system of neighborhoods of R. Then the neighborhoods mentioned 
in 4.11’, 4.12’, and 4.13, respectively, can be chosen from among the 
neighborhoods of the system 2. 

4.14. A Hausdorff space is said to be normal if any two of its disjoint 
closed sets have disjoint neighborhoods. 

This definition may also be given the following form: 

4.141. A Hausdorff space R is normal if, for every closed set A C R 
and neighborhood V(A) of A, there exists a neighborhood V,(A) of A 
such that Vi(A) C V(A). 

4.15. Every metric space is normal [7]. 

4.16 (Urysohn). A space with a countable basis is metrizable if, and only 
af, it is normal [8]. 

The proof of Theorem 4.16 depends on Theorem 4.21. 

Exampies. 1. The space R consists of two points. The only sets closed 
in & are the empty set and R. R is not a To-space. 

2. A connected doublet (2.6, Example 6) is a To-space, but not a Tı- 
space. The space F, (2.6, Example 6) is also a To-space, but not a 71-space, 
for every r. The space F, has the following universal property: it contains 
the topological image of every To-space of weight <r (see Def. 2.251 and 
[9]). Conversely, every subset of the space F, is a To-space of weight <r. 
Finite To-spaces are the most important special cases of so called discrete 
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spaces (see §6). The only discrete spaces which are interesting are those 
which are not Tı-spaces (since all finite 7'1-spaces consist of isolated points). 

3. Let us adjoin to the segment 0 < x < 1 with its usual topology a new 
point £. As a neighborhood of the point ¢ take any set consisting of the 
point £ and all except an arbitrary finite number of points of the segment 
0 < x < 1. The resulting topological space is a Tı-space, but not a Ts- 
space. 

4. The spaces D, and R,, 7 > No, are examples of nonmetric normal 
spaces. Every normal space of weight <r is homeomorphic to a subset 
of the space R, (Theorem of A. N. Tihonov [10]). All the subspaces of the 
space R, are 7'2-spaces of weight <7, but not all of them are normal. 


§4.2. Theorems on continuous functions in normal spaces [11]. 

4.21 (Urysohn). In order that a Hausdorff space R be normal, it is neces- 
sary and sufficient that, for every two disjoint nonempty closed subsets Ao 
and A, of R, there exist a real function f(x) continuous on all of R, such that 
0 < f(x) < 1 for allx E€ R and such that f(x) = 0 for x € Ao and f(x) = 1 
for x € Ay, [12]. 

4.22 (Brouwer-Urysohn). Every continuous function f(x) defined on a 
closed set A of a normal space R can be extended to all of R, i.e., a real func- 
tion F(x) can be constructed which is continuous on all of R and coincides 
with f(x) on A {13}. 

COROLLARY. Since a continuous mapping of a space R into Euclidean 
n-space R” defines a system of n real functions x; = f(x), £ € R (where 
zı, °**, t, are the coordinates in R”), 4.22 implies 

4,23. Every continuous mapping f of a closed set A of a normal space R 
into R” can be extended to all of R. 


§4.3. Compactness [14]. 

DEFINITION 4.31. A topological space R is said to be compact if every 
open covering of R contains a finite open covering of R. 

A compact Hausdorff space is called a bicompactum. A metrizable com- 
pact space is called a compactum. A compactum is obviously a special 
case of a bicompactum. 

4.32. A metrizable space is a compactum if, and only if, every sequence of 
points of the space contains a convergent subsequence [15]. 

4.33. Among the subsets of Euclidean spaces the compacta are charac- 
terized as those which are closed and bounded [16]. 

4.34. Every closed subset of a bicompactum (compactum) is itself a bicom- 
pactum (compactum) [17]. 

4.35. If a bicompactum ® is a subset of a Hausdorff space R, then ® is o 
closed subset of R [18]. 
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§4.4. Further theorems on bicompacta. Metrization and imbedding 
theorems. 

4.41. Every bicompactum is a normal space [19]. 

4.42 (Urysohn). In order that a bicompactum be a compactum, i.e., be 
metrizable, it is necessary and sufficient that it have a countable basis [20]. 

4.43 (Tihonov). The topological product of an arbitrary finite or infinite 
number of bicompacta is a bicompactum [21]. 

4,431. The topological product of a countable number of compacta is a 
compactum [22]. 

4.44 (Aleksandrov). Among the Hausdorff spaces the compacta are charac- 
terized as those which are continuous images of the Cantor perfect set [23]. 

4.45 (Aleksandrov). Among the Hausdorff spaces the bicompacta of weight 
<r are characterized as those which are continuous images of closed subsets 
of the space D, [24]. 

Remark. This result cannot be improved: for every noncountable 7 
there is a bicompactum of weight 7 which is not a continuous image of the 
whole space D, (an example of such a bicompactum is the set of all or- 
dinals <w, , where a neighborhood of a given ordinal is any interval of 
ordinals containing it and w, is the least ordinal of power 7). 


§4.6. Continuous mappings of bicompacta. 

4.51. Every Hausdorff space which is a continuous image of a bicompactum 
is a bicompactum [25]. 

4.511. Every metric space which is a continuous image of a bicompactum 
(in particular, of a compactum) is a compactum [26]. 

REMARK. It is somewhat harder to prove that every Hausdorff space 
which is a continuous image of a compactum is a compactum [27]. 

Consequently, i 

4.52. A (1-1) continuous mapping of a bicompactum X onto a Hausdorff 
space Y is a topological mapping. 

4.53. Every continuous mapping of a compactum X onto a compactum Y 
is uniformly continuous [28], i.e., for every e > O there exists a 5 > 0 such 
that p[C(x), C(x’)] < efor x € X, x’ € X, and plz, x’) < ô. 


§5. Upper semi-continuous decompositions of compacta and their relation 
to continuous mappings (identifications). Locally compact spaces. 
Topological manifolds. Examples 


§5.1. Upper semi-continuous decompositions. The space of a given 
decomposition [29]. Every continuous mapping C of a compactum X 
onto a compactum Y induces a decomposition © of X into mutually dis- 
joint closed sets, the inverse images C™ (y) of the points y € Y. 

This decomposition has the following property: 
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5.11. If Ao is an element of the decomposition © and T is an arbitrary 
neighborhood of the set Ag in the space X, there exists a neighborhood T, C T 
of the set Aa in X such that every set A € € which intersects T, is contained 
in T. 

Indeed, let Ao = C™'(yo) and suppose that condition 5.11 is not satisfied 
(we shall regard the compactum X as defined by a metric). Then there is a 
sequence of sets 


Aa = Cyn) € O 


with the following properties: 

1. There is a point x’, € A, whose distance from Ao < 1/n. 

2. There is a point z” € A, whose distance from Ao is greater than 
some fixed « > 0. Without loss of generality we may suppose that both 
sequences {z’,} and {z”a} converge: 


lim 2’, = 2’ € Ao, 
lim z”, = z” € XN Ao, 


where z” € X N Ao implies that C(x”) = yo. Since the mapping C is con- 
tinuous, yn = C(z’,) converges to C(x’) = C(A.) = yo. On the other hand, 
since 2”, € An, C(x”n) = Yn and, by the continuity of C, 


lim yn = lim C(x”) = C(x”) Æ yo. 


This contradiction proves the assertion. 

DEFINITION 5.12. A decomposition of a compactum X into mutually dis- 
joint closed sets A is said to be upper semi-continuous if it has property 5.11. 

5.13. Every decomposition © of a compactum X into mutually disjoint 
closed sets A induces a topological space Y, the decomposition space, in the 
following way: the sets A are, by definition, the points of the space Y; to 
define a neighborhood of a point Ao € Y, choose any neighborhood P of 
the set Ag in the space X and let the corresponding neighborhood Ur(Ao) 
of the point Ao in the space Y consist of all A € Y for which A GT in X. 

It is easy to verify that the resulting neighborhoods in Y satisfy the con- 
ditions of Theorem 2.21. Hence Y is a topological space and, since X is 
normal, Y is a Hausdorff space. 

Furthermore, 

5.14. If the decomposition © is upper semi-continuous, the assignment to 
each point x € X of the set A E Y containing x is a continuous mapping C 
of X into Y. 

In fact, let x € Ag € Y; then C(x) = Ao. Let Ur(Ao) be any neighbor- 
hood of the point Ao € Y. By 5.11, the neighborhood T of the set Ao in 
X which generates the neighborhood Ur(Ag) contains a neighborhood 
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Tı of Ag in X with the property that every A € © which intersects Tı 
is contained in T. Then T; is a neighborhood of the point z in X and C 
maps I’; into the given neighborhood Ur(Ao) of the point Ay = C(x) € Y. 
This proves the continuity of the mapping (Cauchy’s criterion 2.42). 

Since a Hausdorff space which is a continuous image of a compactum is 
itself a compactum (see 4.5, Remark), it follows that: 

5.15. The space induced by an upper semi-continuous decomposition 
of a compactum X is a compactum, since it is a continuous image of the 
compactum xX. 

REMARK. If a compactum F is the space of the upper semi-continuous 
decomposition © of a compactum X or is homeomorphic to this space, 
we shall say that the compactum FY is the result of identification of certain 
points of X; namely, all the points of a set A € © are identified and so give 
rise to a point of the space Y. If every A is a finite set, this identification 
may be thought of as effected by “pasting together” the points involved. 


§5.2. Examples of upper semi-continuous decompositions and identi- 
fications. The projective n-space. 

1. Let X be a 2-sphere with a system of geographic coordinates defined 
on it. Let the elements of the upper semi-continuous decomposition be: 
a) the pair of poles of the given system of coordinates, and b) the circles 
of latitude of this system. The space of this decomposition is clearly homeo- 
morphic to a l-sphere. 

2. Let X be a torus and consider the upper semi-continuous decomposi- 
tion of the torus into its meridians y = c (Fig. 3; the meridian y = 0 is 
drawn as a solid curve). The space of this decomposition ; is also homeomor- 
phic to a 1-sphere. 

3. In general, if Z is the topological product of compacta X and Y, 
the sets A, consisting of all points (x, y) € Z, where y € Y is fixed and x 
runs over the whole space X, are the elements of an upper semi-continuous 
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decomposition of the space Z; the space of this decomposition is homeo- 
morphic to Y. 

4. Let us denote by © the upper semi-continuous decomposition of a 
circle represented in Fig. 4 (the circumference together with both mutually 
perpendicular diameters form one element of the decomposition). The 
space of this decomposition is homeomorphic to a compactum consisting 
of four closed straight line segments with one common endpoint. 

5. Let X be the square 0 < x < 1,0 < y < 1 in the plane (x, y). Con- 
sider the decomposition Č of the square X whose elements are: a) the in- 
dividual interior points of the square; b) the pairs of points {(z, 0), (z, 1)}, 
0 < x < 1; c) the pairs of points {(0, y), (1, y)}, 0 < y < 1; d) the quad- 
ruple of points {(0, 0), (0, 1), (1, 0), (1, 1)}. The space of this decomposition 
is homeomorphic to a torus. In brief, the torus is the result of identifying 
corresponding points on opposite sides of the square (Fig. 5). 

6. In an analogous sense, identification of corresponding points of each 
pair of opposite faces of a solid cube yields the three-dimensional torus 
(topological product of three 1-spheres). 

7. Let Q? be the closure of the domain of three-dimensional space con- 
tained between two concentric spheres S’ and s’, and identify correspond- 
ing points of both spheres (i.e., the points of intersection of a ray emanating 
from the center with the two spheres). The result is the topological product 
of a 2-sphere and a 1-sphere. [Let the 2-sphere be one of the concentric 
spheres. The segment joining a point of this sphere to the corresponding 
point of the other sphere becomes a 1-sphere after identification of its 
endpoints (Trans.).] 

This identification can be represented in still another way (Fig. 6). 

Let us cut the solid Q? with an equatorial plane into two congruent solids 
Q’, and Q*,. This divides each of the spheres S’ and s’ into two hemi- 
spheres: upper U?’ and w’, and lower L’ and Ë. Denote the equatorial cir- 
cumferences of the spheres S° and s$ by S’ and s’, respectively. 
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The solid Q*, can be thought of as a deformed solid cylinder with bases 
U? and uv? and lateral surface I? = I’, the latter in the form of a plane 
ring which is hatched in the sketch. 

The solid Q*; is also a cylinder with lateral surface H? = II’; and bases 
L’ and Ë. 

In cach of the solids Q*, and Q*, corresponding points of the upper and 
lower bases are to be identified; this identification converts both solids 
into two three-dimensional rings (a three-dimensional ring is a bounded 
solid whose boundary is a torus). Finally, it remains only to do away with 
the equatorial cut, i.c., to identify corresponding points of both toruses 
I, and 11’, . 





Hence the topological product of a 2-sphere and a 1-sphere is obtained 
by “doubling” a three-dimensional ring, i.c., by identifying corresponding 
points of the boundaries of two congruent three-dimensional rings. 

REMARK. It is casily and immediately verified that the space resulting 
from the doubling of a three-dimensional ring is the topological product of a 
2-sphere and a l-sphere. [For the 1-sphere take a circle of latitude of one 
of the toruses. At each point of this circle the meridian circle passing 
through the point is identified with the corresponding meridian of the 
other torus, but the interiors of the meridian circles are not identified. 
This gives a 2-sphere at cach point of the 1-sphere (Trans.).] 

Exercise. Prove that a three-dimensional torus is obtained from the 
domain included between two coaxial toruses (Fig. 7) by identifying cor- 
responding points of the two bounding torusces. 

8. Projective space. Let To, +++, Za; Yo, *** , Yn be two sequences of 
n + 1 real numbers, each of which contains at least one number different 
from zero. The two sequences are said to be proportional or to define the 
same ratio if xy. = xyi (0 < i, k < n). It is easy to sce that the relation 
of proportionality of numerical sequences (consisting of the same number 
of elements) is reflexive, symmetric, and transitive. Therefore, the set of 
all sequences zo, ++- , 2, (n fixed and at least one of the 2; different from 
zero) is partitioned into disjoint classes, cach class consisting of propor- 
tional sequences. These classes are called ratios. Each ratio is a class of 
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proportional sequences. The ratio of the sequence zo, +++ , £, is denoted 
by (£o : 21: +--+ : £a). The sequence whose terms are all zero has no ratio. 
Given a ratio (zo: 21: -+> : £„), it is always possible to choose a sequence 
£o, *** , Zn in the ratio such that m + --- + rr = 1. 

We may now define the projective n-space as follows: the points of the 
projective n-space are the ratios r = (zo: +--+ : Za) of all sequences of 
n + 1 real numbers to, ++- , £a of which at least one is different from zero. 

A neighborhood of a point a = (ao : a1: ++- : an) is defined by choosing 
in the ratio (a): a1: +++: @,) a sequence a, ---, an such that 


ag + es +a, = 1 


and then taking all sequences zo, --- , £a for which m + --- +2, = 1 
and | a; — z;| < e. The points (ratios) of the projective space correspond- 
ing to such sequences form, by definition, a neighborhood S(a, «) of the 
point a. This definition permits the construction of several models of the 
projective space. Thus, for instance, each point (zo: £i: -+° : £a) € P” 
can be made to correspond to the line of Euclidean (n + 1)-space R**" 
(fo; -+t ; £n) passing through the origin of coordinates and defined by 
the equations 


(£0/z0) = (1/21) ARA (En/2n), 


where the é; are running coordinates. 

It is left to the reader to prove that if the distance between two straight 
lines is defined as the angle y between them, 0 < y < 7/2, then the set 
of all these straight lines is converted into a metric space; and that the 
correspondence established above between this metric space and the space 
P” is topological. 

We have thus constructed a geometrical model of the projective space, 
in which the points are straight lines passing through the origin. Now let 
R” be any n-plane in *** which does not contain the origin and, as the 
representative of each straight line (passing through the origin), let us 
take its point of intersection with R”. This yields the usual interpretation 
of the projective space as a Euclidean space closed by elements at infinity. 

We obtain another model by taking as the representative of each straight 
line its two points of intersection with the unit sphere 


bate +h = 1 
in R**’, This corresponds to the choice in each ratio (£o : 21: ++- : Zn) of a 
sequence To, +*+ , £a satisfying the condition zo + +- + t, = 1. 
Hence it is clear that the n-sphere S”, after identification of its dia- 


metrically opposite points, becomes the projective n-space. 
Let us divide the sphere & + --- + n = 1 into two hemispheres £, > 0 
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and £, < 0 with the equatorial plane £} = 0, and let us add the equator 
t, = 0, f& +--+ &, = 1 to the upper hemisphere n > 0, denoting 
the resulting compactum fo +- + tr = 1, & > 0 by Q”. 

Each pair of diametrically opposite points of S” not lying on the equa- 
tor S”! has its (unique) representative in Q”, so that only diametrically 
opposite points of the equator need be identified. To obtain projective n- 
space it, therefore, suffices to add to one hemisphere of the n-sphere S” its 
equator S" and to identify diametrically opposite points of the equator. 
Since the compactum Q” is homeomorphic to a closed solid n-sphere, projective 
n-space is obtained from a closed solid n-sphere by identifying diametrically 
opposite points of its boundary. 


§5.3. Locally compact spaces. Topological manifolds. Examples. A 
topological space is said to be locally compact if every point of the space 
has a neighborhood whose closure is compact. 

For instance, Euclidean n-space is locally compact (but, clearly, not 
compact). 

A connected locally compact space with a countable basis, each point 
of which has a neighborhood homeomorphic to Euclidean n-space, is 
called an n-dimensional topological manifold or, briefly, an n-manifold. A 
manifold is said to be closed if it is compact; manifolds which are not 
closed are called open. 

EXAMPLES OF CLOSED MANIFOLDS. 

1. The n-sphere (see 2.3, Example 2). 

2. The n-dimensional torus, i.e., the product of n 1-spheres; in general, 
the topological product of an arbitrary finite number of closed manifolds 
is a closed manifold (in particular, a topological product of n-spheres is a 
closed manifold). 

3. [80]. Let us consider all sextuplets of real numbers 


Piz, Pris, Pu, P3i, Ps2, P23 


whose elements are not all zero and which satisfy 
(5.31) Pps + Pupa + Pups = 0. 


Each such sextuplet determines a line in projective 3-space [if, e.g., Dis # 0, 
the sextuplet determines the line passing through the points (0: pi? : P : Dis) 
and (—px : 0: pes : pes)] whose Pliicker coordinates are the six numbers 
pi; ; and two sextuplets determine the same line if, and only if, they are 
proportional to each other. [If a line passes through the points (ti : x2 : 
Ts : %4) and (yı : Y2 : Ys : ys), its Pliicker coordinates (determined to within 
_ | Ti Vj 


proportionality) are pi; 
Pi T ayy 


; hence the notation p;;. Then the deter- 
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minant having first and third rows zı, 22, %3, t4 
and second and fourth rows Yı , Y2, Ya, ya is clearly 
equal to zero; this is also expressed by (5.31).] 

Conversely, every line determines a unique class 
of proportional sextuplets. Hence the lines of pro- 
jective 3-space are in (1-1) correspondence with the 
ratios of sextuplets of real numbers which satisfy 
(5.31). 

Neighborhoods in the space of lines are defined 
by analogy with the neighborhoods already defined 
in the projective space. Let a line be determined by 
the ratio (p12 ; Pis ; Du : Pu > Pa : P») and let 
Piz, Pis, Pis, P34, Pa, P'a be a “normal” repre- 
sentative of this ratio, i.e., a sextuplet of the ratio 
for which (Pi) + --- + (Pa) = 1. Now let pz, pis , Pu, Pau, Pa, Pz 
be all sextuplets such that pı? + -+- + pa = 1 and | P’ — Pp| < e, 
+++, |P — Pa| < e. The lines (pi: pis: ++- : pa) corresponding to 
these sextuplets generate an e«-neighborhood of the line (Pie : ->> : Pa). 
This topology converts the set of all lines into a closed 4-manifold. 

Let us now consider the projective 5-space P*. The points of this space 
are ratios (2 : T2: 23: T4 : Tp: T6). The hypersurface of second degree 
defined in PÉ by the equation 





LiL, + Lots + Tte = 0 


is clearly homeomorphic to the 4-manifold of all lines of projective 3-space. 

Remark. Every domain (connected open set) of a closed n-manifold is 
an example of an open n-manifold. However by no means every open n- 
manifold is homeomorphic to a domain of a closed manifold. The open 2- 
manifold pictured in Fig. 8 is not homeomorphic to any subset of any 
closed 2-manifold. 

GENERAL REMARK CONCERNING ManiFobps. The following fundamental 
theorem will be proved in Chapter V: 

A topological space cannot be, for n # m, both an n-mantfold and an m- 
manifold. 


§6. Partially ordered sets and discrete spaces [31] 


§6.1. Definitions. 

DEFINITION 6.11. A set O of arbitrary elements is said to be partially 
ordered if an order is defined in 9, i.e., if a rule is given by which it is pos- 
sible to determine, for any pair of elements, whether one of the pair fol- 
lows (or precedes) the other. The order must satisfy the following condi- 
tions (order axioms): 
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1. If b follows a, then a does not follow b. 

2. If b follows a, and c follows b, then c follows a. 

DEFNITION 6.12. A partially ordered set © is said to be (simply) ordered 
if, for every pair of distinct elements a and b of O, either a follows b or b 
follows a. 

Remark 1. If b follows a, we also say that a precedes b and write b > a 
ora <b. 

Remark 2. The first order axiom asserts that the relation a < b excludes 
the relation a > b. Hence, in particular, a < a cannot occur, since this 
would imply both a < a anda > a. 

DeriniTion 6.13. A (1-1) mapping f of a partially ordered set ©, onto 
a partially ordered set ©» is said to be a similarity mapping (or transforma- 
tion) if f is order preserving, i.c., if 


fp) > fp) in @& 


is equivalent to p > p’ in ©,. Two partially ordered sets ©, and ©; are 
said to be similar if there is a similarity transformation which maps one 
onto the other. 


§6.2. Examples of partially ordered sets. 

1. Any set of simplexes or, in general, convex polyhedral domains (sce 
Appendix 1, §3) is partially ordered by defining T: > T, , where T, and T, 
are any two polyhedral domains, to mean that T, is a proper face of Tz. 
This is called the geometric order in the set of convex polyhedral domains. 

2. The set consisting of the points, straight lines, and planes of a Eu- 
clidean space is partially ordered by letting a point (straight line) precede 
any straight line (plane) containing it. 

3. The set O of real functions defined on a point set X is partially ordered 
if fi > feis taken to mean that fi(~) > falx) for all xz € X and fi(x) > f(x) 
for at least one x € X. 

The following example is well known and fundamental: 

4. The partially ordered set of subsets of an arbitrary set M. Let O be a set 
whose elements are subsets A. of a set M, 


= {Aa}, A, ZM. 


If Aa and Ag are any two elements of O, put Aa > Ag if Ag is a proper 
subset of Aq, i.e., if Aa D Ag. The resulting order is called the natural 
order in the collection of sets O; it obviously converts © into a partially or- 
dered set. 

5. If M consists of n + 1 elements, the set of all nonempty subsets of 
M, with the natural order, is similar to the set of all faces of an n-simplex, 
with the geometric order. 
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§6.3. The sets Aep and Opp. Let © be a partially ordered set and let 
p EO. 

Denote by Aep the set of all z € © such that z < p. The set Aop is 
called the combinatorial closure of p in O. Clearly, p € Aep. 

The set of all z € © such that z > p will be denoted by Oep. This set is 
called the star of p in O. Obviously, p € Oep. 

EXamp_es. 1. Let O be the partially ordered set of all points, straight 
lines, and planes of three-dimensional space. If p is a point of ©, Aep con- 
sists of just the point p; if p is a straight line, Agp is the set consisting of 
the straight line p and all points lying on this line; if p is a plane, Aep is 
the plane p and all lines and points lying on this plane. In an analogous 
fashion, Oəp consists of the point p and all straight lines and planes passing 
through p, if p is a point; of the straight line p and 
all planes containing p, if p is a straight line; and of 
just the plane p, if pis a plane. 

2. Let O be the set of all triangles, sides, and ver- 
tices sketched in Fig. 9. If p € ©, Oop consists of all 
simplexes having p as a face. For example, for the 
case shown in Fig. 9: 

If p is a triangle, Oep consists of the single ele- Fic. 9 
ment p, and Aop is the triangle p, its sides, and 
vertices; if p is a side, Oep consists of this side and of the triangles having 
p as a side (in the figure there are one, two, or four such triangles, depend- 
ing on the side chosen), and Aop consists of the side p and its endpoints; if 
p is a vertex, Oep consists of the triangles having p as a vertex and of 
the sides having p as an endpoint; while Aep is just the vertex p. 

THEOREM 6.3. Every partially ordered set O is similar to tts set A of sub- 
sets {Aep}, p E O, partially ordered by the natural order. 

The proof is left to the reader as a simple exercise. 


§6.4. Duality of partially ordered sets. Let © be a partially ordered 
set and let O’ be the partially ordered set with the same elements as those 
of O but with the converse order relation, i.e., a < bin O’ ifa > bin 6. 
The partially ordered set 9’ is called the dual of O. The relation of duality is 
clearly symmetric: if O’ is dual to O, then © is dual to ©’. 

The closures of elements in 0’ are synonymous with the stars of elements 
in © and conversely: Aep = Oop, Oop = Aop. 

We have seen that every partially ordered set is similar to the set of 
closures of its elements naturally ordered. Therefore, 6’, the dual of 9, 
is similar to the set of stars of the elements of O with the natural order. 

ExampLes. 1. Let © consist of the faces, edges, and vertices of a cube 
with the geometric partial order. Its dual 9’ is similar to the set of faces, 
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edges, and vertices of an octahedron also with the geometric partial order. 

2. The partially ordered set of all proper faces of an n-siinplex geo- 
metrically ordered is similar to its dual. To realize the correspondence, it 
suffices to associate with each face of the simplex the face opposite it. 

3. Let us partition three-dimensional space into congruent cubes of 
side 1 and with vertices having integral coordinates. Let © consist of all 
these cubes, their faces, edges, and vertices geometrically ordered. The dual 
of O is similar to ©. To realize a similarity transformation, it suffices to 
displace the whole system of cubes along the vector with components 
(4, 3, 4) and to associate with each element p’ of the displaced system the 
element p of the old system having a common center with p’. 


§6.5. Discrete spaces. 

DEFINITION 6.51. A To-space is called a discrete space if the union of an 
arbitrary number of closed sets of the space is closed (or, equivalently, if the 
intersection of any number of open sets of the space is open). 

THEOREM 6.52. We shall say that a subset A of a partially ordered set © is 
closed if p € A and p' < pimply p' € A. 

This topology converts O into a discrete space R = f(®). Conversely, every 
discrete space R can be turned into a partially ordered set © = (R) if, for 
any two distinct elements p, p' € R, 


pi <p 
is taken to mean that 
DGD 
It follows that 
fle(R)] = 
and 
¢[f(8)] = 


The proof consists of a routine verification of the axioms of a discrete 
space and of a partially ordered set and may be left to the reader. 

In accordance with Theorem 6.52, partially ordered sets can be identified 
with discrete spaces. Then the combinatorial closure of an element p of © 
is synonymous with the closure in the space f(O) of the set consisting of the 
single point p, and the star of p € © is the minimal neighborhood of the 
point p in f(O), i.e., the intersection of all open sets of the space f(O) con- 
taining p. 

The transition from a partially ordered set © to its dual 0’ corresponds 
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to the transition from the discrete space R to its dual space R’, whose 
closed sets are the open sets of the space R (and conversely). 

A similarity mapping of one partially ordered set onto another is, there- 
fore, equivalent to a topological mapping of the corresponding discrete 
spaces. 

The identification of partially ordered sets with discrete spaces hence 
enables us to carry over to partially ordered sets the various theorems 
proved for topological spaces, e.g., all theorems on connectedness. 


$7. Complete metric spaces and compacta [32] 


§7.1. Definitions and simplest properties of complete metric spaces. 
7.11. A sequence of points 


Ti, T2, °t, Tn; °°? 


of a metric space R is called a fundamental (or Cauchy) sequence if for every 
e > 0 there is a natural number n(e) such that p > ne), q > ne) imply that 
plp, La) < €. 
It is obvious that every convergent sequence is a fundamental sequence. 
7.12. A metric space is said to be complete if every one of its fundamental 
sequences converges. 
Of the properties of complete metric spaces we note the following two: 
7.13. In a complete metric space R every decreasing sequence of closed sets 


ADA 2 Ar. 


whose diameters approach zero has an intersection consisting of one point. 

Indeed, since the diameters of the sets A, approach zero, M.A, cannot 
contain two points. On the other hand, if a, € A,, then {an} is a funda- 
mental sequence whose limit is contained in NA, . 

7.14. If T,Te2,,--: , In, +4 is a sequence of open sets of a complete 
metric space R and each T; is dense in R, then E = NT, is also dense in R. 

The proof of Theorem 7.14 is based on the following 

LEMMA. If an open set T of a metric space R is dense in R, then every 
open set To ZT R contains an open set IT’ (of arbitrarily small diameter) 
whose closure is contained in To n T, ie., I’ C TonT. 

In fact, since T is dense in R, To contains a point p of T; and, since 
A = (RN Tou (RNT) = RX (Tn To) is closed, p(p, A) > 0. 

Let e > 0 be such that e < p(p, A), and set I’ = S(p, e). Every point 
of I’ is at a distance <e from p and is, therefore, contained in T n To. 
This proves the lemma. 

We shall now prove Theorem 7.14. To do this, it suffices to show that 
there is a point of E in every open set T C R. 
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Let I”, be an open set of diameter <1 such that I’; C D n T, and sup- 
pose that the sets 


Piles Sore. 20 )°< Gy (l<i<n), 


satisfying the conditions 
Di (an Pr; Phe py Pec rT, 


have already been defined. Then, applying the lemma, construct a set 
T’,41 of diameter <(4)"** such that P'ap C InN Tan. 

The intersection NI’, is nonempty (it consists of one point) and is con- 
tained in T n Æ. This proves the theorem. 

Well known examples of complete metric spaces are: the real line, 


Euclidean n-space, Hilbert space, etc. 


§7.2. e-nets in compacta. Let R be a metric space. A finite set N C R 
is called an e-net if it has the property that every point x of R is at a dis- 
tance < «from some point of N. 

If, for a given e, R has no e-net, there exists in R a sequence of points 
whose mutual distance from each other is > e. 

Indeed, let a: be a point of R. Then a is not an e-net, since R has no 
e-net. Hence there exists a point a, whose distance from a; is > e. The set 
consisting of a, @ is again not an e-net. Hence there exists a point a, 
whose distance from a; and ais >e. Continuing in this way, we obtain a 
sequence 


(7.21) Q1,42.,°*',An, rr? 


of points of R whose mutual distance from each other.is > e. 

REMARK 1. Since the sequence (7.21) clearly does not have a limit point, 
we have proved the proposition: 

7.21. A compactum has an e-net for every e > 0. 

DEFINITION 7.22. A metric space is said to be totally bounded if it contains 
an e-nel for every e > 0. 

REMARK 2. The sequence (7.21) obviously has the property that no sub- 
sequence of (7.21) is a fundamental sequence. Hence, if a metric space R 
is not totally bounded, it contains a sequence which has no fundamental 
subsequence. 

On the other hand, if R is totally bounded and 


N(e) = far, 2 aa} 


is an (¢/2)-net of R, then the sets S(a; , ¢/2) cover R. Since there are only a 
finite number of these sets and thcir diameters are <e, every infinite se- 
quence 


(7.22) Qi, Q2, >*t, an; tt 
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of points of J? contains an infinite subsequence whose diameter is less than 
an arbitrary preassigned «e > 0. 
Let e, — 0 and let 


(7.221) ie oe ETT 


be a subsequence of (7.22) of diameter <« . Now construct a subsequence 
(7.220) of (7.221) of diameter <e, etc. The diagonal sequence of all these 
sequences is a fundamental subsequence of (7.22). 

Hence, 

7.23. A metric space is totally bounded if, and only if, every sequence of 
points in the space contains a fundamental subsequence. 

Since every compactum is clearly a complete metric space, 7.21 and 7.23 
yield 

7.24. In order that a metric space be a compactum, it is necessary and suf- 
ficient that it be complete and totally bounded. 

7.25. Every totally bounded metric space R contains a countable set dense 
in R, i.e., R has a countable basis. 

In fact, if N+ is an e,-net and e — 0 ask — œ, then the countable set 
N = UN, is dense in R. 


§7.3. The space of continuous mappings. Let X be a topological space 
and let Y be a bounded (i.e., of finite diameter) metric space. Denote by. 
C(X, Y) the metric space defined in the following way. The points of 
G(X, Y) are the continuous mappings of X into Y. The distance between 
two points Cı € G(X, Y) and C € G(X, Y) is defined as the least upper 
bound of p[Ci(z), C2(x)], x € X. 

7.31. If Y is a compactum and X is any topological space, the space 
G(X, Y) is a complete metric space. 

Proof. Let 


(7.31) Ci, Cage y Cage 


be a fundamental sequence of points of @(X, Y). This means that for 
every e > 0 there is an n(e) such that 


(7.32) plC,(z), C,(x)] < € 


for all x € X and arbitrary p > n(e), q > n(e). For every x € X the se- 
quence of points 


(7.33) Ci(z), Calz), --- , Cala), °° 


is, under these conditions, a fundamental sequence, and hence, in virtue of 
the compactness of Y, it is a convergent sequence in Y. It then follows from 
(7.32) that the sequence of mappings {C,,} converges uniformly to a con- 
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tinuous function C € €(X, Y). The sequence (7.31) obviously converges 
in the metric space G(X, Y), to C € G(X, Y). This proves the theorem. 


§7.4. Deformations. Homotopy classes of mappings of a compactum 
X into a compactum Y. Let Co and C, be two continuous mappings of a 
compactum X into a compactum Y. Denote by II the topological product 
of the compactum X and the segment J] =a < 6 < b of the real line. 
The points of the space X X I = II are the pairs (z, 0), xz € X,0 EI. A 
continuous mapping C(z, @) of II into Y is called a deformation of the map- 
ping Cy into the mapping C; if 


C(z, a) = Co(z), Cia, b) = Cia) 


for all z € X. Two continuous mappings Co and C, of the compactum X 
into the compactum Y are said to be homotopic if there exists a deformation 
C(x, 0) of one into the other. 

Since the homotopy relation is reflexive, symmetric, and transitive, the 
set of all continuous mappings of a compactum X into a compactum Y is 
partitioned into classes of homotopic mappings or, briefly, into homotopy 
classes. 

REMARK. It is customary to put a = 0 b = 1, to write C(x) instead of 
C(x, 6), and to speak of a family of continuous mappings C(x) of a com- 
pactum X into a compactum Y, depending continuously on the parameter 
6,0 < 8 < 1, or briefly, of a continuous family Cs(x) of continuous map- 
pings of X into Y. 


§8. Coverings of normal spaces and, in particular, of compacta 


§8.1. Closed and open coverings of topological spaces. The method of 
combinatorial topology. We already know that a (finite) system of subsets 
of a set M whose union is M is called a (finite) covering of M. In the sequel, 
we shall consider coverings of a topological space, namely, open coverings, 
consisting of open sets, and closed coverings, consisting of closed sets. In 
all cases, unless otherwise noted, we shall consider only finite coverings. The 
order of a covering a is the greatest integer n for which there exist n elements 
of the covering a having a nonempty intersection. 

DEFINITION 8.11. A system of sets B is called a refinement of a system of sets 
a if every element of B is contained in at least one element of a. 

A covering £ of a set M is said to follow a covering a of M if 8 is a refine- 
ment of a and a is not at the same time a refinement of 8. This relation 
will be written as “8 > a”. It is easily seen that the relation “>” between 
the coverings of a set M is a partial order and thus converts the set of cover- 
ings of M into a partially ordered set. Whenever we speak of a partially 
ordered set of coverings of a set M, we will always have in mind the order 
defined above. 
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Combinatorial topology, in the broad sense, studies the properties of topolog- 
ical spaces by investigating the properties of the partially ordered sets of their 
open (or closed) coverings. 


§8.2. Similar coverings. 
D¥FINITION 8.21. Two finite indexed systems of sets 
a= {Ai, Ae, SaS , Ås}, 
B= {Bi , Be, as , B,} 
are said to be similar if Nju1A i; 0 is equivalent to NB, = 0, where 
the subscript 7; stands for any of the integers 1, ---, s. 

The equivalence existing in general combinatorial topology between the 
use of partially ordered sets of open and closed coverings is based on the 
following two theorems: 

8.22. If 

a = {A,,--:,A,} 
is a system of closed sets of a normal space R, there exists a system of open sets 
a= {Oi 5, Os} 
such that A; © 0; (1 < i < s), and such that a is similar to both w and 
@ = {01,0}. 
A very simple proof of this theorem is given in 8.3 for the case of a com- 


pactum R. 
8.23. For every open covering 


w = {O\,+++,0,} 
of a normal space R there is a closed covering 
a = fÁ, =, As} 
of the space such that 
A;CO; (a<i<s). 
Remark. As will be evident from the proof, we may even suppose in 


Theorem 8.23 that the A; are the closures of open sets forming a covering 
of R. 

Proof of 8.22. Let A be the union of all possible sets of the form NjA ijy 
where the sets A;, (1 < j < k) are such that Ain Aann Ay, = 0. 

Since A is closed and An A; = 0, RNA is a neighborhood of A1. 
Consequently, by 4.141, there exists an open set O, such that A, G O1, 
Oro RA, 

The system of sets 


a= {Ai, s+, Aa} 
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is similar to the system 
ay = (O,, A2, exes , Aa}. 
Indeed, if Ayn A;,n---n Aa #0, then, a fortiori, On Annn 


A = 0. Conversely, Ain Aan ee nA = 0 implies that Aann 
Ai, C A which in turn implies that 


Ön Aiyn-:-n Ay COnA =0. 


Let us suppose that the open sets O; D A; (1 <i <r < s) have been 
constructed in such a way that a is similar to 


a, = {Oy , signe aug Alege eee, AAS 


Applying the same reasoning to the system a, and the set A,41 which we 
have just applied to the system «œ and the set A; , we obtain an open set 
O,41 2 A,4: such that the systems a, and 


Arti = {O1, e.. Ory, Are, e, Áa}, 


and, by the same token, the systems @ and a,4;, are similar. Continuing 
in this way, we arrive at a system a, = {O,, --: , O,} which satisfies the 
prescribed requirements. 

Proof of 8.23. Corresponding to the system 


a’ = [RN 0, RN Ou}, 
there exists, according to the proof above, a system of open sets 
w = {0O..,---, 0's} 


such that RN 0O; C O’; and such that the system {0’,, --- , 0’.} is 
similar to the system a’. Because of this similarity, it follows, in particu- 
lar, that 


Öine nO’, = 0. 
Putting O”; = R \_O';, we obtain (since RN 0’; is closed) 
0": = RNS RNO: = RN O'. 
Since RN 0; C O’;, this implies that 
0": © RN (RN 0) = 0;. 

Finally, since 

O”iu + u O”, = RN (Oin nO) = R, 
the required covering is 

a = {A1,---, Ag, 

where A; = O”;. 
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§8.3. «-coverings of compacta. Lebesgue numbers of a covering. 

DeEFINITION 8.31. A covering of a metric space is called an e-covering if 
the elements of this covering are of diameter <e. 

LEBESGUE’s LEMMA 8.32. Let 


a= [Aye As} 


be a closed covering of a compactum ẹ. Then there is a positive number 6 with 
the following property: if M C ẹ has diameter <ô and 


(8.321) Ai, Ea (<j <k) 


are such that M n A #0 (1 <j <k), then Nu Ai, ¥ 0. 

Proof. The proof is by contradiction. If there is no 6 with the required 
property, then for every natural number n there is a finite sequence of 
elements (8.321) of a and a set Af, C ® of diameter <1/n such that 


M,n Ai; #0 (13 <4) and MaA, = 0. 


Since the number of all combinations (8.321) of different elements of the 
covering a is finite, there is at least one combination (8.321) which, in the 
above sense, corresponds to an infinite number of different n’s. Hence 
there is a sequence of natural numbers {n,;} and a sequence of sets {M,;}, 
j= 1,2, ---, of diameter <1/n; which intersect all of the sets (8.321) 
and such that M5_, A = 0. Let pa; E€ Man; . Passing, if necessary, to a 
subsequence of {p,,;}, we may suppose that the sequence {p,;} converges 
toa point p € ®. There are clearly points of each of the sets A; (1 < j < k) 
in every neighborhood of p, and since these sets are closed, 


Therefore, Nj-1 A:, # 0, a contradiction. This proves the lemma. 

DEFINITION 8.33. Every positive number 8 which satisfies the conditions of 
Lebesgue’s lemma for a given closed e-covering a of a compactum ® is called a 
Lebesgue number of the covering. Hence any sufficiently small positive num- 
ber is a Lebesgue number of a closed covering. We shall, in addition, im- 
pose one more condition on the Lebesgue numbers of an e-covering: we shall 
require that they be less than one half the difference between e and the 
maximum of the diameters of the sets A;. This definition of a Lebesgue 
number immediately implies 

8.331. If 20 is a Lebesgue number of the closed e-covering 


a= {A., ee , Aj} 
of the compactum ® and if O; = S(Ai, a) is a_a-neighborhood of the set Åi, 
then w = {0,,-++,0,} and ò = {01, --- , Os} are, respectively, open and 
closed e-coverings of ® which are both similar to the covering a. 
Lemma 8.34. If 


QoS {O1, “++, 0a} 
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is an open covering of a compactum ®, there is a positive number n = n(w), 
with the following property: every set M C ® of diameter <n is wholly con- 
tained in at least one of the sets of the covering w. 

Proof. Let n be the greatest lower bound of the diameters of all sets 
M Cc © which are not contained in any element of the covering w. We shall 
show that 7 is positive and this will prove the lemma. Let 


Mı, Ma, 0, Mn, > 


be any sequence of such sets whose diameters approach 7. Let pa € Man. 
Passing, if necessary, to a subsequence of {pn}, we may suppose that {pn} 
converges to a point p € ®. The point p is contained in an element O; of 
the covering w and consequently has a positive distance 2e from the closed 
set RN O;, so that 


(8.341) S(p, 26) C Oi. 


By definition, no M, is contained in O; and, a fortiori, in S(p, 2e). Since 
pn E S(p, €) for all sufficiently large n, it follows that for all such n the 
diameter of M„ must necessarily be >e [since, otherwise, M, C S(p, 2e)}. 
However, since 7 is the greatest lower bound of the diameters of the sets 
M,,7 > «. This proves the lemma. 

We shall conclude this preliminary investigation of coverings with the 
following very general and quite elementary proposition which will be con- 
venient in the sequel. 

8.35. Let Œ be a property of closed coverings (for example, the property of 
baving a given order). In order that there exist, for every open covering w of 
a compactum ®, a closed covering which is a refinement of w and which has 
property ©, it is necessary and sufficient that there exist, for every e > 0, a 
closed e-covering of the compactum ® with property ©. 

Proof of necessity. For any e > 0, take any open e-covering and then a 
closed covering which is a refinement of the open covering, and which has 
property ©. This yields a closed e-covering with property ©. 

Proof of sufficiency. If, for every e > 0, there exist e-coverings with 
property ẸŒ, to obtain a closed covering with property Œ which refines a 
given open covering w, it suffices to determine the number n = n(w) of 
Lemma 8.34 for the covering w and to take an arbitrary closed n-covering 
a with property Œ. According to the definition of 7, the covering @ is a 
refinement of w. 


§8.4. Definition of dimension. 

DEFINITION 8.41. The dimension of a bicompactum ®, denoted by dim 6, is 
the least integer n such that every open covering of ® has a refinement which 
is a closed covering of ® of order <n + 1. 

If there is no least integer n for which this is true, dim ® = œ. 
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Remark 1. If dim 6 = o there exists for every n an open covering w 
of ® such that every closed covering which refines w has order >n + 1. 

EXERCISE. Prove that the definition of dimension may also be formulated 
as: 

8.41’. The dimension of a bicompactum & is the least integer n for which 
every open covering of & has a refinement which is a simple closed covering 
of order n + 1. 

REMARK 2. The dimension of the empty set shall, by definition, be equal 
to —1. 

By 8.35, the definition of dimension for compacta can be phrased as: 

8.42. The dimension of a compactum ® is the least integer n such that for 
every e > O there exists a closed e-covering of ® of order <n + 1. 

Remark 3. The intuitive meaning of this definition is very simple. For 
n = 2, it asserts that every two-dimensional “area” (compactum) can be 
“paved” with arbitrarily small “bricks” (closed sets) in such a way that 
no point of the area is contained in more than three of these bricks, but 
that if the bricks are sufficiently small, at least three have a point in 
common. Similarly a “volume” can be filled in with sufficiently small 
bricks so that no point of the volume is in more than four of the bricks, but 
if the bricks are sufficiently small at least four will have a point in common. 
Hence the theorem, known as the Pflastersatz (see V, Theorem I’ and 2.24), 
that, e.g., a square has dimension 2. 

The perception of the fact that the order of a covering contains the con- 
cept of dimension was a great achievement of mathematical thought. This 
achievement is due to Lebesgue, who was the first to formulate and prove 
(not, however, completely without error) the Pflastersatz in 1911. The first 
complete proof of this theorem was given by Brouwer in 1913. 

If there is no n satisfying 8.42, dim $ = œ, by definition. Then for every 
n there is an e > 0 such that every closed e-covering is of order >n + L. 

Since open sets, closed sets, and the order of a covering are invariant 
under a topological mapping of a bicompactum ® onto a bicompactum ®’, 
it follows that two homeomorphic bicompacta have the same dimension, 
i.e., dimension ts a topological invariant. 

A significant part of Chapter V and all of Chapter VI are devoted to the 
dimension theory of compacta. We shall close this chapter by deriving one 
property of dimension which is an immediate consequence of the definition; 
we shall prove it only for compacta, leaving the proof for -bicompacta to 
the reader. 

8.43. If a compactum ©, is contained in a compactum 4, dim Po < dim ®. 

Indeed, let e > 0 and let a = {A1,--- , Aa} be a closed e-covering of 
the compactum ®. Then 


a= {Pon Ai, e.. on A,} 
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is an e-covering of the compactum % whose order, obviously, does not ex- 
ceed the order of a. This proves 8.43. 

REMARK 4. Theorems 8.22 and 8.23 imply 

8.44. The dimension of a bicompactum © may be defined as the least in- 
teger n satisfying the condition: 

Every open covering of the bicompactum ẹ can be refined by an open cover- 
ing of ® of order <n + 1. 

In particular, the dimension of a compactum © can be defined as the least 
integer n such that for every e > O there exists an open e-covering of ® of order 
<n + 1. 
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Chapter II 
THE JORDAN THEOREM 


The proof of the Jordan theorem given in this chapter is due to E. 
Schmidt (see Schmidt [a]). This proof is quite elementary and requires 
no preliminary knowledge of topology except for the simplest facts about 
connectedness (I, 3). These are needed to understand the theorem itself. 
A second merit of Schmidt’s proof is that the auxiliary constructions on 
which the proof rests (the angle function, the index of a point with respect 
to a continuous mapping, etc.) have a wide range of application far beyond 
the bounds of the Jordan theorem itself. They are to be numbered among 
those elementary concepts with which every student of, e.g., the theory 
of differential equations or the theory of functions of a complex variable 
needs to be acquainted. 


§1. Formulation of the Jordan theorem. Common boundaries of domains 


§1.1. Formulation of the Jordan theorem. A compactum @ homeomorphic 
to a circumference is called a simple closed curve or (closed) Jordan curve. 
A compactum homeomorphic to a straight line segment is called a simple 
or Jordan arc. This chapter is devoted to a proof of the following impor- 
tant and celebrated theorem: 


THE JORDAN THEOREM. Let & be a Jordan curve in the plane F’. The 
complementary open set F N & consists of two disjoint domains (connected 
open sets) To and T, whose common boundary is ®. 

In other words: 

1. RÊN è = Iou D, Pon D = 0; 

2. To and T; are domains; 

3. = To N To = NTD. 

REMARK 1. A closed set A of a connected topological space R is said 
to separate (or disconnect) R if the open set RN A is not connected; but 
if RN A is connected, then A, by definition, does not separate R. 

REMARK lọ. A space is separated by the empty set if, and only if, it is 
not connected. 

It is customary to state the Jordan theorem in the following more com- 
pact way: 

Every plane Jordan curve ® separates the plane F? into two domains whose 
common boundary is ®. 

The Jordan theorem contains three assertions: 

1. The open set R’ \.@ consists of two components, To and T. 

2. Each of these components is an open set. 

3. $ is the common boundary of the domains To and Ti. 

39 
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Remark 2. With regard to assertion 2, it should be noted that the 
components of an open subset of a space FR need not be open sets in R; 
for instance, if R is the Cantor perfect set (with its usual topology), each 
point z € R is its own component in R, i.e., the components of R are 
degenerate sets and none of them are open in R. This remark indicates the 
significance of Theorems 1.25 and 1.27. 

We shall see in the sequel that the following theorem, also very im- 
portant, is closely related to the Jordan theorem: 

A plane Jordan arc & does not disconnect the plane R’. 

In other words: 

If & is a Jordan arc in R’, the open set R?N ẹẸ is connected. 

These two theorems, both proved in this chapter, are special cases of a 
theorem which will be proved in Chapter XIV and again in Chapter XV. 


§1.2. Domains in R” and their boundaries. 

Let us note first that: 

1.21. Every convex open set in R”, e.g., an open solid n-sphere, is con- 
nected by virtue of I, 3.12. Hence every set homeomorphic to a convex 
domain of R” is also connected. 

1.22. An open set T C R” is connected, if, and only if, every pair of 
points of T can be joined by a simple broken line (i.e., a broken line with- 
out multiple points) contained in T. 

Proof. If every pair of points of T can be joined by a broken line (even 
one containing multiple points) in T, then T is connected by I, 3.12. 

To prove the necessity of the condition, we shall show that if there are 
two points, a and b, in T which cannot be joined by a simple broken line 
in T, then T is not connected. 

Let us denote by I, the set of all points of T which can be joined to a 
by broken lines in T, and by Ts the set of all remaining points of T. 

If p is any point of I, all points of R” whose distance from p is less than 
e = plp, R”N T) are contained in T and can therefore be joined to p by 
a segment contained in T. It follows readily that T, and I, are open in 
T. Since Ta Nn Ty, = O anda €Ta, b € Ty, I is not connected. This com- 
pletes the proof of Theorem 1.22. 

1.23. Let T be a domain of R”, n > 2, and let E C T be a finite set. 
Then the set TN Æ is connected, i.e., TN E is also a domain. 

Indeed, let a, b€ TN E be joined by a broken line in T. An arbitrarily 
small displacement of the vertices of this broken line will bring it into 
general position (see Appendix 1) with respect to the finite set Æ. It will 
then contain no points of E. Hence the displaced broken line will join a 
and bin TN E. 

1.24. Let E” be a closed solid n-sphere in R”. The open set RN E” is 
connected. 
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In fact, an inversion with respect to the bounding sphere S””" of E” 
maps R”N E” into E*N o, where E” is the corresponding open solid 
n-sphere and -o its center. Since it has been shown that E*N o is con- 
nected, R” \ E” is also connected. 

1.25. The components of an open subset of R” are open, i.e., are do- 
mains. 

Before proving Theorem 1.25, let us make the following definition: 

DEFINITION 1.26. A metric space R is said to be locally connected at a 
point p if p has connected neighborhoods of arbitrarily small diameter; 
R is locally connected if it is locally connected at all its points. 

Since spherical neighborhoods in R” are connected, it follows that R” 
and all open sets in R” are locally connected (Def. 1.26 implies that every 
open set of a locally connected space is also locally connected). The curve 
consisting of the segment —1 < y < 1 of the y-axis and of the graph of 
y = sinl/z,0 < x < 1/r (Fig. 2, p. 15) is an example of a compactum 
which is not locally connected. This curve is not locally connected at any 
of its points on the axis of ordinates. 

These remarks make it clear that 1.25 is a special case of the following 
important theorem: 

1.27. The components of a locally connected space are open sets (hence 
domains) of the space. 

Proof of Theorem 1.27. Let R be a locally connected space, Q a com- 
ponent of R, and p a point of Q. Denote by U any connected neighborhood 
of p. By I, 3.18, the set Q u U is connected. Since Q is a component, Q = 
Q u U. Hence p is an interior point of Q. This proves the theorem. 

1.28 If ® is a compactum in R”, R” \ & has exactly one unbounded 
component. 

Let E” be a solid sphere containing & in its interior (such a sphere exists, 
since ® is a bounded set). The set R”N E” is connected. Hence it is con- 
tained in one component of R”N &, which is, therefore, unbounded. All 
the remaining components of R” \.@ are contained in Æ" and, conse- 
quently, are bounded. 

DEFINITION 1.29. A compactum ® is said to be an absolute boundary in 
R” if ® separates R” and is the common boundary of all the components 
of the open set R” \ 4. 

DEFINITION 1.291. An absolute boundary in R” is called a regular 
boundary if it separates R” into precisely two domains. 

Such curves as a circumference, an ellipse, etc., are regular boundaries 
of domains in R’; the sphere and torus are examples of regular boundaries 
of domains in R°. The Jordan theorem asserts that every plane closed Jordan 
curve ts a regular boundary in F. 

At first glance it would seem that every absolute boundary is regular: 
it is difficult to imagine, for instance, a plane closed set which separates 
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the plane into more than two domains of which it is the common bound- 
ary. Nevertheless, such closed sets exist; they were first constructed by 
Brouwer in 1909. The following example (first published by the Japanese 
mathematician Yoneyama) is a slight modification of the original ex- 
ample of Brouwer. i 

Let us imagine an island ® surrounded by a sea T. We shall represent 
the island by a circle (together with its circumference), so that the sea 
T = R’\ @ is an open set. Let the island @ have two circular lakes, one 
containing cold water and the other warm (each of the lakes is in the 
interior of the circle). 

Let us imagine the following program. In the first hour, three dead-end 
canals are dug in the interior of the island, one leading out of the sea and 
the other two leading out of each lake. Each of these canals is made to 
wind in such a way that the distance of every point of dry land of the 
island is less than 1 mile both from the sea water and from the water of 
each of the lakes (Fig. 10). 

In the next half hour, each one of the canals is extended in such a way 
that, at the end of this half hour, the distance of every point of dry land 
(remaining on the island) from the sea water and the water of both lakes 
is less than 4 mile. In the following } hour the canals are continued so 
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that the distance of every point of dry land from the sea, warm fresh 
water, and cold fresh water is made less than } mile, etc. After 1 + 4 + 
4 4... + (4)” hours the work on all three canals is continued in a man- 
ner to make the distance of each point of dry land from the sea and cach 
lake less than (3)"**! miles (this will be accomplished in the next (3)"” 
hours). Throughout, the canals never touch each other or cross them- 
selves, i.c., they remain dead-end canals. At the end of two hours, there 
remains of the island only a closed set ®ọ which is nowhere dense in the 
plane. An arbitrary neighborhood of a point of 9 contains points of the 
sea as well as points of the two lakes. Hence the closed set o is the com- 
mon boundary of three plane domains, the sea and both lakes. 

An absolute boundary in the plane R? which separates R? into an arbi- 
trary finite, or even denumerable, number of domains can be constructed 
by the same method. 

Remark. A compactum @ C R? which is the common boundary of two 
plane domains (two components of the open set R’ \.&) may not be an 
absolute boundary: the set @ (Fig. 11) consisting of a circumference and 
a spiral curve winding inside it separates the plane into three domains, 
but is the boundary of only two of these domains (in Fig. 11 one of these 
domains has been left blank, the other is stippled; the third is the domain 
exterior to the circle and is cross-hatched). 

THEOREM 1.2. In order that a compactum ®-be an absolute boundary in 





Fig. 11 


44 THE JORDAN THEOREM [cH. II 


R”, it is necessary and sufficient that it separate the space R” into at least 
two domains and that no proper closed subset o of ® have this property, i.e., 
if yo C & is closed, then R” N ® is connected. 

Proof. Let ® separate R” into a countable number of domains (in a 
space with a countable basis, every collection of mutually disjoint open 
sets is countable at most) rı, Tz,:::, Ik, ++- and assume that ® is 
the common boundary of all these domains. 

Let & C ®. Since 6 = F;\ T;, it follows from I, 3.19 that each of 
the sets 


Tzu (N 4) 
is connected. Hence, by I, 3.16 the set 
UT; u (& \.o)] = RN Go 


is also connected. This proves the necessity of the condition. 


Now let ® separate R” into domains T;, I2, ++, Tk, +++ and suppose 
that no closed set ) C © separates R”. We shall show that then 
gd = T, N T; 


for every k. It is clear, to begin with, that no point p € I, \ Ty can be 
contained in any T; . Hence p € 9, so that 


& = Tl, Ce. 


Since T; C RN Ty, i = k, it follows that R” \ D, is nonempty and 
that, therefore, 


R™\ & = Tu (RN D) 


is the union of two nonvacuous disjoint open sets T; and R” \ D; . Hence 
R” N is not connected, i.e., $, separates R”. Since p} C %, our hypoth- 
esis implies that 6, = # for all k. This completes the proof of the theorem. 


§1.3. Outline of the proof of the Jordan theorem. Let us first make the 
following simple remark: 

A plane Jordan arc or Jordan curve ® is nowhere dense in the plane. 

Indeed, every connected subset of © is separated by some pair of points 
of this subset, the interior of a circle is a connected set which is not sepa- 
rated by any of its finite subsets. Therefore, does not contain the in- 
terior of any circle. Hence, since ® is closed, it is nowhere dense in the 
plane. 

In §2 we introduce a concept basic to the whole proof, the index of a 
point relative to a closed curve. In §3 we prove that a simple arc does 
not disconnect the plane, and §4 contains a proof of the fact that a closed 
Jordan curve separates the plane into two domains. 
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These two propositions imply the last assertion of the Jordan theorem: 
a Jordan curve & is the common boundary of the two components of the 
open set R? \.&. To prove this it suffices, by 1.2, to show that no closed 
set Po C & separates R”. Let e C ® and let £ be any point on the curve 
not contained in o. Since $y is closed, there exists an open arc (ab) of 
® containing the point ¢ and free of points of 4). The set ; = N (ab) 
is a simple arc lying on ® and containing 4» . 

It is required to prove that R’ \ & is connected. However, since every 
point of $, N & is a limit point of R’? \.4,, the connectedness of R° N o 
follows from that of R° \ 4, (I, 3.19), i.e., 


RPN 6 CRN & = BN. u 4 \ D, 


which in tum is contained in the closure of R? \ 4,. 

Hence to complete the proof of the Jordan theorem, it is enough to 
prove that a Jordan curve separates the plane into two domains and that 
a simple arc does not disconnect the plane. 


§1.4. Notation. Orientation of simple arcs and simple closed curves. 
We shall denote a simple are with endpoints a and b by [ab] and the corre- 
sponding open arc, i.e., the set [ab] N a u b, by (ab). If A denotes a simple 
arc, then A will stand for the corresponding open arc. 

Since a simple arc is a topological image of a segment, it is possible to 
speak of an oriented simple arc, i.e., an arc directed from a to b or from 
b to a. An oriented simple arc will be denoted by [ab]~ or [ba]~, respec- 
tively; an oriented open arc by (ab)~ or (ba), respectively. 

The direction (or sense) from a to b on a simple arc [ab] may be de- 
fined as follows. Let C be any topological mapping of the segment 0 < 
x < 1 onto the simple arc [ab] such that C(O) = a and C(1) = b. The 
mapping C orders the points of the arc [ab]: if y = C(x), y’ = C(x’) are 
two points of [ab], put y < y’ if x < 2’ on [01]. 

It remains to be shown that this order is independent of the choice of 
the mapping C. 

Let Cı and C2 be topological mappings of the segment [01] onto the arc 
jab] such that Ci(0) = C:(0) = a, Ci(1) = C2(1) = b. If Ci and Cz were 
to define different orders on [ab], then, for some two points 


y = Ci(a1) = Cr(x2) € [ab] 
y’ C(x’) = Cr(z’2) € [ab] 


it would follow that, e.g., 


(1.41) Tı < T, T2 > T2. 
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Then C = C2 'C; is a topological mapping of the segment [01] onto 
itself and 


(1.42) c0)=0, CQ) =1, 
C(21) = 2%, C(x’) S x's $ 


However, C, as a topological mapping of [01] onto itself which leaves 
the endpoints of the segment fixed, is a strictly monotonic function. Hence 
(1.42) is incompatible with (1.41). This proves the assertion. 

In the same way, a topological mapping of a circumference onto a 
Jordan curve induces a direction of circuit or sense on the latter by means 
of a given sense on the former. . 

More precisely, an oriented Jordan curve is a simple closed curve ® 
on which every simple arc &) C Ẹ has been assigned a definite sense in 
such a way that if ġo C , 6; C ® are any two arcs on ® and & CF, 
then the sense assigned to # coincides with that assigned to 4 . 

An oriented Jordan curve will be called simply an oriented curve and 
will be denoted by ¢” if the curve itself is denoted by ®. If a Jordan curve 
is given by several letters, it will be written as e.g., (abcd). An oriented 
curve will then be symbolized by (abcd) ~. 


§2. The angle function of a continuous mapping of a segment into the 
plane. The index of a point relative to a closed path in the plane 


§2.1. The functions F,(p, C, x) and f(p, C, x , x2). Let C be a continuous 
mapping of the segment [eo¢1] = eo < x < e, of the real line into the plane 
R’. Let p € R? be a point of the complement of 6 = C([eei]). 

Finally, let a be a point of the segment [eoe:]. Let us suppose that in 
the plane R’ a definite convention for measuring an angle in the positive 
sense (e.g., counterclockwise) has been chosen. 

The angle C(a)pC(x) is defined only to within an integral multiple of 
2r. However, it can be defined uniquely for all z, eo < x < e, by choos- 
ing a definite value of this angle for a fixed x = 2 and requiring that it 
be a continuous function of x. Indeed, let the points 


a = eo, i, tt, as = € 


divide [eo¢:] into segments [aoa], [a:a2], --- , [as1a.] so small that C maps 
each of them into the interior of some acute angle with vertex p. If the 
value of the angle C(a)pC(x) is defined for a fixed zo, a; < zo < aip, it 
is then uniqucly defined by continuity for all z, a; < x < ay; ; in par- 
ticular, therefore, for z = a; and x = aip . But the value of the angle 
C(a)pC(z) for x = aii uniquely determines the values of this angle for 
all x € [aisia;42], and then for all x € [a:42a.43], etc. In exactly the same 
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way, if the angle C(a)pC(z) is defined for x = a;, its value is uniquely 
determined by continuity on the segment (a,a;.,], etc. Hence the angle 
C(a)pC(z) is defined for all x € [ees]. 

DertnitTion 2.11. The value of the angle C(a)pC(z), uniquely defined 
for all z, eo < x <-e,, by the condition that C(a)pC(a) = 0, is denoted 
by F.(p, C, x). 

REMARK 1. The function F.(p, C, z) is clearly continuous in each of 
x, a, and p. Furthermore, it is easy to see that it is a continuous function 
of all its arguments p, C, x, a simultaneously, i.e., for fixed x, a, p, C and 
for every e > 0, there exists a ô > 0 such that Fy (p’, C’, x’) is defined 
and 


| Falp, C, 2) — Fa(p’, C’, 2’)| < € 
for 
lo’ —2| < 4, |}a’— al <4, p(p’, p) < ô, p(C’, C) < ô. 


Here, in accordance with I, 7.3, p(C’, C) < 6 means that p[C’(£), C(£)] < ô 
for all £, e& < E< e. 
REMARK 2. If a, a’ are any two points of the segment [eve:], 


(2.11) Fa(p, C, x) = Fa(p, C, a) + Falp, C, 2). 


Hence F,(p, C, x2) — Falp, C, x1) is independent of a. 
DEFINITION 2.12. Let 


(2.12) f(p, C, Ti, To) = F.(p, C, Za) = F.(p, C, zı) 


for any a € [e1]; f(p, C, x1, z2) is also a continuous function of its argu- 
ments. 


§2.2. The index of a point relative to a closed path. Let us now assume 
that the mapping C satisfies the condition 


C(e) = C(ai). 


The mapping C is then said to define a “closed path” in the plane. The 
intuitive geometric meaning of this term is clear. A rigorous definition of 
a closed path would have to state the conditions under which two con- 
tinuous mappings determine the same closed path. However, we shall 
not use this notion and will leave it imprecise. 

If C defines a closed path, the function f(p, C) = f(p, C, eo , €1) is equal 
to an integral multiple of 27. Hence an integer w(C, p) = (1/2r)f(p, ©), 
which depends only on C and p, is defined for every point p in the com- 
plement of C([ece:]). The number w(C, p) is called the index of the point 
p relative to the mapping C (or the index of p relative to the closed path 
defined by C). 
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It is clear that if w(C, p) is defined for a point p, it is also defined for 
all points sufficiently near p. Furthermore, since w(C, p) is continuous in 
and assumes only integral values, it follows that 


w(C, p’) = w(C, p) 


for all p’ sufficiently near p. Hence 

2.21. The function w(C, p) assumes the same value for all points p con- 
tained in one component of the open set R?N C([ece)). i 

Indeed, if pı and p: are in the same component T of R’ \ C({ece:]), they 
can be joined by a broken line in T. The function w(C, p) is defined for 
all points of this broken line and, because it is continuous and integer- 
valued, is constant there. Therefore, i 


w(C, pı) = w(C, P2). 


This proves the assertion. 

It is obvious that if the set C({eoe:]) is contained in the interior of an 
angle a, 0 <a < 2r, with vertex p, then | f(p, C, t1, t2)| < a for all 
Tı , T2 E fee. 

Hence 

2.22. If C is a continuous mapping of the segment fes] into the plane 
R? such that C(eo) = C(e:) and C(feo:]) is contained in one of the two half- 
planes into which F? is separated by some straight line, then w(C, p) = 0 
for any p contained in the other half-plane. 

Let us make two important remarks. 

2.23. Let C be a continuous mapping of the segment [ee,] onto a cir- 
cumference K, (1-1) on the open interval (e¢:) and such that C(e) = 
C(e). Let p be the center of K. Then w(C, p) = +1 or — 1 depending on 
whether, as x varies from es to e on the segment [ese], the point C(x) describes 
K in the positive or negative sense. 

By virtue of 2.21, the same assertion is also valid for an arbitrary point 
in the interior of K. 

The circumference K can obviously be replaced in 2.23 by, e.g., a tri- 
angular contour. 

2.231. We shall call a deformation Ce, 0 < 6 < 1, of the mapping 
C = Cy admissible if the fixed point p never meets the set Co([ece:]) and 


Celeo) = Co(er) 


for all 6,0 < @ < 1. Then a(C, p) is defined for 0 < ð < 1 and, since 
F.(p, c, x) is continuous in C and w(Cs, p) is integer-valued, w(Cs , p) is 
constant, 0 < 8 < 1. Hence 

2.24. The index w(C, p) is invariant under admissible deformations of 
the mapping C. 
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§2.3. The addition formula. Let [eoe], [er¢2], €o < ¢: < ez, be two closed 
intervals of the real line and let Cı, C2 be continuous mappings of [eoei], 
leie], respectively, into R? such that 


(2.31) Cile) = C.(e1). 


Let C denote the mapping of the segment [eo:] coinciding with Cı on 
[eoe:] and with C: on [ee]. Finally, let p be a point of R? in the comple- 
ment of the set 


Ci([eces]) U Ce([ere2)) = C ([eo€2]). 
Then (2.1, Remark 2) 


(2.32 F.,(p, C, e>) = Fe (p, C; e) + F. (p, C, e). 
Now let 

(2.33) C(eo) = C(e) = Cler), 

Le., 


C1(e0) = C(e) = C2(e1) = C2(e2). 


Then w(C,, p), o(C2, p), w(C, p) are defined and it follows easily from 
(2.32) and the definition of these numbers that 


(2.34) w(C, p) = (C1, p) + (C2, p). 
We shall need one application of (2.34) in the sequel. 
C\(0) = Ci(2) = Ci(4), 
Ci(1) = C,@), 
[acb]~ = C,([01)), 
[bga]~ = Ci([12]), 
[agb] 7 = C,([28)), 
[bda]~ = C,([34}). Fic. 12 


a 


b 





Let C, be a continuous mapping of the segment [04] of the real line into 
R’ (Fig. 12) such that 
C1(4) = C,(2) = C,(0), 
(2.35) 
C2 + 2) = Ci(2 — 2), 0O<2<l. 


Hence 
C'(3) = C,(1). 
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Let p € R? be a point in the complement of C,((04]). Denote by C” 
and C*, respectively, the mappings of the segments [02] and [24] defined 
by the mapping C; . Finally, let Co be the mapping defined by 


C(t) = Ci(z), OS e <1 and 38<2 <4, 
3 


Co(x) = Ci(1) = C1(3), 1 < T < 
Then w(C: , p), o(C”, p), w(C, p), (Co, p) are defined and 
(2.36) w(Co , p) = w(™, p) F w(C™, p). 


In fact, (2.34) implies that 
w(C1, p) = o(C”; p) + o(C™, p). ` 


It remains to be shown that w(Co, p) = w(Ci, p). l 
However, the mapping Co is obtained from Cı by an admissible de- 
formation 


Co(x) = C(2), 
Co(l + z) = Ci(1 + 62), 
C(2 + x) = Cl + 8(1— 2)], 
Co(3 + z) = Ci(3 + 2); 


Hence w(Co, p) = w(Ci, p), since w(C, p) is invariant under admissible 
deformations of C, and this at once implies (2.36). 


lA 
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§2.4. The index of a point relative to a Jordan curve. For the remainder 
of this section @ will denate a plane Jordan curve. We shall call a con- 
tinuous mapping C of the segment [01] of the real line onto a Jordan curve 
@ which maps the open interval (01) topologically and which satisfies 
the condition 


C0) = C(1) =e E 


a simple mapping. 

A simple mapping of [01] defines an orientation of 6: if 0 <a <b < 1, 
the orientation induced on ® by C shall be ( e’C(a)C(b)e’) ~. 

2.41. If p € R’\.@ and C, C’ are two simple mappings of [01] onto a 
Jordan curve @ which induce the same orientation on &, then 


w(C, p) = (C, p). 


To prove this, it suffices, by 2.24, to show that C and C’ can be deformed 
into cach other by a deformation Cs, 0 < @ < 1, such that 


(2.41) Co((01]) = 4, Co(0) = Cl) = e, 0O<6<1. 
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It is enough to prove the last assertion for ® a circumference of length 
1. In that case, however, it follows from 

2.42. Let Co be any simple mapping of [01] onto a circumference ® of 
length 1. Let Cı be the mapping such that 


Ci(0) = Co(0) = e’, 


and such that Ci(z), 0 < x < 1, is the endpoint of the arc of length z 
laid off on the circumference ® from the point e’ in the direction induced 
by the mapping Co. Then Co can be deformed into Cı by a deformation 
satisfying (2.41). 

Indeed, for each 6,0 < 6 < 1, let 


Ce(0) = Co(1) = C,(0). 


Consider the are Lz = Co(x)Ci(z) of 6, 0 < x < 1, which has Co(xz) and 
C\(z) as its endpoints and which does not contain e’; define C(x) as the 
point dividing the are L, in the ratio 6:(1 — 86), i.c., such that 


[Co(x)Co(x)]:(Co(x)Ci(x)] = 8:(1 — 8). 


Then Cs is the required continuous deformation. 

EXERCISE. Prove that two simple mappings Co and Cı which induce 
opposite orientations on & cannot be deformed into each other. 

DEFINITION 2.4. Let” be an oriented Jordan curve and let p € R? \.4; 
the number w(C, p), where C is any simple mapping of [01] onto ® induc- 
ing the given orientation on ® ’, is called the index of the point p relative 
to the oriented Jordan curve ®~ and is denoted by w(p, ®°). 

We shall require, finally, the following proposition: 

2.43. Consider in R? three simple arcs with common endpoints a, b, no 
two of which have any points in common except for their endpoints. De- 
note these ares by [abh , [ab]2, [ab];, respectively. From these we form 
three oriented Jordan curves 


[abhi u [ba], {ab}, u [ba], [ab]:  u [ba]; ”. 
Then for any point p not on any of the three arcs, 


w(p, [ab] u [ba]: 7) + w(p, [able~ u [ba}s~) 
= w(p, [ab]i~ u [ba] "). 


This formula follows from (2.36) and the following almost obvious 
proposition: 

2.431. Let Co be a continuous mapping of [01] onto a Jordan curve ® 
such that Co maps [03] topologically onto some are A; = [e'e] C ®, the 
segment [43] onto e'i, and finally the segment [$1] topologically onto the 
are Àg = [ee] C P different from Ài. Then the mapping Co can be de- 


(2.43) 
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formed into a simple mapping by means of a deformation Ce satisfying 
(2.41). 

It suffices to prove this proposition on the assumption that ® is a cir- 
cumference of length 1; then Cı and Ce are defined exactly as in the proof 
of 2.42. 


§2.5. (This article will not be used in the proof of the Jordan theorem.) 
The index of a point p € R’ relative to a continuous mapping of a cir- 
cumference into RN p; degree of a continuous mapping of a circumference 
into a circumference. Let Ss be an oriented circumference of length 1. 
Choose an arbitrary point ag on Sg. We shall say that S, is described in 
the positive direction if this corresponds to the given orientation of Sg. 

Let C° be a continuous mapping of Sg into R’ and let p € R?\ C?( Sa). 

Let Cz” be the continuous mapping of the segment 0 < z < 1 onto the 
circumference Sg which assigns to each point z, 0 < x < 1, the endpoint 
of the arc of length x laid off on Sg in the positive sense from the point ag. 

Then C = C®C;” is a mapping of the segment [01] into R?’N p and 
C(O) = CQ). 

It is easy to see that the index of a point relative to the mapping C is 
independent of the choice of the intermediate mapping C3” (i.e., of the 
choice of the point ag which completely determines Cs"). Hence the index 
of the point p relative to the mapping C = C%C,” depends only on the 
mapping C? (but also on the chosen orientation of Ss and the sense in 
which positive angles are measured in R°). It is therefore natural to call 
this index the index of a point relative to the mapping C° of the circum- 
ference Sg into R*® \. p. Hence, by definition, let us put 


w(C*, p) = oC, p). 


Now let Sa be a circumference in R’ with center p, oriented in the same 
sense in which positive angles are measured in R°. If C.f is a continuous 
mapping of Ss into Sa, the index of the center p of Sa (just defined) rel- 
ative to Ca is called the degree of the mapping C4. 

In this article we shall show that the degree of Caf completely charac- 
terizes the homotopy class of Caf (see I, 7.4). We shall begin by defining 
a normal mapping C.f of degree w, where w is an arbitrary integer. 

We shall assume for simplicity that both circumferences Sa and Sg are 
of length 1. 

Let us choose, once and for all, definite points ag € Sg and ag € Sa. 
A mapping v4" is called a normal mapping of degree w of Sg into Sa if it 
assigns to each point & € Sg the point va (E) € Sa determined as follows. 
Take the are {ast]~ on Sg in the positive sense. Lay off on Sa from the 
point đa , in the positive sense if w > 0 and in the negative sense if w < 0, 
an arc [dan] whose length is equal to the product of | w | and the length 
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of the arc [a,£]~. The endpoint n of the arc [aan] C Sa is, by definition, 
the point va (£). The degree of the mapping va? is obviously w; a normal 
mapping of degree 0 maps Sg onto the point aa. 

Our purpose will be achieved if we prove the following two propositions: 

2.51. Every continuous mapping C.° of Sg into Sa is homotopic to a nor- 
mal mapping whose degree is the same as that of C£. 

2.52. Two homotopic continuous mappings of an oriented circumference 
Sp into an oriented circumference Sa have the same degree. 

Proof of 2.51. Let us first note that every continuous mapping of Sz 
into Sa is homotopic to a mapping C.,” such that Ca (ap) = aa. (The ho- 
motopy is realized by a simple rotation through the appropriate angle.) 
Therefore, it suffices to prove Theorem 2.51 for a mapping C..” such that 
C.°(as) = a, . We shall now proceed with the proof. 

Let w be the degree of the mapping Ca and consider the continuous 
function F(C., x) defined on the whole real line in the following way. 

Let us set 


F(C.°, £) = Fo(p, C, 2), 0<-2 <1, 


where C = C,°C3" and p is the center of Sa (the mapping C,” is defined 
as above; the point ag € Sg is at all times fixed). For all the remaining 
values of x let us define F(C..", x) by means of the equation 


F(C, z +1) = F(C, x) + 2rw, 


remembering that o(C, p) = (1/2x)Fo(p, C, 1). 

The function F(C.°, x) (for fixed ag) is uniquely defined by the mapping 
C4’ and is called the angle function (turning function) corresponding to 
the mapping C. 

In general, we shall call any real continuous function F(x) defined on 
the whole real line and satisfying the conditions 


F(0) = 0, 
F(x + 1) = F(x) + 2ry, 


where y is a fixed integer, an angle function. 

2.511. Every angle function F(x) is the angle function corresponding to 
some continuous mapping Ca of the circumference Sg into Sa such that 
CP lap) = aa. i 

Indeed, let us assign to each point — = Cy'x of Sg the point 7 of Sa 
whose polar angle is F(z) (measured from the point aa). Denote the point 
n by Ca (£). It follows easily from the definition of an angle function that 
C.° is a single-valued continuous mapping of Sz into Sa. 

F(z) is obviously the angle function corresponding to Cê. Since, on 
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the other hand, the image of the point £ = Cg"x € Sg under the mapping 
C.f was uniquely defined by its polar angle F(C..", x), there exists just one 
continuous mapping C,’ (satisfying the condition Ca (ap) = aal, to which 
the given angle function 


F(z) = F(C, x) 


corresponds. 
We have thus established a (1-1) correspondence between the con- 
tinuous functions Caf of Sa into Sa, for which Ca (as) = aa, and the 


angle functions. 

Let us note, finally, the following proposition, whose proof may be left 
to the reader: i 

2.512. If F(x), 0 < 0 < 1, is a family of angle functions, continuous in 
the parameter 8, then the corresponding mappings C are also continuous 
in ð. 

The proof of Theorem 2.51 can now be concluded without any difficulty. 

Let us set 


Filz) = (1 — OF(£) + 2réwz, 0<909<1, 


where F(x) = F(x) is the angle function corresponding to the mapping 
C£ of degree w. We shall prove that F(z) is an angle function. Since 


F(0) = (1 — 8)F(0) = 0, 
it suffices to prove that 
Fox + 1) — Filz) = 2rw. 
But 
Fox + 1) — Fox) = (1 — O)[F(e + 1) — F(x)] + 2rr bw. 


Since F(x) is the angle function corresponding to the mapping C£ of degree 
Ww, 


F(x + 1) — F(x) = 21a, 
so that 
Fox + 1) — Filz) = (1 — 8)2rw + 2rbw = 2rw. 


Therefore, all the F(x) are angle functions, continuous in 0 and de- 
forming F(x) into the angle function 


F(x) = 2rwxr, 


which obviously corresponds to a normal mapping of degree w. This, by 
virtue of 2.512, completes the proof of Theorem 2.51. 
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Proof of 2.52. Let oC £ and ,C.2° be two homotopic mappings. It is required 
to prove that they have the same degrec. 

Let the deformation ee. 0 < 6 < 1, carry oC? into 1C. 

Let Cs” be the mapping of the segment [01] onto Sg defined at the 
beginning of this article (see p. 52). Then »C.°Cs” is an admissible de- 
formation of oC Ca" into ;C.°Cs”, so that, by 2.24, the index of the center 
p of Sa is the same with respect to both mappings o(/a°Cs” and 1C 408". 
But this also means that the mappings oC.” and C£ (of Sa into Sz) have 
the same degree. This proves Theorem 2.52. 

Theorems 2.51, 2.52, and the existence of a normal mapping of degree 
w for any integer w may be combined in one proposition. 

2.5. There exist continuous mappings of arbitrary degree w of an oriented 
circumference Sg into an oriented circumference Sa ; two continuous mappings 
of Sg into Sa are homotopic if, and only if, they have the same degree. 

Remark 1. Let C be any continuous mapping of a circumference Sg into 
R? N p, Sa C F a circumference with center p, and Ca the central pro- 
jection (with center p) of the set R’ \ p into Sa. 

The index of the point p relative to the mapping C is equal to the degree 
of the mapping CC of Ss into Sa. (This assertion follows from 2.24.) 

REMARK 2. The methods of this section admit of very diverse applica- 
tions—to analysis, to the theory of functions of a complex variable, etc. 
Thus, e.g., the fundamental theorem of algebra can be proved, literally in 
two words, by means of the notion of the index of a point relative to a 
continuous mapping. 


§3. Theorem: A simple arc does not disconnect the plane 


DEFINITION 3.1. Let & be a closed subset of the plane R’; we shall say 
that # does not separate two points p and q of the open set R’ \ 4, if p 
and q are in one component of R? N 4, i.e., if they can be joined by a 
simple broken line in Z N 4. 

To prove the theorem stated at the head of this section we note first: 

3.2. Let & = [ab] be a simple arc in R’ and c # b a point of &; further, 
let p, q be points of T = R’ \ &. If the arc [ac] C & does not separate p 
and q (if c = a, the arc [ac] becomes the point a), there exists a point c’ 
on the arc (cb) C ® such that the arc [ac’] docs not separate p and g. 

Indeed, let [pg] be a broken line joining p and g in the complement of 
[ac]. Then 


p([ac], [pg]) = « > 0. 
Let us take a point c’,c’ # c, on the arc [cb] so near to c that 


8([ec’]) < e. 
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Clearly, [cc’], and therefore [ac’] also, has no points in common with [pq]. 
This proves the assertion. 

3.3. If p and q are not separated by any subarc [ac] of the simple arc 
[ab], c = b, then the arc [ab] does not separate p and q. 

Before proving this proposition, we shall deduce the theorem stated at 
the head of this section from 3.2 and 3.3. 

Let us suppose that the simple arc = [ab] disconnects the plane. Then 
there are two points p and g which are separated by [ab]. ` 

The set consisting of the single point a obviously does not separate 
p and q. Therefore, by 3.2, there is a subarc [aa’} of [ab] which does not 
separate p and q. Let c be the least upper bound (on the oriented arc 
[{ab]”) of the set of those points a’ € [ab], for which the arc [aa’] € [ab] 
does not separate p and q. 





Fig. 13 


By 3.3, the are [ac] does not separate p and q. In virtue of 3.2, c is identi- 
cal with b, i.e., [ab] does not separate p and g. Hence it remains to prove 
3.3. 

Let K’ be a circle with center b such that a, p, q are in the exterior of 
K’. Let c’ be the last point of [ab] n K'a (on [ab] ~*), where K's is the cir- 
cumference of the circle K’. The arc [ac’] C [ab] has a positive distance 
from b. Let A be a circle with center b and radius less than p(b, [ac’]); 
denote the circumference of this circle by Ay. Hence the first point (on 
[ab]~) of Ko n [ab] comes, on [ab], after the last point of K'e n [ab], so that 
every point which follows a point of Ky n [ab] on [ab]~ is in the interior of K’. 

We shall now prove 3.3 first for the special case that [ab] n Ko consists 
of a single point c. 
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Since [ac], by hypothesis, does not separate p and q, there exists a broken 
line [pg] not meeting [ac] (Fig. 13). Let p, be the first, and qı the last, 
point of [pg] n Ko on [pq]~. Both pı and q, are different from c and can 
therefore be joined by an are [pıqı] of the circumference Ko not containing 
the point c. The are [pp] u [piqi] u [qq] (where [ppi] C [pq], [pig] C Ko, 
[gg] © [pq]) joins p to g and has no points in common with [ab]. 

Let us now pass to the case in which [ab] n Ko consists of more than one 
point (Fig. 14). 





Fie. 14 


Let us denote by \~ = (dd’)~ any open arc of Ko in the complement 
of [ab] n Ko but with its endpoints in [ab] n Ky and oriented in the positive 
sense (i.e., in the sense corresponding to a counterclockwise circuit of Ko). 

Let \’*” = (d'd)” be the oriented are of Ko complementary to the are \ 
(hence the orientations of A and à’ correspond to a ceunterclockwise circuit 
of Ko): 

Denote by Cy” a topological mapping of the segment [01] of the real 
line onto the simple are À, by Cra” a topological mapping of [12] onto 
the oriented are [d'd]? c [ab], and by Cua” the topological mapping of 
[23] onto the oriented are [dd’]~ C [ab] defined by the equation 


Ci (2 + £) = Caa” (2 — 2), 0O<r<l. 


34 


Finally, let Cy" be a topological mapping of [34] onto X. 

The mappings Cy", Cua”, Cae”, Cy" combined yield a mapping C 
of [04] satisfying (2.35); the corresponding mapping Co is obviously a 
mapping of [04]~ onto Ko oriented counterclockwise, The mapping C” isa 
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mapping of [02] onto the “closed path” consisting of the arc \ and the 
are [d’d]~ c [ab], and C” is a mapping of [24] onto the closed path con- 
sisting of the ares [dd']~ C [ab] and X7. By (2.36), 


(3.31) w(Co, t) = o(C”, x) + w(C™ x), 
i.e., 
(3.31) w(C”, x) = w(Co, z) — w(C™, 2), 


for any point z in the complement of Ko u [d'd] (where [d'd] C [ab)). 

Every point of the arc [d’d] c [ab] follows on [ab]~ one of the points 
d', d of this arc, i.e., it follows some point of the set Ko n [ab]. Hence 
[d'd] C [ab] is in the interior of the circle K’, so that c*([02]) = à u [d'd] 
is also contained in the interior of K’. On the other hand, p and q are in 
the exterior of K’. Hence, by 2.22, 


(3.32) w(C",p) = 0, o(C", g) = 0. 


Let c be the last point of [ab] n Ko on [ab] ~. 

Let us say that a broken line [pq] joining p and q is admissible if it satisfies 
the following conditions: 

1. [pq] n [ac] = 0. 

2. Ko does not contain any vertex of [pq]. 

3. No link of the broken line [pq] is tangent to Ko. 

An admissible broken line [pq] exists. Indeed, by hypothesis, p and q 
can be joined by a broken line having no point in common with the arc 
[ac]. Conditions 2 and 3 can be achieved by an arbitrarily small modifica- 
tion of this broken line (Fig. 15). . 

If the admissible broken line [pq] has points in common with [ab], all 
these points lie on the arc [cb] ” C [ab], i.e., in the interior of the circle K. 
Hence, if an admissible broken line [pq] has points in common. with [ab], it 
necessarily intersects the circumference Ko and, moreover, none of the points 
of intersection of [pq) with Ko are on [ab]. 
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3.31. If the admissible broken line [pq] intersects Ko, it can be replaced 
by an admissible broken line [pq]', the number of whose points of intersection 
with Ko is less than that of [pq] with Ko. 

Proof of 3.31. Among the points of intersection of the oriented broken 
line [pq]~ with Ko let us distinguish between “entrance points” (points 
at which [pq] ~ enters the interior of the circle K) and “exit points” (points 
at which [pq]~ leaves the circle K). 

Let pı be the first entrance point on [pg]~. It les on some interval A 
contiguous to Ko n [ab] (Fig. 14). Since the endpoints d and d’ of à are 
points of intersection of Ko with [ab] and c is the last point of Ko n [ab] 
on [ab]™, it follows that every point of (dd’)~ C [ab] precedes c on [ab]. 
Hence the broken line [pq] has no points in common with [dd'] C [ab]. Let 
z be a variable point on [pg]~. Since pı € C™([24]) = [dd’] u N, w(C™, x) 
does not change as x passes through pı. The function w(Cy, x), on the 
other hand, obviously jumps by +1 as x passes through p; or, in general, 
through any entrance point situated on à. In consequence of (3.31’), 
w(C”, x) also jumps by +1 as x passes through an entrance point situated 
on À. 

Since w(C”, q) = 0, a point moving on [pq] ~ from pı to g must necessarily 
meet points of intersection of [pq] with C”([02]) = [d'd] u à, i.e., points of 
intersection of [pg] with A; among these, in virtue of what has just been 
proved, there must be exit points. Let qı be the last exit point on [pq]~ 
contained in A. Let us take two points p’; and g'i on [pg]~ very near to 
pı and qi, respectively, and such that p’; precedes pı on [pq]~ and g'i 
follows q on [pq] ~. If p’: and g'i are taken sufficiently close to pı and qı, 
they will both obviously be in the exterior of K. Since [pim] C A has a 
positive distance from [ab], then (still on the assumption that p’,; and g'i 
have been taken sufficiently near pı and qı) there exists a broken line 
[p’1q’1] contained entirely in the exterior of K, passing very near to [piqil, 
and having no points in common with [ab]. 

Let us now take the broken line 


[pp] u [pg] u [gg], 


consisting of the piece [pp’:] of [pq], of the broken line [p’1g’1] just con- 
structed, and of the piece [gq] of [pq]. 

The resulting broken line [pp’:] u [pig] u [gg] is obviously admissible; 
the number of its points of intersection with Ko is at least two less than 
the number of points of intersection of the initial broken line [pq] with Ko. 

This proves 3.31 and also all of Theorem 3.3, since application of 3.31 a 
finite number of times to any admissible broken line [pq] yields, in the 
end, an admissible broken line joining p and g and having no point of 
intersection with Ko. Such a broken line joining p and q does not have, 
as we know, points in common with [ab], which was to be proved. 
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$4. Proof of the Jordan theorem 


§4.1. Fundamental auxiliary construction. Let s be an arbitrary point 
of the plane in the complement of the curve ®. The point s is to be regarded 
as fixed during the entire course of this article. 

From the point s let us draw two distinct rays sa’ and sb’, where a’, b’ 
are points of the curve. (Rays will be designated by two letters not enclosed 
in brackets. The first letter denotes the initial point of the ray, the second 
another point of the ray.) Define the sense on each of these rays from s to 
a’ and from s to 0’, respectively. Then let a be the first point of intersec- 
tion of sa’ with @ and let b be the first point of intersection of sb’ with &. 

Let us take a definite orientation on %; we shall agree that this is the 
positive sense on Ẹ. Of the two arcs into which & is separated by the points 
a and b, denote the one on which the sense from a to b is positive by Aj, 
and the other by A2. 

Now let ġ,” be the oriented Jordan curve consisting of the are Ay = 
(ab)~ and of the broken line [bsa]~, and let #.~° be the oriented Jordan 


curve consisting of the arc A,” = (ba)~ and of the broken line [as] ~. 
The conditions of 2.43 are satisfied, so that 
(4.11) w(p, 21”) +. w(p, 2°) = w(p, $7) 


for any point p in the complement of ẹ u [asb]. 

The function w(x, ©, ) is defined and constant for x € A». Denote this 
constant value by uw: . In exactly the same way, w(z, &)) is constant for 
x € A, ; denote its value for x € A, by w. We shall prove the following 
fundamental lemma: 

4.11. If at least one of the inequalities 


(4.12) w(p, $”) F w , a(p, $) ~ w , 


holds for a point p € R? N d, then p and s can be joined by a broken line in 
R’\ d. 
Proof. Suppose, e.g., that 


(4.121) wlp, P7) Žo. 


In consequence of the fundamental theorem of §3, there exists a broken 
line [ps] in R’ \. Ay. Let pı be the first point on [ps]~ contained in [asb]. 
Then there is no point of $, on the piece (ppı)” of [ps], so that w(x, 7) 
is defined and constant for all v € (pp,). Since, by (4.121), the value of 
w(x, $1”) for all x € [pp] is different from w, i.e., from the value of the 
same function on Az, it follows that no point of [pp,] is a point of A,. In 
other words, the broken line [pp.], which does not intersect the are A, 
does not intersect Az either. This means that it does not intersect &. Since 
pı € [asb] and is different from the points a, b, it can be connected with s 
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Fie. 16 


by the segment [pıs] contained in [asb]. The broken line [pp:] u [pis] joins 
p and s in R® \ ð. This proves the lemma. 


$4.2. The case w(s, #7) = 0; the set T = R’N Ẹ consists of at least two 
components. Let us draw a straight line D which does not intersect ©, 
so that @ is contained in one of the two half-planes into which R’ is separated 
by D; let s be an arbitrary point of the half-plane which contains no points 
of ©. The point s will remain fixed for the remainder of this article (Fig. 16). 
By 2.22, 


(4.21) w(s, $7) = 0. 


Under the conditions assumed for s and using the notation of the preceding 
article, we shall prove 

4.21. One of the numbers w; , w ts equal to zero, and the other is +1. 

Proof. Let ao and bó be the points of intersection of the straight line D 
with the rays sa and sb, respectively. Let us draw from s a ray sq inter- 
secting D in some point go between ao and bo. Let q be a point on sgo 
between s and qo. Denote by ®;~ the oriented Jordan curve consisting of 
the arc A” = (ab)~ C © and the broken line [bboaoa} ~*~. Finally, let us 
denote by A” the triangular contour (aobos) oriented in the sense (aobos) `. 
Then, by Theorem 2.43, 


w(q, o; 7) = olg, 4; °) + w(q, A7). 
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Since 
wlg, A7) = +1, wg, ) = 0, 
it follows that 


(4.211) w(q, 0.7) = £1. 
Similarly, 
(4.212) olg, ®7) = +1. 


As x goes to infinity along the ray sq, w(x, $”) and w(x, $2”) will 
eventually become, and ever after remain, 0: 


w(x, $`) = 0, w(x, $`) = 0. 
Therefore the ray sg intersects both arcs Ai and Ae. 


Let A; be the first of the two arcs A, and A, which is met by sq as x goes 
to infinity on sg. We shall show that then 


(4.213) w = +], w = 0. 


(This will also prove 4.21. If A, had been the first arc met by sg, we would 
have had w = 0, w = +1.) 

Let qı be the first point of the ray sq on the arc A; ; the segment [qi] 
has no points in common with 4, so that w(x, #°) is constant for points 
of this segment. Since w(x, 2°) = +1, w(m, P`) = +1. Since qı € Ai, 


(4.214) w = +1. 
In particular, if g'i is the last point of sq on A; , then 
(4.215) w(q’1 A , °) = +l. 


Because of this and the fact that w(x, 2°) = 0 for all points of sq 
sufficiently far from the curve ®, it follows that a point moving along sq 
from q’: to infinity will certainly meet the curve ®, and consequently 
the arc Az. Let qz be the first point of sq after q'i on A. Since q’; is the 
last point of Ai on sq, w(x, $1”) is constant on the entire extent of sq from 
g'i to infinity, and this constant value of w(x, #1”) is zero. Hence 


w(go 5 $”) = 0. 
Since qz € Ae, the last equation implies that: 


This proves (4.213) and thus 4.21. 
REMARK. Since w(x, 6°) = 0 for all points x of sq after q’1, it follows, 
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in particular, that 
(4.217) w(q12 , $”) = 0 


for any point qx of sq between q'i and q2. 

We shall now show that the curve ® separates the plane into at least 
two components. Since w(p, $°) = 0 for all p € R’ N @ sufficiently far 
from ®, it suffices, by Theorem 2.21, to exhibit a point p € R? N ® for 
which w(p, 7°) = 0. We shall show that, e.g., qz is such a point. Indeed, 
since the segment [gq] has no points in common with A, , and therefore 
with @ , 


w(q2, 2°) = w(q'/1, $7). 
Consequently, by (4.215), 


(4.218) w(Qi2 ; ®,”°) = +1. 
(4.218), (4.217), and (4.11) imply 
(4.219) w(qi2 $ ©”) = +1, qed. 


We shall deduce the following proposition from 4.11 and 4.21: 

4.22. Every p € R? N & such that 
(4.220) w(p, &™”) = 0 
can be joined to s by a broken line in R? N ®. 

Proof. (4.11) and (4.220) imply that 

w(p, $17) + w(p, &”°) = 0. 
This and 4.21 imply that at least one of the inequalities 
w(p, 21°) # w, w(p, 2") A w 


must hold. Therefore 4.22 follows from 4.11. 

Since w(x, #7) is constant for all x € [sp] C R?N ð, the set of all points 
satisfying (4.220) is connected; it is, moreover, obviously open and hence 
is a domain Ty C R?N &. It follows from 2.21, furthermore, that To is a 
component of RN &. 


§4.3. Conclusion of the proof of the Jordan theorem. We have there- 


fore proved: 
4.31. The set R? N & has at least two components and, moreover, the set of 


all p E€ R’? \.® such that 
a3) o(p, $”) = 0 
is a component of R? N è. 
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It remains to be proved that: 
4.32. The set of all p € FÈN & for which 
(4.32) olp, #7) #0 


is the second component of RÈ? N &. 
To prove this, it suffices to prove in turn that: 
4.320. If s, p € R? N @ satisfy the conditions 


(4.320) ols, $”) ~0, o(p, ®7) #0, 


there exists a broken line [sp] C R? \ © joining p and s. 

Proof of 4.320. We shall regard the point s as fixed for the rest of this 
article, and make the same construction as in 4.1. Let us now show that, 
under the present conditions and with the notation of 4.1, 


(4.321) w = w = 0. 


Let Q be any circle containing the curves ®, ©, , ® in its interior and let 
so be any point in the exterior of Q. Then 


(4.322) w(so, #7) = 0, 
(4.323) w(so , #1”) = 0, 
(4.324) w(so, 2”) = 0. 


Let [sos] be a broken line joining so and s in R’ \ Ai (such a broken line 
exists according to §3). Since w(x, @~) assumes different values for x = so 
and x = s, [sos] intersects and consequently (since it does not intersect 
A,) has points in common with Az. Let c, be the first point of Az on [sos] ~. 
Then w(x, #7) is constant on (soc2) C [sos] and is equal to w(so, #7). On 
the other hand, w(x, #7”) is also constant on (sa)~ and (sb)~ and takes 
the value w(s, #7) = 0. It follows that [soc] has no points in common 
with [asb] and, therefore, none with the curve 4. Therefore, w(x, ®, ') is 
constant on (soc) and, by (4.323), is equal to zero. Since co € As, w = O. 
It can be shown in exactly the same way that w = 0. 

4.320 follows from (4.321) without any difficulty. Indeed, in consequence 
of (4.32), (4.321), and (4.11), at least one of the inequalities 


w(p, $) * w , w(p, ©”) F ae 


must hold. Then 4.320 follows from the fundamental lemma 4.11. This 
completes the proof of the Jordan theorem. 

4.31, 4.32, and (4.218) imply 

4.3. If 6 is a Jordan curve and To, T are the two domains into which it 
separates the plane, then w(p, P7) assumes the same value for every point p 
of each of these domains. This value is zero for the exterior (i.e., unbounded) 
domain and +1 for the interior (i.e., bounded) domain. 


Chapter III 
SURFACES 


In this chapter we shall classify topologically the simplest two-dimen- 
sional figures, the closed surfaces. 

The exposition of the fundamental properties of these surfaces is pre- 
ceded by a brief survey of the topology of elementary curves (§1). 

Closed surfaces, as well as polyhedra and two-dimensional complexes— 
triangulations and their subcomplexes—are defined in §2. §2 also treats 
the combinatorial (Euler) characteristic of triangulations of closed surfaces 
and introduces the notion of a two-dimensional skeleton complex, by means 
of which the identification of the elements of a complex is rigorously defined. 

§3 is devoted to a rigorous presentation of all definitions having to do 
with cuts and identifications, and to a proof of the relevant elementary 
theorems on which the further development (§§5-7) rests to a considerable 
extent. 

§4 and §5 treat the orientability and connectivity of surfaces. The normal 
forms of simple (schlichtartige) surfaces and of closed surfaces are derived 
in §6 and §7, respectively. The method used here to derive the normal 
forms of closed surfaces is due basically to Alexander (see Alexander [a]). 

The need of acquainting the reader with the elementary and geometrically 
intuitive material has led to some looseness in the exposition of this chapter. 
In contrast with the rest of the book, a great deal of the material in Chapter 
III depends on certain invariance theorems, which are not proved until 
Chapters V and X and are merely stated in the present chapter. 

This procedure seems to me legitimate, since the proofs of these invari- 
ance theorems given subsequently are indepenent of the results of Chapter 
III. Otherwise, the exposition of the topology of surfaces would have to be 
postponed until much later, or burdened with a proof of invariance for 
the special case of two dimensions. 

Still greater liberty is taken in the proof of the fundamental theorem 
of the theory of surfaces itself and in the constructions immediately pre- 
ceding it. For the rest, since all the fundamental concepts pertaining to 
cuts and identifications have, I hope, been presented with impeccable 
rigor, I thought it important to emphasize the applications of these ideas 
and to leave to the reader the details of the proofs as exercises. These are 
routine (like calculations in classical analysis) because of the completeness 
of the definitions; to have included them in the book would only have 
served to encumber the exposition and diminish its clarity. 
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§1. Elementary curves and 1-complexes 


§1.1. Elementary curves and their subdivision into arcs. 

DEFINITION 1.11. A compactum which is the union of a finite number 
of simple arcs having by pairs at most a finite number of points in common 
is called an elementary curve. A point p of an elementary curve È is said to 
be regular if it has a neighborhood relative to & which is an open arc, 1.e., 
a homeomorph of the straight line. (An open arc is a simple are without its 
two endpoints; an open arc is homeomorphic to the real line, but not every 
set homeomorphic to the line is an open arc: for example, the graph of the 
function y = sin 1/z, 0 < x < 1/z, is homeomorphic to the line, but is 
not an open arc. However, every subset of an elementary curve homeo- 
morphic to the line is either an open arc or a simple closed curve with 
one point deleted.) In the contrary case, the point p is said to be singular. 
Singular points are, in turn, divided into branch points and endpoints. A 
branch point is the common endpoint of three or more simple arcs of ® 
which have no points in common except for p. A point p € ® is called an 
endpoint if it has a neighborhood relative to # whose closure is a simple 
arc with one endpoint at p. The set of singular points of an elementary 
curve is finite. 

Let the elementary curve ® be the union of the simple ares 1, +-+- , La. 
Subdividing these simple arcs, if necessary, into a finite number of smaller 
simple arcs, we may assume, without loss of generality, that each point 


contained in more than one of the arcs Lı, --- , L, is a common endpoint 
of all the ares which contain it and that every two arcs have no more than 
one point in common. Let a; , -++ , an be all the points which are endpoints 
of at least one of the arcs Lı, +-+- , La . The sequence a, +++ , a, contains 
all the singular points of @, but not all the points a; , +++ , an are necessar- 
ily singular. Let bı, +- , ba be n points in 
thethree-dimensional space, no four of which b b 

2 1 


lie in a single plane; then, in particular, no 
three will lie on one line. If a; and a; are the 
endpoints of an arc L» , let us join b; and b, 


by a segment L’, . Two such segments L’, b b; 
and L’, either have no points in common or S 
have a common endpoint corresponding to bs b 
the common endpoint of the arcs La and bs 4 
Lr. 

It follows that the curve ® is homeomor- be 


phic to a polygonal line, i.e., to a line which 
is the union of a finite number of segments 
having by pairs no common points except, 
perhaps, for common endpoints (Fig. 17). Fra. 17 


be bin 
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Hence 

1.12. Every elementary curve is homeomorphic to a polygonal line in R°. 

Therefore, the study of elementary curves is reduced to that of polygonal 
lines in R’. 

Let p be any regular point of a polygonal line ©. It is either an interior 
point of exactly one segment or the common endpoint of exactly two seg- 
ments, i.e., it is, in any case, an interior point of some simple arc of ® çon- 
sisting entirely of regular points. This simple arc can be extended in both 
directions until a singular point is reached or until a simple closed polygon 
is described. It follows easily from this that: 

1.13. Every regular point p of an elementary curve ® is an interior point 
of a uniquely determined curve #, C ® which is: 

either a simple closed curve, the component (I, 3.2) of p in ®; 

or a simple closed curve, containing exactly one singular point of ®; 

or a simple arc, both of whose endpoints are singular points of ®. 

The curve ®, is called the regular component of p. 

A regular component of © contains no singular points if, and only if, it 
is both a simple closed curve and a component of ®. Every other regular 
component contains one singular point if it is closed, and two if it is a 
simple arc. 

DEFINITION 1.14. The difference between the number of singular points 
of an elementary curve and the number of those of its regular components 
which contain singular points is called the (Euler) characteristic of the curve. 

Since a topological mapping of an elementary curve preserves singular 
points and regular components, two homeomorphic curves have the same 
characteristic. It is also clear that the characteristic of a simple arc is 1, 
and that of a simple closed curve is 0. The characteristic of a lemniscate 
is —l. 

1.15. Let an elementary curve ® be decomposed into mutually non- 
intersecting open arcs and their endpoints; we shall call the resulting open 
arcs and their endpoints the one-dimensional and zero-dimensional ele- 
ments (l-elements and 0-elements), respectively, of the decomposition of 
the curve ®. This decomposition is referred to as a one-dimensional complex 
(1-complex) if no two open arcs have two endpoints in common. 

Let us denote the number of 0-elements of the complex K by po and the 
number of l-elements by pı. Then the number po — pı (the Euler char- 
acteristic of the complex K) is equal to the Euler characteristic of the curve . 

Indeed, replacing two arcs (ab) and (bc), whose common vertex b is `a 
regular point of the curve Ẹ, by the single arc (ac), decreases po and pı by 1, 
so that po — pı is unchanged. Repeating this process of “obliterating” the 
0-elements of the complex a finite number of times, we finally arrive at 
the regular components, whence 1.15 follows without difficulty. 
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Obviously: 
1.16. The Euler characteristic of a curve ® is equal to the sum of the Euler 
characteristics of its components. 


§1.2. The connectivity of a curve (the one-dimensional Betti 
number). Let us first make the following preliminary remark. Let 
M,,---, M, be a finite number of sets composed of perfectly arbitrary 
elements. The set M = Mı +--+ M, consisting of those, ‘and only 
those, elements each of which is contained in an odd number of the sets 


Mı,- , M, is called the sum (mod 2) of these sets. If there are no such 
elements, the sum (mod 2) of the sets Mi, --- , M, is zero (i.e., the empty 
set): i 


M,+---+M,=0. 


Now let & be an elementary curve. Let us consider the following sets 
whose elements are regular components of ®: 

1. Sets consisting of a single element, viz., of a regular component which 
is a simple closed curve. 

2. Sets of regular components whose union is a simple closed curve. 

3. The empty set. 

These sets of regular components are called simple cycles. 

The sum (mod 2) of a number of simple cycles is called a cycle. 

The set of all cycles of a curve ® forms a group if the group operation 
is taken to be addition (mod 2). (In this connection, —z = z for any cycle z, 
since z + z = 0.) 


The cycles 
(1.211) Zi, tty Be 
are linearly dependent if a subsequence of (1.211), say za, +, Zą (all 


the 2, distinct), has a sum (mod 2) equal to zero. [Instead of this we could 
say: if a linear combination of the cycles of (1.211), not all of whose co- 
efficients = 0 (mod 2), is equal to zero.]} 

In the contrary case, the cycles (1.211) are said to be linearly independent. 

DEFINITION 1.21. The connectivity or one-dimensional Betti number 1'(®) 
of an elementary curve ® is the maximum number n such that ® has a 
system of n linearly independent cycles. 

The number x '(€) could also, obviously, be defined as the greatest number 
of linearly independent simple cycles in ®. 

Remark. Let K be any decomposition of the elementary curve ® into 
open arcs and their endpoints (“vertices”). 

Let us call every set of t-elements of K which together with their vertices 
form a simple closed curve in © a simple cycle of the decomposition K; a 
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sum (mod 2) of a number of simple cycles we shall call, as before, a cycle. 
It is then clear that the cycles of K are in (1-1) correspondence with the 
cycles of the curve Ẹ, so that their respective groups are isomorphic; con- 
sequently, the connectivity of ® is identical with the connectivity of the 
complex K, i.e., with the maximum number of linearly independent cycles 
of K. 

Obviously: 

1.22. The connectivity of a curve ® is equal to the sum of the connectivi- 
ties of the components of ®. 

1.23. If an elementary curve ® is a subset of an elementary curve ®, then 


r (S) < r (®). 


We shall prove the following fundamental proposition, known as the 
Euler theorem (for curves). 

1.24. The Euler characteristic of an elementary curve is equal to the difference 
between the number of its components and its connectivity. 

Or, denoting by po and pı the number of 0- and i-elements of any de- 
composition K of the curve 4, by x’ the number of components of ®, and 
by x’ its one-dimensional Betti number, we have 


(1.24) po — pı = T — r. 


For a connected curve, (1.24) becomes 
(1.241) p— p =l r. 


It suffices to prove (1.241). Then (1.24) follows for an arbitrary curve by 
1.16 and 1.22. 

Therefore let # be a connected curve. Without loss of generality, we 
may assume that ® is a polygonal curve with the given decomposition K 
into straight line segments. 

We shall reconstruct the given curve © in the following way: we shall 
begin the construction with an arbitrary segment and then add new seg- 
ments one after another, so that at any time the curve already constructed 
is connected. This is clearly always possible. With each segment we shall 
also add those vertices of this segment which have not yet been added 
previously, if such vertices exist. 

The addition of new segments may be of two kinds: 

1. An addition of the first kind take place when, up to the addition, the 
figure already constructed contains only one of the two vertices of the 
segment to be added. 

2. The addition is of the second kind if both of the vertices of the seg- 
ment to be added have been added previously (Fig. 18). 
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It is easily seen that po — pı and x are invariant under an addition of 
the first kind. 

An addition of the second kind obviously diminishes po — p: by 1. We 
will show that an addition of this kind augments r' by 1, so that 1 — r 
decreases by 1; this will also prove (1.241) completely: at the beginning of 
the construction, i.c., for a curve consisting of a single closed segment, both 
sides of (1.241) were equal to 1, so that the formula was valid then; addition 
of a new segment did not disturb cither side of (1.241), so that (1.241) 
remained true. Thus it remains to be shown that an addition of the second 
kind augments r' by 1. 





Fia. 18 


Let the given addition consist in adding to the connected curve %o the 
open segment (ab), whose vertices a and b already belong to ®o. Since ®o 
is connected, a and b can be joined by a broken line in ®o. This line, to- 
gether with (ab), forms a cycle zo in o. Now let the connectivity of o be 
ro = r, and let 


21, °° 5 2 


be a system of r linearly independent cycles of $o. Since zo contains the 


segment (ab), which is not in any of the cycles z1, +++, 2,, the cycles 
Zo, 21, °°: , 2, are also linearly independent. It remains to be proved that 
the cycles 

2, 20,21, °°' 5 @r, 


where z is an arbitrary cycle of the decomposition of $o u (ab), are linearly 
dependent. This is true by hypothesis, if the cycle z is in o. If z is not in 
y) , it contains the segment (ab). Then the cycle z + zo is in ®) and consc- 
quently is a sum of certain of the cycles 7,°::,2,, eg., 2 + 2 = 
zı +e +2. Then z + 2 + z2 +- + 2 = 0, which was to be 
proved. 

Remark. The number of additions of the second kind is independent of 
the choice of the decomposition K of the connected elementary curve ® 
and of the order in which the segments of A are put together in the con- 
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struction of ẹ, as long as the curve is connected at every stage of the con- 
struction. The number of such additions is equal to the connectivity of 
the curve. 

Indeed, the assertion is obviously true for a curve consisting of one 
segment. Since the number 7' increases by 1 for every addition of the 
second kind and does not change for an addition of the first kind, the 
assertion is true in general. 


§2. Surfaces and their triangulations 


§2.1. 2-complexes and polyhedra. By a triangle we shall mean the in- 
terior of a triangle; by a segment or edge, an open segment (a segment with- 
out its endpoints). 

DEFINITION 2.11. A finite set K whose elements are triangles, segments, 
and individual points of R” is called a triangulation if the following condi- 
tions are satisfied : 

1. No two elements of K have points in common. 

2. All the sides and vertices of any triangle of K and both vertices of 
every segment of A are elements of K. 

In this chapter, “complex” will refer either to a triangulation or to any 
subset of a triangulation. The maximum dimension of the elements of a 
complex is called the dimension of the complex (in our case 0, 1, or 2). 

The point set union in the given R” of the points of all the elements of a 
complex K is called the body of the complex K and is denoted by || K ||. The 
body of a triangulation is called a polyhedron. If the polyhedron € is the body 
of a triangulation K, ® = || K ||, we shall say that K is a triangulation 
of the polyhedron ®. 

It is easily seen that polyhedra are bounded closed subsets of a given 
R”, that is, polyhedra are compacta. 

The elements of a complex K may be partially ordered as follows. Let 
T € K. The vertices and sides of T, if T is a triangle, and the vertices of T, 
if T is a segment, shall precede T. If T” precedes T, we shall say that T 
follows T”. 

A subcomplex Ko of a complex K is said to be closed (open) if every ele- 
ment of K which precedes (follows) an element of Ko is itself an element 
of Ko 7 

Obviously: 

2.11. A closed subcomplez of a triangulation is a triangulation. 

DEFNITION 2.12. A complex is said to be connected if it cannot be ex- 
pressed as the union of two nonempty disjoint closed ‘subcomplexes. 

` THEOREM 2.13. In order that a triangulation be connected, it is necessary 
and sufficient that it be possible to join any two of its vertices by a broken line 
consisting of elements of the triangulation. 

Proof of necessity. Let a and b be two vertices of the triangulation K 
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which cannot be joined by a broken line in K. Let K, be the set of all those 
elements of K of which at least one (and consequently every) vertex can be 
joined by a broken line to a; denote by K, the remaining elements of K. 
It is easily seen that K, and K; are closed subcomplexes of K; they are non- 
vacuous, since a € Ka, b € Ky. This contradicts the hypothesis that K is 
connected. 

Proof of sufficiency. If K is not connected and 


K= kink, Kın K: = 0, 


where Kı and Kz are closed subcomplexes of K, no vertex of Ki can be 
joined to any vertex of K, by a broken line, which was to be proved. 
If a polyhedron-is connected, all its ‘triangulations are connected (a 
partition of a triangulation into two nonempty disjoint closed subcomplexes 
corresponds to a partition of its body into two 
nonempty disjoint closed sets). Conversely, if a tri- 
angulation is connected, its body is also connected: it 
follows easily from 2.13 that every two points of 
|| K || can be joined by a broken line in || K || 
(Fig. 19). Thus: 

2.14. If at least one triangulation of a polyhedron 
is connected, the polyhedron is connected; 7f a poly- 
hedron is connected, all its triangulations are con- 
nected. 

A two-dimensional complex (2-complex) is said to 
be pure (rein) if every l- and 0-element of the com- 

Fie. 19 plex precedes some 2-element..A pure 2-complex K is 
said to be strongly connected if every two triangles T, 
and T, of K can be connected by a chain of triangles 


Piet da 


such that T; and 7.41,7 = 1, ---,s — 1, have a common side in K. 

Finally, let us introduce the following definition: 

Let T € K. The subcomplex consisting of T and of all elements of the 
complex K which follow T is called the star OxT of T in K. 

Thus, if T is a triangle, O<T = T; if T is a l-element, OxT consists of 
T and of all the ‘triangles of K which have T as a side; if T is a vertex, 
OxT consists of T and of all 1- and 2-elements of K having T as a vertex. 

Examples of all these cases are given in Fig. 20. 

Let us consider the special case that T is a vertex e of a triangulation K. 
Then the star Oze consists of the triangles of the form (eaiaz), of the seg- 
ments of the form (ea), and of the vertex e. The sides (aas) of these tri- 
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angles (opposite the vertex e) and the vertices a of the segments (ea) make 
up a complex Bxe called the outer boundary of the star Ore (Fig. 20). 

A star Ozge is said to be cyclic if its outer boundary is a simple closed 
broken line (i.e., if its elements are disposed in cyclic order, like the ele- 
ments of a circle split up into sectors). If the outer boundary of a star Oxe 
is a simple broken line which is not closed, the elements of the star have a 
natural linear order and the star is said to be semi-cyclic. 

For an example of a semi-cyclic star see Fig. 21. 


§2.2. Closed surfaces. The following theorem will neither be proved nor 
used in this book: Every closed (topological) 2-manifold (I, 5.3) is homeo- 
morphic to some polyhedron (see Gawehn [a]). In order not to depend on 
this theorem, we shall at the very beginning restrict ourselves to those 
closed 2-manifolds which are homeomorphic to polyhedra and simply call 
them closed surfaces. The fact of the matter is that the class of closed sur- 
faces defined in this way is synonymous with the class of all closed 
2-manifolds. 

If a triangulation K of a polyhedron ) homeomorphic to a given closed 
surface &, and a definite topological mapping C of the polyhedron ®ọ onto 
the surface ® are chosen, the triangulation K will be mapped onto a “curved 
triangulation” of the surface , consisting of curvilinear triangles, their 
sides, and vertices. For example, if an octahedron or an icosahedron in- 
scribed in a sphere is centrally projected onto the sphere, the sphere is 
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decomposed, in the first case into 8, in the second case into 20, spherical 
triangles; these triangles, their sides, and vertices are the elements of the 
corresponding curved triangulation of the sphere. In exactly the same way, 
the triangulation of the polyhedron (Fig. 22) homeomorphic to a torus 
goes over into a curved triangulation of the torus under a topological 
mapping. 

REMARK. Since every closed surface is homeomorphic to a polyhedron, 
the topological study of surfaces can be confined to those surfaces which 
are themselves polyhedra. We shall, therefore, without further reservations, 
assume in the sequel that all surfaces considered are polyhedra. This will, 
in particular, enable us to avoid completely the use of curved triangulations. 

We shall accept without proof the following theorem, which will be 
proved in the sequel (V, 3.140). 

2.20. Let A and B be two subsets of a topological space R, each of which ts 
homeomorphic to the plane. Then if A C B, A is open in B. 

We can now prove the following fundamental theorem: 

2.21. In order that a triangulation K be a triangulation of a closed surface, 
at is necessary and sufficient that K be connected and that the star of every 
vertex of K be cyclic. 

Proof of necessity. Let K be a triangulation of the closed surface ® = || K |]. 
By 2.14, the connectedness of K follows from that of &. Before proving that 
every star Oxe, where e iş a vertex of K, is cyclic, we shall prove that every 
segment 7” of K is a side of more than one triangle. This assertion obviously 
follows from: 

2.210. Let T be a plane triangle, let T be the closure of T in R’, and let 
p € TN T. Then there is no set r homeomorphic to the plane such that 


pETCT. 


Indeed, suppose that such a set T exists. Then T and R? satisfy the con- 
ditions on the sets A and B, respectively, of Theorem 2.20. Hence T is 
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open in R? and p is an interior point of T. Thus, a fortiori, p is an interior 
point of T relative to R’, which is obviously not so. This proves 2.210. 
The fact that every l-element of K is a side of at least two triangles im- 
mediately implies that there is a cyclicly ordered sequence of triangles of 
Oxe such that each pair of neighboring elements of the sequence has a 
common side of the form (ee;). These triangles, their common sides (ee,), 
and e make up a subcomplex O’ of Oze and it suffices to prove that O’ = Ore. 
To this end, let T be a neighborhood of e relative to # homeomorphic to R°. 
Let us put 


e = ple, @\ T)>0 


and denote by d the maximum of the diameters of the elements of the 
complex O’. Let O < u < ¢/d. A similitude with center e and coefficient u 
takes the complex O’ into a complex O” such that e € || O” || C I (see 





Fig. 23 


Fig. 23 which shows the complex O’, the intersection of its elements with 
T, and the complex O”). Both || O’ || and || O” ||, as is easily seen, are homeo- 
morphic to the interior of a circle and, hence, to the plane. Therefore, the 
sets || O” || and T satisfy the conditions on the sets A and B of Theorem 2.20. 

|| O” || must be open in T. But if there were an element T of Oxe not in 
O’, this element would not intersect || O’ || and, all the more, || O” ||; on the 
other hand, e is a limit point of T and hence cannot be an‘interior point of 
|| O” || relative to T. This contradiction proves that O’ = Oxe. 

Proof of sufficiency. Since K is connected, || K || is also connected; we 
shall prove that the fact that every star Oze is cyclic implies that every 
point p € Ẹ is contained in an open subset of the polyhedron # homeo- 
morphic to the plane or, what comes to the same, to the interior of a circle. 

First, Oxe is, by definition, an open subcomplex of K and the comple- 
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mentary subcomplex KN Oxe is a closed subcomplex of K. Hence 
| KN Ore ||, being a polyhedron, is closed in® = || K ||, while || Oxe || is 
open in ®. The set || Oxe || is obviously homeomorphic to the interior of a 
circle. Now let p be any point of ® and T the unique element of K which 
contains p. Let e be any vertex of T. Then p € || Oxe ||. This completes 
the proof. 

2.22. Every 1-element T’ of a triangulation K of a closed surface ® is a side 
of exactly two triangles of K. 

Indeed, if e is a vertex of the segment 7", all the triangles of K adjoining 
T' are elements of the cyclic star Oxe; since Oxe contains precisely two 
triangles with side T’, 2.22 is proved. 


§2.3. Surfaces with boundary. In this chapter, we shall understand 
by a surface a compactum ® homeomorphic to a polyhedron and with the 
following property. The points of ® can be split into two classes: inferior 
points, having neighborhoods homeomorphic to the plane, and boundary 
points, in this connection, a point p € ® is called a boundary point if it has 
a neighborhood which can be mapped topologically onto the union of a 
triangle T° and one of its sides 7" in such a way that the mapping takes p 
into a point of the open segment T". 

The set of all boundary points of a surface is called the boundary of the 
surface. If it is nonempty, the surface is called a surface with boundary; 
in the contrary case, the surface is closed in the sense of the preceding 
article. In agreement with the notation of the preceding article, we will 
always assume in the sequel that the surfaces considered are themselves 
polyhedra. 

2.210 implies T 

2.31. The division of the points of a surface into interior and boundary 
points is, in fact, a decomposition into two disjoint classes: the boundary 
points of a surface are characterized as those which do not have neighborhoods 
homeomorphic to the plane; a topological mapping of one surface onto another 
preserves interior and boundary points. 

It follows from the very definition of boundary point that every boundary 
pomt of a surface is an interior point, relative to the boundary of the sur- 
face, of some simple arc consisting entirely of boundary points. On the 
other hand, for an arbitrary choice of a triangulation K of the surface ® all 
the boundary points of ® lie either on the 1- or on the 0-elements of K; it 
follows from these two observations that the boundary of a surface is an 
elementary curve without singular points and, therefore, is the union of 
simple closed curves, no two of which have points in common. These simple 
closed curves, which are the components of the boundary of the surface, 
are called the contours of the surface. 
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Let p be a boundary point of the surface and K an arbitrary triangula- 
tion of &. The point p is either contained in a segment 7” of K, or is-a vertex 
of K. In the first case, by 2.210, T’ is a side of exactly one triangle of K and 
all the points of T’ are boundary points. In the second case p, as a vertex 
of K, is the common endpoint of exactly two segments (pe,) and (pe,) of 
K on the boundary of ẹ, each of which is a side of one triangle of K. Since 
all the remaining elements of the star Oxp, except for the point p and the 
segments (pe,) and (pe,), consist of interior points of the surface, every 
segment of the form (pe;), 1 = i Æ s, is a side of two triangles of K. It 
follows easily that every star Oxp is semi-cyclic. Conversely, if the star of a 
vertex e of K is semi-cyclic, e is a boundary point. Therefore, 

2.32. Let K be any triangulation of a surface &. In order that a point p be 
a boundary point it is necessary and sufficient that it satisfy one of the following 
two conditions: 

a) p is contained in a segment of K which is a side of only one triangle of K; 

b) p ts a vertex of a semi-cyclic star of K. 

Those elements (edges and vertices) of K which are on the boundary of 
® are called boundary elements of K. The remaining elements are called 
interior elements. The boundary of @ is the union of the boundary elements 
of any triangulation of È. 

2.33. A triangulation of a surface is a strongly connected complex. 

Indeed, let T’, and T’, be two triangles of K and suppose it impossible 
to connect them by a chain of triangles 


(2.33) T’, e, TA 


such that T’; and T’: have a common side. Let K, be the subcomplex of 
K consisting of the triangles which can be connected to T^, by such chains 
and of the sides and vertices of these triangles; let Kz be the subcomplex of 
K consisting of all the remaining triangles, edges, and vertices of A. K, 
and K: are disjoint, by definition. On the other hand, since cyclic and 
semi-cyclic stars are strongly connected, the star of every vertex of K, 
(relative to K) is wholly contained in K, and the star of every vertex of Kz 
(relative to K) is wholly contained in K». Therefore, K, and K: are com- 
plementary open, and hence closed, nonempty subcomplexes of K. This 
contradicts the fact that K is connected. 


§2.4. Subdivisions of triangulations. It is sometimes necessary to pass 
from a given triangulation of a surface to a finer triangulation by sub- 
dividing the original one. We shall consider only the following types of 
subdivisions: 

1. An elementary subdivision of the triangulation of a surface relative to 
a given l-element 7” of the triangulation consists in dividing T" into two 
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segments and then dividing each of the triangles adjoining T! into two 
triangles, as in Fig. 24; all the remaining elements of the triangulation re- 
main unchanged. 

2. The result of performing an elementary subdivision relative to all the 
1-elements of a triangulation is a barycentric subdivision of the triangulation, 
whose structure is clear from Fig. 25 (a barycentric subdivision of a tri- 
angle consists of the six triangles into which the given triangle is divided 
by its three medians). 

2.41. A subdivision of a given triangulation, obtained as the result of a 
finite number of elementary subdivisions, is said to be a regular subdivision. 

In this book it will be necessary to consider only regular subdivisions. 
It is easy to show that a barycentric subdivision is regular. 


§2.6. Skeleton complexes. The set consisting of the three vertices of a 
triangle is called the skeleton [in German: Gerüst; sometimes called an 
abstract simplex (see IV, Def. 1.41)] of the triangle; the set consisting of 
the two vertices of a segment is called the skeleton of the segment; a vertex 
is its own skeleton. The elements of a triangulation K correspond (1-1) 
to their skeletons and one element of K precedes another if, and only if, 
the skeleton of the first element is a proper subset of the skeleton of the 
second element. 

Hence the study of a triangulation can be successfully replaced by the 
study of the set of all skeletons of the triangulation, that is, the skeleton 
complex of the triangulation. 

In this connection, we shall make the following definitions. 

DEFINITION 2.51. Let E be any set. The elements of E will be called 
vertices. Let us assume that certain subsets of E, called skeletons, consisting 
of one, two, or three vertices, have been singled out. The number of vertices 
in a skeleton less 1 is said to be its dimension. In this chapter a set of skele- 
tons will be called a skeleton complex if it satisfies the following conditions: 

a) Every nonempty subsct of a skeleton is a skeleton. 

b) Every set consisting of one vertex is a skeleton. 
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The maximum dimension (0, 1, or 2) of the elements of a skeleton com- 
plex is called the dimension of the complex. 

Remark. Higher dimensional skeleton complexes will be introduced in 
Chapter IV. 

DEFINITION 2.52. Two skeleton complexes K and K’ are said to be tso- 
morphic if there is a (1-1) mapping of the set of vertices of one complex 
onto the set of vertices of the other complex which preserves skeletons. 

A skeleton complex K and a triangulation K’ are said to be isomorphic 
if K and the skeleton complex of K’ are isomorphic. Two triangulations 
are isomorphic if their skeleton complexes are isomorphic. 

The following important theorem is a special case of a theorem proved 
in IV, 1.9: 

2.53. Every two-dimensional skeleton complex is isomorphic to some tri- 
angulation in R’. 


§3. Cuts and identifications 


§3.1. Identification of elements in skeleton complexes. Let K be 
a skeleton complex. Let us divide the set E of all vertices of K into mutually 
disjoint subsets or classes E’;, --- , W's ; and let us assign a new “vertex” 
e’; to each class E’;, with the agreement that a pair or triple of vertices 
e'i shall form a skeleton if, and only if, the corresponding classes Æ’; contain 
vertices e; forming a skeleton of K. 

The skeletons defined in this way form a skeleton complex K’; the com- 
plex K’ is said to be obtained from the complex K by identification of certain 
vertices of K; each vertex e’, of K’ is obtained by identifying all the vertices 
of K contained in the class EF’; . 

Now let K be any triangulation and let K, be the skeleton complex ob- 
tained by identifying certain vertices of the skeleton complex of the tri- 
angulation K. Let K’ be any triangulation isomorphic to K; (such triangula- 
tions exist by virtue of Theorem 2.53). 

The triangulation K’ is said to arise from the triangulation K through identi- 
fication of certain elements of K. 

An identification of the elements of a skeleton complex (or triangulation) 
K obviously induces a mapping of the set of all vertices of the complex K 
onto the set of all vertices of the complex K’: if e, € E’;, the vertex e’; is 
assigned to the vertex en. This vertex mapping maps every skeleton of the 
complex K onto a skeleton of the complex K’ and maps all of K onto K’. A 
mapping of this kind is called a simplicial mapping (for details see IV, 1.6) 
of the triangulation K onto the triangulation K’. In this chapter we shall 
consider only identifications which satisfy the following conditions: 

1. No two vertices which form a skeleton of K are mapped into a single 
vertex of K’. 
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2. Every triangle of K’ is the image of exactly one triangle of K. 

3. Every segment of K’ is the image of at most two segments of K. 

EXAMPLES. 1. Consider the triangulation of the rectangle shown in Fig. 
26. Let us divide the set of all eight vertices of this triangulation into the 
following classes: each of the classes H’;, 2 = 1, 2, 3, 4, consists of the one 
vertex e; ; E's consists of the vertices es and e;, and E's of es and eg. This 
identification converts the triangulation K of the rectangle into a triangula- 
tion K’ of the lateral surface of a triangular prism (Fig. 27). Both segments 
(eses) and (ezes) of K correspond to the same segment (e’se’s) of K’. 

Since the lateral surface of the prism is homeomorphic to the lateral 
surface of a cylinder and also to a plane circular ring, we may say that the 
identification just described converts the triangulation A of the rectangle 
into a triangulation K’ of a cylinder or a plane ring. 

2. The following identification differs from the preceding one only in that 
now the class H’s consists of the vertices es and es, and the class E’. of es 
and e. This identification converis the triangulation K of the rectangle 
into a triangulation K’ of a surface known as a Möbius band (Fig. 28). 

Remark. We shall briefly refer to case 1 as an identification of the di- 
rected sides (eses) and (ezes) of the rectangle and to.case 2 as an identifica- 
tion of the directed sides (ese) ~ and (ese:)”. We shall use analogous 
terminology in other similar cases. A directed segment will be denoted by 
parentheses followed by an arrow. 


e; C2 d e H C2 
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3. Let us consider the triangulation of a rectangle shown in Fig. 29. Let 
us divide its set of 19 vertices into classes Æ’; as follows: set EL’; = e;, 
i = 1, 2, 3, 4, 17, 18, 19, and let 


ti 
E's = {es , es, en, eu}, B's = {es, e3}, B's = er, er}, 


{ 
E’; = {es , eis}, E’, = {ero ; eis}. 


This identification of the directed side (és¢:4) with the directed side (ese1)” 
and of (eses) with (euen) converts the original triangulation of the rec- 
tangle into a triangulation of the torus (Fig. 30a). 

4. The following identification differs from the preceding only in that now 


E's bro { , er}, E’ = {er , en}, 


i.e., (eseu), as before, is identified with (ese) ~, but (eses) ` is now identified 
with (euen) . This identification yields a triangulation of a surface known 
as a Klein bottle (Fig. 30b), which cannot be imbedded in three-dimensional 
space. 

5. Let us now set (Fig. 29) 


B'i: = feil, i= l, 2, 3, 4, 14; 18, 19; hs = fes , en}; 


E’, = {es } e2}; E’ = {er , en}; E’; = {es j en}; 
E's = { ) €15} 3 E'1 = feio , BA 


[so that the side (eses) is identified with the side (ener), (ése7) with 
(eres), «++ , (&102u)™ with (eres) ]. This identification converts the given 
triangulation of the rectangle into a triangulation of the projective plane. 
To show this, let us map the rectangle topologically onto the upper hemi- 
sphere of the sphere z’ + 4? + 2 = 1 in such a way that the images of the 
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points es, é@,-°°*, es divide the equator into 12 equal arcs. Then the 
identification can be interpreted as the identification of each pair of dia- 
metrically opposite points of the equator. But this (I, 5.2, 8) converts the 
hemisphere into a topological space homeomorphic to the projective plane. 

Remark. The stars of all the vertices of the above triangulation of the 
projective plane are obviously cyclic stars. It follows that the projective 
plane is a closed surface. 


§3.2. Cut lines and semi-stars of the vertices of cut lines. (Only 
cut lines are discussed in this article; the cut operation is not introduced 
until 3.3. Therefore, the doubling of the segments in the figures of 3.2 
should be ignored; this doubling will have no significance until 3.3.) Let 
$ = || K || be a surface with a definite triangulation K. In this section, a 
cut line will mean a simple broken line A consisting of elements of the 

triangulation K and satisfying one of the fol- 
lowing conditions: 

1. A is a closed broken line, all of whose el- 
ements are interior elements of the triangula- 
tion K (i.e., elements not on the boundary of 
the surface ©). This is the case of inferior 
closed cuts (Fig. 31). 

2. A is a simple nonclosed broken line, all of 
whose elements are interior elements of K ex- 
cept both endpoints of the broken line, which 

Fic. 32 are on the boundary of the surface (cross cut, 
Fig. 32). 

3. A is a simple broken line which is not closed and contains at least two 
links. One of the endpoints of A may be on the boundary of the surface; 
but none of the other elements of A are on the boundary (open cut, Fig. 33). 

Let us consider any star Oge whose center e is one of the vertices of a cut 
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line A; if A is an open cut line, let us assume in addition that the vertex e 
is different from the interior endpoint (or endpoints) of the open cut (Fig. 
3+). Under these assumptions, the set of all elements of the star Oxe not 
contained in A is the union of two disjoint connected complexes, the two 
semi-stars of e; if one of these semi-stars is denoted by Oe*, the other will 
be denoted by Oe (Fig. 34). 

It is easily seen that: 

3.21. If e and e’ are two consecutive vertices of A, each of the two semi- 
stars of the vertex e meets precisely one of the semi-stars of the vertex e’ 
(the intersection in each case consists of a triangle having (ee’) as a side). 

Let us note further that: 

If A is an open cut line, e an interior endpoint of A, and e’ the vertex of 
A adjacent to e, then Oze intersects each of the semi-stars of the vertex 
e’ and each intersection is a triangle having (ee’) as a side (Fig. 33). 

It follows that: 

3.220. If [e, --- e] is an open cut line, one of whose endpoints, say er, 
is on the boundary of the surface, the semi-stars of the vertices e1, +++ , @s-1 
and the star of the vertex e, form a chain 


+ + = = 
Oe rant Oe e-1, Ores , Oe py 284 0e. 


[A chain (or closed chain) of subcomplexes of a given complex, here and 
throughout this chapter, is to be taken in the sense of I, Def. 3.14.] 

If both endpoints e, and e, of the open cut line are interior points, the 
stars Oxe, and Oxe, together with the semi-stars of the remaining vertices 
form one closed chain 


+ + > = 
Ore: , O@'2,-++ , Oe'e1, Ones, O€ o1,*::, OC 2, Ore. 


3.220 in turn implies 
3.22. The complement in a triangulation K of an open cut line is a strongly 


connected open subcomplex of K. 
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In fact, every chain of triangles connecting two triangles T, and T, of 
K can always be replaced by a chain of triangles connecting 71 and T, 
along the circuit of the open cut line (Fig. 35). 

Remark. A chain of triangles of a complex K connecting two triangles 
Tı, T, € K will always mean a sequence of triangles Ti, +, T, of K 
such that T; and Tip (1 < i < v — 1) have a common side in K. 

Now let A = [e1 -+ e] be a cross cut, and let Oe, be one of the two semi- 
stars of the vertex e;. It intersects a completely determined semi-star of 





Fie. 35 


the vertex ez , which we shall denote by Oe": ; Oe‘: in turn intersects a defi- 
nite semi-star of e3 , Oe’; , etc. We obtain, in this way, a chain of semi-stars 


(3.234) Oeti, +++ , Oe*.. 

Similarly, starting with the semi-star Oe 1, we obtain a chain of semi-stars 
(3.23_) Oe 1,--:, Oe. 

Hence 


3.230. The semi-stars of the vertices of a cross cut form two chains, (3.23 ,) 
and (3.23_). 

From 3.230 we shall derive 

3.23. The complement in a triangulation K of a cross cut is an open sub- 
complex of K which is either itself strongly connected, or is the union of two 
disjoint strongly connected complexes. If the endpoints of the cross cut A lie 
on two different contours, KN A is always a strongly connected complex. 

To prove the first assertion, it suffices to show that an arbitrary triangle 
Tı € K can be connected with a triangle of one of the semi-stars of (3.234) 
or (3.23_) by a chain of triangles, consecutive members of which have a 
common side not contained in A. To this end let T, be a triangle of, say, 
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one of the semi-stars of (3.23,). Let us connect T, and T, by a chain of 
triangles of K. If every pair of consecutive triangles of this chain has a 
common side not contained in A, the proof is complete; in the contrary 
case, let T; , T':4: be the first pair of triangles of the chain with a common 
side contained in A. Then 7’; is contained in one of the semi-stars of (3.23 ,) 
or (3.23_) and Tı, -+-+ , Tiis the desired chain. 

Let us now pass to the second assertion of Theorem 3.23, i.e., if all the 
elements of the cross cut A, whose endpoints belong to different contours 
mı and m: of the surface || K ||, are deleted from K, the remainder is a 
strongly connected complex. 

This assertion is readily proved by the methods used above; it is merely 
necessary to make the following very obvious remark. Under the given 
conditions, all the semi-stars of the vertices of the cross cut A = [e1 -++ es] 
together with the stars Oxe of all the vertices, different from e and e, , of 
the contours m, and m, form a single closed chain (Fig. 40). 

Finally, let 


A = le P €s€1) 


be an interior closed cut line. Let Oe*, denote one of the two semi-stars of 
e1, Oe”, the unique semi-star of es which intersects Oe”, , Oe*; the unique 
semi-star of e, which meets Oe”, , etc., until e, is reached. This yields a 
chain of semi-stars 


(3.241) Oe*,, +--+, Oet,. 


Since e, and e are adjoining vertices, Oe*, meets a definite unique semi- 
star of e, . Then two cases are possible: 

1. Oe*, meets Oe"). 

2. Oe, meets Oe; , where Oe 1 is different from Oe*,. 

In case 1 the chain (3.241) is closed; in this case, beginning with the semi- 
star Oe ı and reasoning as before, we obtain a second closed chain of semi- 
stars 


Oei, =, 0e, 
and call the broken line A a closed two-sided cut line (Fig. 31a or Fig. 41). 
In case 2 we obtain a closed chain 
Oe™i, +++, Oet, , Oei; 


Oe, meets one definite semi-star of ez, Which differs from Oe”; (since Oe”, 
meets Oe*,), and hence is Oe: ; in exactly the same way, Oe 2 meets Oe 3, 
but not Oe*;. Continuing in this way, the previous chain of semi-stars is 
extended to the chain 


+ + - - 
Oet, , Oez, +++, Oe's, Oe, e, OE. 
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The semi-star Oe, intersects one of the two semi-stars of e, and since it 

è = = + i e + : 
does not intersect Oe 1 (Oe, meets Oe™,), it intersects Oe",. Hence, in 
case 2, every semi-star occurs in the closed chain 


(3.242) Oeti, ++: , Oet, , 01, +++, OE, Oe”. 


In case 2, the broken line is called a closed one-sided cut line (see Figs. 
31b and 42a; the reference is to the “center line” of the Mébius.band which 
can be seen in Fig. 31b; this is the line ccecce, drawn as a double line). A 
slight change in the proof of 3.22 and 3.23 yields 

3.24. The complement of a closed one-sided cut line in a triangulation K 
is a strongly connected open subcomplex of K. 

3.25. The complement in a triangulation K 
of a closed two-sided cut line is either a 
strongly connected open subcomplex of A 
or the union of two disjoint strongly con- 
nected open subcomplexes of K. 

In the triangulation of the projective 
plane (segments and vertices denoted by 
the same symbols are to be identified) shown 
in Fig. 36 the closed broken line (e,e2ese<esese1) 
is a one-sided cut line. The two semi-stars of 
e are distinguished by the signs + and —, 





€ €; Cz 
Fia. 36 respectively. 


§3.3. The cut operation. Having disposed of the preliminary definitions, 
propositions, and examples, we may now go on from cut lines to the cut 
operation itself. This operation consists of a passage from a given triangula- 
tion K to a new triangulation K’, which depends on the cut line A and is 
defined only up to an isomorphism. It obviously suffices to define the 
skeleton complex of the triangulation K’. 

We shall first define the vertices of A’. If A is an open cut, the vertices of 
k’ are: 1) all the vertices of A not contained in A and the interior endpoint 
(or endpoints) of A; and 2) “new vertices”, e’; , corresponding (1-1) to all 
the semi-stars of the vertices of A. If A is a cross cut or a closed interior 
cut, the vertices of K’ are: 1) all the vertices of A not in A; and 2) new 
vertices e’; , corresponding (1-1) to the semi-stars of the vertices of A. 

This definition of the vertices of A’ implies that every new vertex of 
K’ corresponds to a unique vertex e; of A, i.e., to that vertex e;, one of 
whose semi-stars corresponds to e’; ; it is clear, on the other hand, that eaeh 
vertex e; of the broken line (with the exception of one or both endpoints, 
if A is an open cut) is placed in correspondence with precisely two new 
vertices e’; (the number of semi-stars of e;). These two new vertices e’; which 
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correspond to the same vertex e; of A will, as the need arises, be denoted 
by (e’;)4 and (e’;)_ , or simply by e’;4 and e'i. 

The elements of the skeleton complex K’ are defined as follows: 1) every 
skeleton of K, all of whose vertices are in K’, is a skeleton of K’; 2) skeletons 
of the form {e’;, e;} and {e’;, ej, e} are in K’ if, and only if, the semi- 
star corresponding to the vertex e’; contains {e;, e;} or {e;, e;, ex}, re- 
spectively; 3) if A is an open cut, skeletons of the form {e’,, e} are in K’ 
where e, is an interior endpoint of the open cut line and e is the vertex of 
A adjacent to it; 4) skeletons of the form {e’;, e’;}, {e’:, e';, ex}, and 
{e’;, e’;, e'z} are in K’ if, and only if, the semi-stars corresponding to the 
vertices e’;, e’; , and (in the last case) e’, intersect and (in the second case) 
this intersection contains {e;, ej, ex}. 





It is immediately verified that the stars of all the vertices of K’ are cyclic 
or semi-cyclic. Hence K’ is a triangulation of a surface or of several (in 
virtue of 3.22-3.25, no more than two) disjoint surfaces. 

It follows readily from the definition of the skeletons of the triangulation 
K’ and from the propositions proved in this article that: 

3.31. An open cut one of whose endpoints e lies on the boundary of the 
surface transforms the broken line A = [e --- e.4:] into a simple non- 
closed broken line 


/ 1 £ r f , 
fe’s4@’o4 ++ espesie seta °° eea] 


which is part of one of the contours of the surface K’ (Fig. 37). 

K and K’ have the same number of contours. 

An open cut A = [e1 -+> @4:] both of whose endpoints are interior points 
transforms the nonclosed broken line A into a closed broken line 


(ere'n4 +e Esge s °° * eae) 


which appears as a new contour of K’. The number of contours of K’ is 
one more than that of K (Fig. 38). 
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3.32. A cross cut A = [e1 -+> e,] replaces the nonclosed broken line A by 
two nonclosed broken lines 
fen, +--+ eng] and [ey --- e,_]. 


If both endpoints of the broken line are on the same contour of the surface 
K, K’ may have one more contour than K (Fig. 39). Here the contour 
(€101 ++ * Ayeebi -- > brei) is replaced by the two contours 

(e'it +++ ape ae a *** €2-€'1_) 
and 

(e142 +++ e' (1 4/agbi +++ breig). 





Fic. 39 Fig. 40 
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But if one endpoint of the cross cut A lies on one contour and the other 
endpoint on another contour, K’ has one less contour than K, so that the 
two contours 


(ea +++ ape) and lesbi «++ brea) 
are replaced by the single contour (Fig. 40) 
(e’14.04 eve Aye’ 1— eee e’, by Bee bye’ «4. ses e'it). 


3.33. A closed interior two-sided cut replaces the closed broken line by 
two closed broken lines (Fig. 41) 


(erp tee esgeg) and lehete eae), 


\y/ 


ÂZ 
Š 


Fia. 41 


which appear as two new contours; hence the number of contours increases 
by two. For a one-sided cut the closed broken line A = (e; ++- e1) is re- 
placed by the closed broken line 


, , $ , , 
(eng os eye ++ eea) 


which appears as a new contour of the surface K’; hence, K’ has one more 
contour than K (Fig. 42). 

In each of the complexes K and K’ shown in Fig. 42 identically designated 
elements are to be identified. After the identification, the complex K is a 
triangulation of a Möbius band on which (eé2¢3e1) is a closed one-sided cut. 
This cut converts K into a complex K’ isomorphic to a triangulation of a 
plane ring. The complex K has one contour (apipebqigea); the complex K’ 
has two contours: 


(apypobqiqea) and (e’1,e’24e34€'1€’2_e’3_€'14). 
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a P, P2 5 


a Ø; P2 b A e! C34 €; 


K a a 3 e es- e 
e a 


b q1 Fa a b % Pz a 
Fre. 42a Fig. 42b 


The reader is advised to construct a model of the complex K of the Möbius 
band out of paper and to cut it along the line (e:e2¢3¢1) with a pair of scissors. 

Remark. Both the open subcomplex KN A of K and the triangulation K’, 
which results from cutting K, consist, as is easily seen, of the same number 
of mutually disjoint strongly connected complexes; if this number is equal 
to 1, we shall say that the cut does not separate the surface; if it is greater 
than 1, we shall say that the cut separates the surface and moreover, 
because of 3.22-3.25, into two components. 

Hence 

3.34. Open cuts, cross culs with endpoints on two different contours, and 
one-sided closed cuts do not separate a surface; closed two-sided cuts and cross 
cuts with endpoints in the same contour either do not separate a surface or 
separate it into two components. 


§3.4. Reduction of holes. Several different operations which decrease 
the number of contours of the surface by 1 or 2 are included under this 
heading. We shall discuss two types of reduction of a single hole and of a 
pair of holes. 

1. REDUCTION OF THE First Kinp or One Howe. Consider a contour 
formed by a closed broken line with an even number of sides whose con- 
secutive vertices are numbered as (Fig. 43) 


, , , , 
Qi, C1, C2, *7* 5 €s,@1,€5,°°° ,C2,C1,&%. 


The vertices c; and c’; are identified for arbitrary i. As a result of this 
identification the closed broken line goes over into a simple broken line 
with endpoints a; and a’,. An identification of this type represents an 
operation inverse to that of an open cut. 


2. REDUCTION OF THE SECOND Kinn or OnE Hote. Let 


Q10203 +++ a,0'\a'9a'3 --- a’, 
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Cy 
â, G C3 
x 
Ge a 
G 
Fig. 43 Fia. 44 


be a contour (cf. Fig. 42b, where a; = e'i4 , @2 = e's} , G3 = e34, 0) = ey, 
a'a = e's, a3 = e's, or Fig. 44). The vertices a; and a’; are again identi- 
fied. An identification of this type annihilates a one-sided cut on the surface. 

Application of a reduction of the second kind to one of the two contours 
of a plane circular ring, or (what comes to the same) to one of the two bases 
of the lateral surface of a cylinder, yields a Möbius band (Fig. 45). 

The proof is essentially the reverse of that given in connection with Fig. 
42. For greater clarity let us carry out the above identification for another 
triangulation of a plane ring. (The identification itself is to be understood 
here and everywhere else in this chapter, as the combinatorial operation 
on a given, but arbitrarily chosen, triangulation defined in 3.1.) 

The identification to be performed is indicated in Fig. 46a (elements de- 
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e] 
leeg 


Fia. 46 


noted by identical letters and having identical subscripts, even though 
provided with other marks which do not coincide, such as primes, asterisks, 
etc., are to be identified). Let us first cut the figure along the lines pa and 
a'q (Fig. 46b), and then identify all elements denoted by the same letters 
and having the same subscripts. A preliminary rotation through 180° 
of the rectangle axa’sqxp« about the straight line c’f has no effect on the 
result of this identification. [The rotation has to do only with the intuitive 
geometric interpretation of the given operation of identification and is 
completely unrelated to its combinatorial content, which is determined 
solely by the identification scheme. This remark also applies to analogous 
cases in the sequel (7.1, 7.2).] 

The rotation transforms Tig. 46b into Fig. 47a, which in turn, after the 
indicated identifications, becomes Fig. 47b. . 

The one remaining identification of paqa with Pasq obviously converts 
the rectangle into a Möbius band. This proves the assertion. 


P ? 





Fra. 47 
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This result clarifies the following proposition: 

3.41. A reduction of the second kind of a hole with boundary T cut from 
a spherical surface (Fig. 48) gives the same result as closing up a somewhat 
larger hole with a Möbius band: the hatched ring is converted by an identifi- 
cation of the second kind of its inner boundary T into a Möbius band with 
boundary I’. (For convenience, a hemisphere with its equatorial plane, 
instead of a spherical surface, is shown in the figures. These are obviously 
equivalent topologically to a spherical surface; the letters in Fig. 48 refer 
to the innermost of the three circumferences.) We will, therefore, refer to 
a reduction of the second kind of one hole as a closing up of a hole with a 
Möbius band. 


3. Repuction oF Two Hores By MEANS oF A HANDLE. This consists 
in pasting together the boundaries of the two holes. Let us consider this 
operation in detail in the case of two circular holes cut out of a sphere. Let 
the boundaries of these two holes be the closed broken lines 


la oe a:a), (a'i nre a'ai). 


The identification may be effected in two ways. 

The first case: handle of the first kind. Let a point a describe the contour 
T in any one direction, e.g., counterclockwise as seen from outside the 
sphere. Let the point a’ of the contour I’, which is to be identified with 
the point a, describe I” in the opposite sense (i.e., clockwise, as seen from 
the exterior of the sphere). In this case we say that the identification of 
T with I” is an identification of the first kind or that T and I” have been 
fitted with a handle of the first kind (Fig. 49). Now, as a describes T in a 
given sense (counterclockwise as seen from the outside of the sphere) let 
the point a’ corresponding to a describe T’ in the same sense (i.e., also 
counterclockwise). This is called an identification of the second kind or we 
say that T and I’ have been fitted with a handle of the second kind (Fig. 50). 


§4. Orientability of surfaces 


§4.1. Definitions. 
DEFNITION 4.10. An oriented triangle is a triangle together with a pre- 
scribed sense of describing its boundary. Each of the two possible senses in 





Fria. 48 Fia. 49 Fia. 50 


94 SURFACES (CH. IIT 
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D 
Fic. 51 Fic. 52 Fic. 53 


which the boundary of the triangle may be described is called an ortenta- 
tion of the triangle. Hence a triangle ABC has two orientations, ABC and 
BAC. If one of the orientations of a triangle T? is denoted by £, the other 
will be denoted by — £. Each orientation of a triangle generates an orienta- 
tion of each of its sides, the induced orientation of the sides: the orientation 
ABC induces on the sides AB, BC, AC the orientations AB, BC, CA 
(Fig. 51). 

Consider two adjacent triangles (triangles with a common side) of a 
triangulation K of a surface and choose a definite orientation of these 
triangles. We shall say that the triangles are coherently oriented (non- 
coherently oriented) if they induce opposite (identical) orientations on their 
common side. 

Thus, e.g., in Fig. 52 ABC and ABD are noncoherently oriented (since 
the orientations induced on AB by both triangles are the same, namely 
AB); but ABC and BAD are coherently oriented aes the orientations 
induced on AB are opposite). 

Remark 1. In this definition it is essential to assume that the triangles 
are elements of the same triangulation: in the case shown in Fig. 53 (the 
figure is in the plane) the definition of coherent orientation of two triangles 
does not apply. 

Derinition 4.11. A triangulation K of a surface © is said to be orientable 
if it is possible to orient all the triangles of K in such a manner that every 
two adjacent.triangles are coherently onented. In the contrary case the 
triangulation K is said to be nonortentable. 

DEFINITION 4.111. Let K be an orientable triangulation. Then it is pos- 
sible to choose orientations ¢,, <+- , Ë, for all the triangles T^i, --- T’, of 
K in such a way that every pair of adjacent triangles is coherently oriented. 
A set of orientations /,, ++- , Ë, of all the triangles T°; € K satisfying this 
condition is called an orientation of the triangulation K. 

If an orientation ?’; of a triangle T’; of K is given, the requirement that 
every pair of, adjacent triangles be coherently oriented defines uniquely 
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first the orientations of all the triangles adjacent to T’: and then step by 
step, by virtue of the strong connectedness of the triangulation K, the 
orientations of all the remaining triangles of K. Hence, for any aiel 
T’; of an orientable triangulation K and for any orientation f; of 7’, , there 
is a unique orientation of all the triangles of K which contains the given 
orientation Ë; of T°; . 

Therefore, 

4.112. Every orientable triangulation has precisely two orientations. 

Remark 2. Defs. 4.11 and 4.111, as well as Theorem 4.112, may be applied 
not only to triangulations of surfaces but also to all open strongly connected 
subcomplexes of these triangulations, e.g., to cyclic and semi-cyclic stars. 

Let Q be a cyclic or semi-cyclic star. The complex Q is obviously iso- 
morphic to a plane complex Q’. An orientation of every triangle of Q’, 
c.g., counterclockwise, yields an orientation 
of Q’, and hence an orientation of Q. 

Hence 

4.12. Cyclic and semi-cyclic stars are orientable. f C4 

In this connection we have the following 
proposition (Fig. 54): A 

4.121. Let Q be the semi-cyclic star of a ver- ĉr 
tex e; let (ee) and (ee,) be bounding segments Fic. 54 
of this star [i.c., segments each of which bor- 
ders on a single triangle (eiee) and (e,-1¢e,), respectively, of the star Q]. 
Then each orientation of Q induces orientations on the segments (eie) and 
(ee,) which are extensions of cach other [i.c., the orientations (ee) and 
(ee,) or the orientations (ee,) and (e,e)]. 

It is not difficult to prove this proposition by, e.g., complete induction 
on the number of triangles in Q. 

In this chapter we shall use without proof the following proposition 
which will be proved in Chapter X (naturally, independently of the results 
of the present chapter). 

4.13. Let K and K’ be arbitrary triangulations of the same surface or of 
two homeomorphic surfaces; if one of these triangulations is orientable, the 
other is also orientable. 

This theorem is called the theorem on the invariance of orientabiltty; in 
the light of 4.13, it is natural to make the following definition: 

4.14. A surface ® is said to be orientable if any (arbitrary) triangulation 
of ® is orientable. In the contrary case, the surface is said to be non- 
orientable. 

4.13 implies 

4.15. If a surface is orientable (nonorientable), then every surfacc homeo- 
morphic to the given surface is orientable (nonorientable). 


6 
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DrFINITION 4.16. Let K be a triangulation of a surface @. A sequence 


of oriented triangles 7°, T's, +- , T’, of this triangulation with orienta- 
tions ?,, --- , @, is called a disorienting sequence if the following conditions 
are satisfied : 

For? = 1,--:,s — 1, the triangles 7’; and 7”:1: adjoin each other and 


are coherently oriented; the triangles 7”, and 7”, also adjoin each other but 
are noncoherently oriented. 

If K is an orientable triangulation, it is impossible to construct a dis- 
orienting sequence composed of oriented triangles of K. Indeed, if z is that 
orientation of K which contains ¢,, it is easy to see that the orientations 
Pa, +++, Č, are also contained in z; but then the orientation z would con- 
tain two noncoherently oriented adjoining triangles ¢’, and £, . Conversely, 
if a triangulation K is nonorientable, it contains a disorienting sequence. In 
fact, choose any triangle T°; of K and give it any orientation ¢,. Orient 
every triangle adjoining T°, coherently with respect to fı. In general, 
orient all the remaining triangles one by one in such a way that a triangle 
adjoining an already oriented triangle receives an orientation coherent 


Fie. 55 


with that of its already oriented neighbor. Since K is, by assumption, non- 
orientable, a continuation of this process will eventually yield a triangle 
T’, which receives two opposite orientations depending on which of the 
already oriented neighbors of the triangle T°, is used for the definition of 
the orientation of 7”, itself. In other words, it is possible to go from 7° 
to T’, , passing through consecutive triangles, by two paths, which lead to 
opposite orientations of T°, . 

Going from T°, to T’, along the first path and then from T°, to 7, by 
the second, we obtain a disorienting sequence of triangles. 

Hence, we have proved 

4.17. In order that a triangulation be nonorientable, it is necessary and 
sufficient that it contain at least one disorienting sequence of triangles. 

Examp_e. Let us consider the triangulation of the Möbius band shown 
in Fig. 55. Giving the triangles of this triangulation the orientations desig- 
nated by arrows in Fig. 55, we obtain a disorienting sequence. Hence, the 
Mobius band is a nonorientable surface. 

Theorem 4.17 implies that if a subcomplex Ko of a triangulation K is 
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nonorientable, then K is nonorientable. Hence, it follows in turn that if a 
triangulation K contains as a subcomplex any triangulation of the Möbius 
band, then K is a nonorientable triangulation. It is easy to see that the 
triangulations of the Klein bottle and the projective plane given above 
contain triangulations of Möbius bands. Consequently, both the Klein 
bottle and the projective plane are nonorientable surfaces. It is easy to 
convince oneself of this immediately. 

Let K be a triangulation of a nonorientable surface. 

That part of || K || which is covered by the triangles of a disorienting 
sequence always contains a Mobius band subdivided into triangles of some 
regular subdivision (it suffices to take a second order barycentric subdi- 
vision) of K. A disorienting sequence is shown in Fig. 56; Fig. 57 shows a 
regular subdivision of the triangles of this sequence; the hatched triangles 
form a Möbius band. 

Hence: 

4.18. In order that a surface $ be nonortentable, it is necessary and sufficient 
that some triangulation K, of the surface ® contain a subcomplex which is a 
triangulation of a Mébius band. A regular subdivision of an arbitrary tn- 
angulation K of the surface ® can be taken as the triangulation A, . 

REMARK. It would be possible to prove that every surface containing a 
subset homeomorphic to a Mobius band is nonorientable. The converse of 
this assertion is contained in what has just been proved. 

We shall prove the following fundamental proposition: 

4.19. In order that a surface ® be nonorientable, it is necessary and sufficient 
that some triangulation K of © contain a one-sided cut line. 

Proof. Suppose that K contains a one-sided cut line 


A= (e1€2 ene e1). 
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Let us consider the closed chain of semi-stars 


Oeti, >, Oeti, Oe, t p, OE, Oe“, 
[see (3.242)]. Let us form the closed chain (Fig. 58) 
T, = (eea),+++, Tr = (cesrés), +> , Tr = (dees) 
consisting of the triangles of the semi-stars Oe, -++ , Oe*,, Oey. Let 


us orient the semi-star Oe"; in any way and let the aaae] orientation on 
(e1e2) be, e.g., (e1e2)™. The orientation of the semi-star Oe*, defines, in par- 
ticular, the orientation of the triangle contained in both semi-stars Oe*, and 
Oe*,, and consequently of the whole semi-star Oe*,. Hence the orienta- 


tions of all the semi-stars Oe‘; , --- , Oe*, , Oe 1 are defined step by step. 
a C r4 b 
e,- 
i so 
b Ý F a 
Fic. 58 


Moreover, all these orientations induce on the broken line A the same 
direction which, for the chosen orientation of Oe") , is the sense 


lerez +++ es) 


Every pair of triangles T; and Ti}, i = 1,2, +++ ,s — 1, have been oriented 
coherently. However, since Tı = (esea) and 7’, = (de,e) have been oriented 
so that the orientations induced on their common side by both triangles are 
the same, i.e., (es&1) , the triangles T, and T, are noncoherently oriented. 
The chain of triangles 

Fi ate a 


with the above orientations forms a disorienting sequence, so that K is a 
nonorientable triangulation. 

Conversely, if A is a nonorientable triangulation, some regular subdi- 
vision of K contains a triangulation of the Möbius band which in turn 
contains a one-sided cut. This proves 4.19. 


§5. The connectivity of a surface. Euler’s theorem 


§6.1. Throughout this section K will denote a triangulation of a sur- 
face ®. 
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5.11. Let us denote by po, pı, pz the number of vertices, edges, and 
triangles, respectively, of a triangulation K of a surface $; the number 


x(K) = po — pr + pe 


is called the Euler characteristic of the triangulation. 

In this chapter we shall accept without proof the following theorem 
(proved in Chapter X). 

THEOREM 5.12. (INVARIANCE OF THE EULER CHARACTERISTIC.) If K and 
K’ are triangulations of the same surface or of two homeomorphic surfaces, 
the Euler characteristics of K and K’ are equal. 

In virtue of Theorem 5.12 it is natural to call the Euler characteristic of 
any triangulation of a surface the Euler characteristic of the surface. 

Exercise. Show (by considering any triangulation of the corresponding 
surface) that the Euler characteristic of the sphere and the projective plane 
is equal to 2 and 1, respectively, and that the Euler characteristic of a 
plane ring (cylinder), Möbius band, torus, and Klein bottle is equal to 
zero. 

REMARK 1. In this chapter we shall say that a one-dimensional closed 
subcomplex L of a triangulation K does not separate K, if the open sub- 
complex KN L C K is a strongly connected complex. 

DEFINITION 5.13. The connectivity of a triangulation K is the maximum 
integer k for which there exists a closed one-dimensional subcomplex of 
connectivity k which does not separate K. The connectivity of a triangula- 
tion K will be denoted by (K). 

REMARK 2. It follows easily from the Jordan theorem that every elemen- 
tary curve of positive eonnectivity separates the sphere. 

This implies, without the use of any invariance theorem, that the con- 
nectivity of an arbitrary curved triangulation of a sphere, and conse- 
quently of every surface homeomorphic to the sphere, is equal to zero. The 
reader is advised to prove this assertion. 

EULER’s THEOREM 5.14. 


(5.14) x(K) = 2 — (K). 


Proof. Let L be a one-dimensional nonseparating closed subcomplex of K 
of connectivity q = g(K). Let us enumerate the triangles of K in an order 


T’,,--:, T’, , Where r = p , such that the triangle Tp, i= l, 2, >, 
p — 1, will have a side 7"; not contained in L in common with one of the 
triangles 7’, --- , T’; (this can be done, since L, by hypothesis, does not 


separate K). 

Let us delete the triangle T’, from K = Ko and denote the remaining sub- 
complex of the triangulation K by K; ; next delete both the triangle T’, 
and the segment T'; and denote the remaining complex by Ke, etc., until 
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all ø triangles are exhausted. We obtain complexes Ki, K2, 0} , Kr, 
where T°, is the only 2-element of the subcomplex K,.; finally, 
K, = K, N T’, is a 1-complex. 

We shall prove that all the complexes K; are connected. For Ko = K 
this is true by hypothesis. Assuming that K; is connected, we shall show 
that the complex Kiyı = K:N Tim N T% is also connected. It suffices to 
prove that every pair of vertices a, b of Ki; can be connected by a broken 
line in K,4:1. Let [ab] be a broken line connecting the vertices à and b in 
K; . If this broken line is not contained in K;41, one of its links is the side 
T’; of the triangle T? . If we prove that the other two sides 7"; and 7", of 
of the triangle 77,41 are contained in K,4,, then the link 7”; of [ab] can be 
replaced by a broken line of two links consisting of 7’, and T's and the 
assertion will be proved. But the side T’, (or 72) does not appear in Kip 
only if it is a side T’,—ı of some triangle 7”,, h < i + 1. This, however, 
cannot be, since, if the segment 7"; , which is a side of T’;41, is also a side 
T'a, h < i+ 1, of the triangle 7”, , then it would have to be a side of 
yet a third triangle T°s, k < h, which is impossible. This proves that 
Ki411s connected. The complex K, does not separate K since all the triangles 
of K were enumerated in the form of a chain not intersecting K, ; since 
K, > L, Theorem 1.23 implies that 7'(K,) > 2'(L) = q, and consequently, 
by the definition of L and q, r(K,) = r (L) = q. 

The 1-complex K, has po vertices and pı — (p2 — 1) edges (since p — 1 
edges have been deleted from K). Hence, by (1.24), 


po — [pm — (m — 1)) = w(K,) — w(K.) = 1 — q, 
or po — p +p = 2 — gq, q.e.d. 


5.12 and 5.14 imply 

5.15. THEOREM ON THE INVARIANCE OF CONNECTIVITY. Two arbitrary 
triangulations of two homeomorphic surfaces have the same connectivity. 

It is therefore natural to call the connectivity of any triangulation of a 
given surface the connectivity of the surface. 


§6. Simple surfaces 


§6.1. Closed cuts. In this and in the following sections a triangulation 
will mean a triangulation of some surface, and a closed cut line of a tri- 
angulation K will mean any simple closed broken line A consisting of ele- 
ments of the triangulation K and such that at least one of its segments is 
an interior element of the triangulation K (i.e., one which is not situated 
on its boundary). 

If the closed cut line A contains more than one vertex belonging to the 
boundary of K, then A, as is easily seen, consists of one or more cross cuts 
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and of vertices, and perhaps arcs, which lie on the boundary of K (A may 
or may not contain such arcs; see Figs. 59-60). 

In this case the cut operation itself is realized by the cross cuts contained 
in A. 

But if A has a single element, a vertex es (Fig. 61), on the boundary, 
then the cut operation along the line A is defined as follows: take any 
second vertex e of A and perform an open cut along one of the two arcs 
[eo] C A, say along the arc [e:e], and then a cross cut along the second 
arc [eœ] contained in A. 

REMARK. In cases where there can be no misunderstanding, instead of 
“cut line” we shall simply say “cut”. 

The following proposition will be required in the sequel: 

6.11. If a triangulation K contains a nonseparating closed cut A some of 
whose elements lie on the boundary, there is a regular subdivision K’ of 
K which contains a closed cut A’ which does not separate K’, and such that 
all its elements are interior elements. 

Passing to the proof of 6.11, we note first that: 

In order that a closed cut A not separate the triangulation K, it is suffi- 
cient that two triangles Tı and T: having a common side contained in A 
can be joined by a chain of triangles in which every two consecutive tri- 
angles have a common side not contained in A. If this is the case, we shall 
say that Tı and Ts are joined by a chain of triangles which avoids the 
cut A. 

We shall show that, passing, if necessary, to a barycentric subdivision, 
it can always be assumed that the “stars” of the vertices e; and e; , belong- 
ing to a contour T, can intersect only if the edge (e:e;) is in T. Indeed, 
let K be a triangulation and K’ its barycentric subdivision. It is easily 
seen that there are in K’ no interior edges both of whose endpoints lie on the 
boundary of the surface. It follows that the triangulation K’ has the fol- 
lowing property: the “stars” lying on the boundary of the surface with 
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vertices e’ and e” intersect only if both vertices e’ and e” belong to a single 
contour I’ and are neighboring vertices on this contour. We shall assume 
that the triangulation K has this property to begin with. 

To obtain the line A’ it is necessary to remove from the boundary every 
piece Ao of the cut A which lies on the boundary of the surface (Fig. 62). 
This is achieved as follows: take a barycentric subdivision K’ of the triangu- 
lation K; next, consider the part [e’1e1 «++ €s_1e’s_1] of the cut, consisting of 
the piece Ao = [e1-- €s-1] lying on the boundary of the surface, supple- 
mented by the two interior edges (e’ie1) and (e,-1e’.-1); let us replace this 
part of the cut by the broken line A, = [e'i --- e's] whose vertices are 
interior vertices of the triangulation K’, lying on the boundary of the 
“stars” of the vertices of the piece Ao (in the triangulation K’). 

Let us prove that this replacement yields a simple closed broken line 
A’ which does not separate K’. Indeed, the broken tine A; , as is easily seen, 
is a simple nonclosed broken line lying in the interior of the triangulation 
K'; in addition, all the vertices lying on A; , with the exception of e’; and 
e’,-1, do not lie on A. Therefore, the broken line A’ is the union of two simple 
nonclosed broken lines having only their endpoints in common. Hence A 
is a simple closed broken line. ` 

It remains to be shown that the broken line A’ does not separate the 
triangulation K’. This assertion in turn is an easy consequence of the fol- 
lowing. There are two triangles in K’ with a common side in A; , which 
can be joined by a chain of triangles avoiding A’. 

To prove this last assertion, let us consider a chain of triangles 
T'i, ++- , T's of K’ connecting the triangles T'i and T’, with common side 
(e’:e:) and avoiding A. The chain will contain at least one triangle with a 
side in A, , and vertices on Ao ; indeed, one (and only one) of the triangles 
T^, T's, say T'i, is a triangle of this sort. Let 7’, be the last triangle of 
the chain with the indicated property (obviously k = s). It is then easy to 
see that T’, and T'k}ı have a common edge contained in A; and can be 
connected by a chain of triangles avoiding A’. 


§6.2. Definition of simple triangulations. Invariance under regular 
subdivisions. 
DEFINITION 6.21. A triangulation of a surface ® is said to be simple if it 
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is separated by an arbitrary closed cut. An example of a nonsimple triangu- 
lation is a triangulation of a Möbius band or of a torus. It can be shown 
that: If a triangulation of a surface ® is simple, then every triangulation of 
every surface homeomorphic to ® is also simple. 

However, we shall need merely: 

6.22. Any regular subdivision of a simple triangulation is simple. 

Proof. It suffices to deduce from the existence of a nonseparating cut 
of a subdivision K’ of the triangulation K the existence of a nonseparating 
cut in K. Let K’ be an elementary subdivision with respect to an interior 
side (in the case of a side lying on the boundary, the reasoning which 
follows below is even simpler) (ac) which borders on the triangles (abc) and 
(adc) and denote the new vertex on (ac) by e. If A is a nonseparating cut 
in K’, which does not appear as such in K, A contains at least one of the 
segments (be), (ed). If A contains only one of these segments and goes 
through, e.g., [bec], then replacing the broken 
line [bec] in A by the segment bc) yields a b 
nonseparating cut in K. 

Let A contain both (be) and (ed). We shall 
consider two cases: 

1°. Let one of the points a, c, say c, be q c 
contained in either A or a contour T of the 
surface containing at least one vertex of 
the cut A. The triangle (ade) can be con- 
nected, avoiding the cut A, with one of the 
triangles (bec), (dec) by a chain which does d 
not contain the other triangle. If the triangles 
joined are (ade) and (bec), the segment (bc), the part of T up till the first 
vertex of A, and the part of A not containing [deb], form a nonseparating 
cut [our assumptions imply that the side (bc) is necessarily an interior 
side; otherwise [bd] would separate (aed) from (bec)] of the original triangu- 
lation. 

2°, Suppose that neither a nor c is contained in A. Either, one of the points 
a, c, say c, is an interior point, or the contour T which contains this point 
has no point of A. Then, replacing the segment [bed] by the broken line 
[bed] in A, again yields a nomseparating cut in K. 

6.23. Every triangulation Ko which is a subcomplex of a simple triangula- 
tion is simple. 

Indeed, every closed cut A in Ko is a closed cut in K. Let T’, and T’; be 
two triangles of Ko with a common side contained in A. Since it is impos- 
sible to join them in K by a chain of triangles avoiding A, it is all the more 
impossible to join them by such a chain in Ko , which was to be proved. 
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§6.3. Elementary lemmas. We shall require the following propositions 
in the sequel. Their proof is left to the reader. 

Lemma 6.31. A topological mapping of the circumference S of a circle 
Q onto the circumference S’ of a circle Q’ can be extended to the whole 
circle (i.e., there exists a topological mapping of the circle Q onto the circle 
Q’ which maps corresponding points of the circumferences into each 
other). 

Hint. Use polar coordinates. 

Lemma 6.32. A topological mapping of an arc [ab] of the circumference 
S of a circle Q onto the diameter [cd] of a semi-circle Qı can be extended to 
a topological mapping of the whole circle Q onto all of the semi-circle Qi 
in such a way that the circumference of the circle is mapped onto the 
boundary of the semi-circle. 

REMARK. Let us call every compactum Q which is the topological 
image of an ordinary circle Qo a topological circle. It will be shown in Chapter 
V that every topological mapping of Qo onto Q maps the circumference of 
Qo onto the same simple closed curve S C Q, called the topological circum- 
ference of Q. If this assertion is accepted, Lemmas 6.31 and 6.32 obviously 
remain true if Q and S are taken to mean a topological circle and its topo- 
logical circumference. 


§6.4. Classification of simple surfaces. A surface is said to be simple if 
it has at least one simple triangulation. 

THEOREM 6.41. Every simple surface whose boundary consists of a single 
contour is homeomorphic to a circle. 

Proof. As usual, let us denote by p: the number of triangles of a (simple) 
triangulation K of the surface &. The theorem is obviously true for p = 1. 
Assuming the theorem true for p < n, we shall prove it for pp = n + 1. 
The triangulation K contains a triangle which adjoins the boundary of 
the surface . Let T? = (eoe1e2) be such a triangle. 

Three cases may arise: 

a) All three vertices, but only two of the sides, (ese2) and (e2e1), of the 
triangle T” are situated on the boundary of the surface ®. 

b) All three vertices, but only one side, (ee:), of the triangle T? are on 
the boundary of the surface ®. . 

c) Two vertices, eo and e, , and one side (ece:) of the triangle T? are on 
the boundary of the surface ®. 

In cases a) and c) the closed cut (éeiee), i.e., in case a) the cross cut 
A = [e], and in case c) the cross cut A = [éoe2e:) (Figs. 63-65) separates 
K into two disjoint triangulations. One of them is the triangle T? with its 
sides and vertices and the other is some triangulation K, . The boundary 
of Kı is a simple closed broken line consisting of A and the piece [eoce;] of 
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the boundary of K. The triangulation K, is simple by virtue of Theorem 
6.23 and contains n triangles. Consequently, the surface || Ki || can be 
mapped topologically onto a semi-circle Q, of a circle Q in such a way that 
A maps onto the diameter of the semi-circle. Mapping T? onto the other 
half circle Q: of the circle Q in such a way that this mapping coincides 
with the preceding one on A yields a mapping of all of the surface ® onto 
the circle Q. 

In case b) the points eo, é:, and ez separate the boundary of the surface 
® into three pieces Ay = [eoce:], Ac = [e2de,], and A; = [e120]. The closed cut 
along the curve consisting of A; and the side (ezo) of the triangle 7”, i.e., 
the cross cut along (eoe:), separates K into two disjoint simple triangula- 
tions Kı and K», each of which contains no more than n triangles. There- 
fore, the surfaces || Kı || and || K: || are homeomorphic to a circle. Mapping 
each of them onto the two half circles of the same circle in such a way that 
both mappings coincide on (ez), yields a mapping of the surface || K || 
onto a circle, which was to be proved. 

THEOREM 6.42. A simple closed surface ts homeomorphic to the sphere. 

Proof. Deleting one triangle T° from a simple triangulation K of the 
closed surface © yields a simple triangulation A, with one contour. Mapping 
| Kı |} and || T? || topologically onto two hemispheres in such a way that 
both mappings coincide on the boundary of the triangle T’ and take this 
boundary onto the equator of the sphere, we obtain the required mapping 
of the whole surface || K || onto the sphere. 

Exercise. Using reasoning analogous to that in the proof of Theorem 
6.41, prove without the invariance theorem, that the Euler characteristic 
of an arbitrary triangulation of a surface homeomorphic to the circle is 
equal to 1. From this derive (also without using the invariance theorem) 
the classical theorem of Euler: 

The Euler characteristic of an arbitrary triangulation of a surface 
homeomorphic to the sphere is equal to 2. 

Remark 1. The Jordan theorem implies that every triangulation of the 
sphere is simple. Hence: 
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If one triangulation of a closed surface © is simple, & is homeomorphic to 
the sphere, and then every triangulation of ® is simple. 

DEFINITION 6.43. A sphere with r circular holes whose boundaries are 
disjoint by pairs is called a normal simple surface Q, with r contours. The 
boundaries of the holes are part of the surface. 

REMARK 2. Since a topological mapping of one surface $ onto another 
&’ maps the boundaries of the surfaces ¢ and ®’ onto each other (this 
assertion will be proved, independently of the results of this chapter, in 
Chapter V), and homeomorphic sets (in particular, elementary curves) have 
the same number of components, homeomorphic surfaces have the same 
number of contours.. 

Remark 3. To cut a circular hole out of the sphere is equivalent to 
cutting a spherical sector out of it. 

REMARK 4. The surfaces Q, defined in 6.43 are obviously homeomorphic 
to the surfaces obtained by removing from a circle Q the interior of r — 1 
mutually disjoint circles contained in the interior of Q. The surfaces Q, will 
be shown in just this way in the figures. 

THEOREM 6.44. Every simple surface ® with r contours is homeomorphic 
to a normal simple surface Q, . 

This theorem is obviously included in 

6.45. Let $ be a surface with r contours which has a simple triangulation 
K. Let C be a topological mapping of one of the contours of the surface ® onto 
one of the contours of a normal surface Q,. The mapping C can be extended 
to a topological mapping of the whole surface ® onto the surface Q, (taking, 
in virtue of the invariance of the boundary, the boundary of © into the 
boundary of Q,). 

Proof of Theorem 6.45. Theorem 6.41 and Lemma 6.31 imply that 
Theorem 6.45 is true for r = 1. We shall assume Theorem 6.45 true for 
r < n and prove it forr = n + 1. 

Thus, let K be a simple triangulation of a surface @ with n + 1 contours, 
among which we mark any two contours, T, and T: . Let the surface Qn41 be 
represented by a definite triangulation (in order to make it possible to 
speak of cuts on the surface). Let us single out two arbitrary contours 
I’, , I”: from among the contours of Qayı. Let A be a simple broken line 
in K joining T; and T, and let A’ be a broken line on Q,+ı joining I’, and 
T2. Cuts (Fig. 66) along the broken lines A and A’ transform the surfaces 
and Qan into & = || Kı || and Q,41.1, respectively, where each pair of 
contours: T; , Tg and T^, I’, is replaced by the single contour 


T= hLuAtu kus, 
and 


T = Lhu Atu Lhu AS, 
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respectively. Here, Li, La, etc., are simple arcs arising from T, and T3, 
etc., after the cut (for example, in Fig. 67 L, is the simple arc [e:_ce4]). 
The surfaces ; and Qayı, have only n contours. The surface Qna, can 
obviously be identified with the surface Q, . 

We shall show that #, is a simple surface. Indeed, if the triangulation 
ky, into which the triangulation K is transformed after the cut, were to 
contain a nonseparating closed cut, some regular subdivision K’, of Kı 
would contain a nonseparating closed cut D’; without boundary elements. 
Under the identification which returns K, into K, the subdivision K’, of 
K, goes over into some regular subdivision K’ of K and the nonseparating 
cut D’, of K’, into a nonseparating cut of K’. But this is impossible, since 
k’, being a regular subdivision of the simple triangulation K, is simple, by 
Theorem 6.22. 

Now let C(T,, T^) be a topological mapping of the curve T, onto T^. 
It defines a topological mapping C(L, , L’1) of the simple arc Lı onto the 
simple arc L’; , which maps both endpoints e1 , e- of the arc Lı onto the 
endpoints of the simple arc L'i. The mapping C(L, , L’1) can be extended 
to a mapping C(I, T’) of the closed curve T onto I’, which maps A*, L , A7, 
L onto A’*, L’,, A’, L'a, respectively, and which maps two points of the 
arcs A” and A` lying opposite each other into two points of A’* and A’~ 
lying opposite each other. 

By the inductive hypothesis, the topological mapping C(T, I’) can be 
extended to a topological mapping C(#,, Qa) of the surface 4, onto Qayı, 
i.c., onto Q, . If now an identification which annuls the cuts just made 
is performed, the homeomorphism C(#,, Qa) between ®, and Qn4i1 goes 
over into a homeomorphism C(®, Q,41) between ® and Q,4: which coincides 
on T, with the originally given homeomorphism C(T,, r^). This proves 
Theorem 6.45 and hence 6.44. 
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6.44 and Remark 2 imply: 

6.440. Two simple surfaces are homeomorphic if, and only if, they have 
the same number of contours. 

Let us now prove that the Euler characteristic of a simple surface with r 
contours is 2 — r. Because of the invariance of the Euler characteristic, it 
suffices to prove that 


(6.46) xQ) =2-r. 


Since the Euler characteristic of the sphere is 2 and because of the 
invariance of the Euler characteristic, the equality x = x(Q,) =2 -r 
follows from the following obvious proposition: 

Deleting from a triangulation K an arbitrary triangle and retaining its 
vertices and sides decreases the Euler characteristic of the triangulation 
by one. 

Exercise. Prove by means of the Jordan theorem that every triangu- 
lation of a simple surface is simple. For the proof it suffices to consider 
arbitrary curvilinear triangulations of simple normal surfaces. 


§7. Classification of closed surfaces 
§7.1. Genus of a surface. Normal surfaces of a given genus. 


DEFINITION 7.11. Let & be a closed surface. The genus of the surface ® 
is, by definition, one half its connectivity if @ is orientable, and its con- 
nectivity decreased by 1 if ¢ is nonorientable. The genus of a closed surface 
® is denoted by p(@). 

Let us clarify the geometric meaning of the term genus. 

We note first that fitting a pair of holes of a simple normal surface Q, 
with a handle does not change the Euler characteristic of the surface. Indeed, 
an identification of two contours (divided into the same number of arcs) 
does not change the number of triangles, while the number of segments 
and vertices is decreased by the same number (if the boundary of each 
hole had k sides and k vertices, the total number of 1- and the total number 
of 0-elements of the triangulation after the matching is decreased by k). 

In the same way, closing up one of the holes of the surface Q, with a 
Mobius band does not change the Euler characteristic of the surface. 

Let p be an arbitrary nonnegative integer and consider the normal 
simple surface Qe, i.e., the sphere with p pairs of holes. Let us denote 
by #, the closed and, as is easily seen, orientable surface obtained by 
fitting the p pairs of holes with handles of the first kind. By the above 
remarks, the Euler characteristic of the surface @, is equal to the Euler 
characteristic of the surface Qe, , 1.e., 2 — 2p. Hence 


x(€p) alt a 2p. 
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Since, on the other hand (see 5.14), 


x(®,) =2- q, 


it follows that q = 2p, i.c., p = q/2 is the genus of the surface ®,. 

Hence 

7.12. Let p be an arbitrary nonnegative integer; fitting each of the p 
pairs of holes of the normal simple surface Qz» with a handle of the first kind 
ytelds a closed orientable surface ®, of genus p. 

The surface $, is called the normal closed orientable surface of genus p 
or simply “the sphere with p handles”. 

Let us now close up all p + 1 holes of the surface Qp}ı with Möbius 
bands. The result is a closed nonorientable surface Y, whose Euler char- 
acteristic is equal to the Euler characteristic of the surface Qpr, i.c., 
i — P. 

Euler’s formula implies that p = q — 1, i.e., that p is the genus of the 
nonorientable surface Y, . 

Hence 

7.13. Closing up all p + 1 holes of the surface Qp41 with Möbius bands 
yields a nonorientable closed surface Y, of genus p. 

It is called the normal closed nonorientable surface of genus p (or the 
sphere with p + 1 cross-caps). 

In view of the above construction it is natural to ask what happens if a 
pair of holes of the surface Q, is fitted with a handle of the second kind. The 
answer to this question is given by the following proposition, which we 
shall need. 

7.14. Fitting a pair of holes of the surface Q, with a handle of the second 
kind is equivalent to fitting each of these holes with a Möbius band (and there- 
fore leads to a nonorientable surface). 

Proof. Fig. 68 shows a pair of holes fitted with a handle of the second 
kind; the points 1, 2, 3, 4, 5, 6, 7, 8 are identified with the points 1’, 2’, 
3’, 4’, 5’, 6, 7’, 8’, respectively. Let us per- 
form cross cuts along the lines 33’ and 77’ 
(Fig. 69) and turn the ‘quadrilateral’ 
(Figs. 69, 70) 42’8’6 through 180° about 
the axis AA’ (Fig. 71). 

Matching the elements to be identified 
(denoted by identical numbers), we get Fig. 
72. 

It now remains merely to close up each 
of the two holes 3ab3’a’b’ and 7d’c'7'de as 
indicated (i.e., to identify 3 with 3’, a with Fia. 68 
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a’, b with b’, etc.). These are reductions of 
the second kind, i.e., each of the holes is 
closed with a Möbius band. 


§7.2. The fundamental theorem of the top- 
ology of surfaces. Our purpose will be achiev- 
ed by proving the following two propositions, 
which together make up the so called funda- 
mental theorem of the topology of surfaces. 

7.2. Every closed surface $ is homeomor- 
phic to a normal closed orientable surface $, 
of some (integral) genus p (if © is orientable) 
or to a normal closed nonorientable surface Y, of genus p (if ® is non- 
orientable). 

It follows immediately that the genus p(#) of every closed orientable 
surface ® is an integer. Therefore the connectivity is an even number. 

Theorem 7.2 and the invariance of the Euler characteristic and orien- 
tability of the surface imply 

7.21. Two closed surfaces $ and &' are homeomorphic if, and only if, they 
are both orientable or both nonorientable and if, in addition, they have either 
the same Kuler characteristic, or the same connectivity, or the same genus. 

Passing to the proof of 7.2, we note first that: 

7.211. Let $ be a closed surface with q = g(@). Every subcomplex of an 
arbitrary triangulation K of the surface ẹ consisting of q + 1 mutually dis- 
joint closed curves 
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separates the triangulation. 


Indeed, Li u --- u Ln is a 1-complex of connectivity q + 1, whence 
7.211 follows. 
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Let g’ = q’@) be the maximum number such that there exist g mutually 


disjoint closed curves Lı, +--+ , Lg: on some triangulation K of the surface 
ẹ which form a nonseparating subcomplex L = Li u-:-u Ly of K. It 
follows from 7.211 that 
q(®) <q. 
Let us perform a cut along all the curves Lı, -++ , Ly . As a result of 


this cut, the triangulation K = Ko is converted into a triangulation K, of 
some surface || K, || = 4. 

Let us show that K, is a simple triangulation. In fact, if there were a 
nonseparating cut on the triangulation K, , there would exist a nonseparat- 
ing cut on some subdivision A’, of K, , consisting entirely of interior elements. 
Consequently, g’ + 1 mutually disjoint nonseparating cuts could be per- 
formed on the corresponding triangulation K’ of the surface ©. This con- 
tradicts the definition of ¢. 

Hence # is a simple surface homeomorphic, by 6.44, to some normal 
simple surface Q, . 

In order to return to ® from 9%, it is necessary to perform an identification 
suppressing the cuts made on the surface ® along the lines Z,- , Ly. 
At the same time we will perform the corresponding identification on Q, . 
As a result, ®; becomes ¢ and Q, is turned into some closed surface S homeo- 
morphic to ®. 

What will S represent? To answer this question, let us consider in detail 
a cut of ® along a fixed curve L = L; and the inverse operation, an identi- 
fication. The following cases are possible: 

1. The cut L is one-sided. 

Its suppression is a reduction of the second kind to which, on Q, , corre- 
sponds closing up a hole with a Möbius band. If ẹ is an orientable surface, 
this case cannot arise. 

2. The cut L is two-sided; it generates two contours L”, L7, to which 
correspond two holes L’, , L’ of the surface Q, . Therefore, if every cut L 
is two-sided, 7 is an even number 2p. 

Suppression of the cut L of the surface ® corresponds on Q, to the reduc- 
tion of the pair of holes L’, , L’2 , which is realized either by a handle of the 
first kind or a handle of the second kind. In the former case we call the 
cut L a two-sided cut of the first kind and in the latter case a two-sided 
cut of the second kind. 

By 7.14, it is impossible to have a two-sided cut of the second kind on an 
orientable surface. 

Hence, if $ is an orientable closed surface, r is an even number 2p, and 
the surface S, the homeomorph of ®, is obtained from Q, by fitting each pair 
of holes with a handle of the first kind. 
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In other words: 

An integer p > 0 is defined for every orientable closed surface ® such that 
$ is homeomorphic to a normal orientable surface of genus p (“sphere with p 
handles’’) and is consequently itself a surface of genus p: two orientable closed 
surfaces are homeomorphic if, and only if, they have the same genus or, what 
comes to the same, the same Euler characteristic. 

Let us now pass to the case of a closed nonorientable surface. Cuts of all 
three types may occur when a closed nonorientable surface ® is trans- 
formed into a simple surface Q,. Moreover, either at least one one-sided 
cut, or at least one two-sided cut of the second kind (or both) must occur. 

Hence, every closed nonorientable surface is homeomorphic to a closed 
surface S resulting from some simple surface Q, by means of the following 
operations: 

a) closing up some of the holes of the surface Q, with Möbius bands; 

b) fitting some pairs of holes of the surface Q, with handles of the second 
kind; 

c) fitting some pairs of holes of the surface Q, with handles of the first 
kind. 

We shall show that it ie always possible to restrict oneself to operations 
of type a). 

First, by virtue of 7.14, every operation of type b) can be replaced by 
two operations of type a). 

We shall now prove 

7.22. The set of two operations: 

1) closing up a hole with a Möbius band, 
2) filting a pair of holes with a handle of the first kind, 
is equivalent to the set of two operations: 
1) closing up a hole with a Möbius band, 
2) fitting a pair of holes with a handle of the second kind. 
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Indeed, let holes J and JT (Fig. 73) be fitted with a handle of the first 
kind, and hole JII be closed with a Möbius band, i.e., its diametrically 
opposite points identified (a with a’, b with b’, etc.). 

Let us perform a cut along the curve aABCDEFa’ (Fig. 73), and turn 
the figure A’B’C’D'E’F'dcb (Fig. 74) through 180° about the horizontal 
axis cf (Fig. 75; in Figs. 74 and 75 the axis cf is dotted). 

Let us close up the hole JIT, using the indicated identification (Fig. 76). 

Let us add the contour ABCDEFA'B'C’D'E’F’A in the form of a cir- 
cumference (Fig. 77). 

The resulting circular hole is obviously closed up with a Möbius band, 
and the holes J and JJ with a handle of the second kind, which was to be 
proved. 

Suppose that a nonorientable surface $ is obtained from the surface 
Q, by a number of operations of types a), b), and c). Since every operation 
of type b) can be replaced by operations of type a), we may suppose that 
operations of type a) are present. But in that case every operation of type 
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c) can be replaced by an operation of type b), so that all are reduced to 
operations a) and b). 

Replacing all operations of type b) with operations of type a), the entire 
construction of a nonoricntable closed surface @ from a simple surface 
Q, is reduced to operations of one type a) alone. 

Hence 

Every closed nonorientable surface is homeomorphic to a surface obtained 
from a normal simple surface Q, (sphere with r holes) by closing up the holes 
of the surface Q, with Möbius bands. 

This proves Theorem 7.2 in its entirety. 

EXAMPLES. 

1. For the projective plane @ we have 


x@)=1, @@)=1, pe) =9. 


The projective plane is obtained by closing up a sphere with one hole 
with a Möbius band or (what comes to the same) by pasting together a 
Möbius band and a circle at their boundaries. 

2. For a Klein bottle we have 


x@) = 0, g@)= 2, p@) = 1. 


The Klein bottle is obtained if two holes cut in the sphere are closed up 
with Möbius bands or (what is clearly the same) if two Möbius bands are 
pasted together along their boundaries. 

REMARK 1. From all the above it follows that: 

The connectivity of a closed orientable surface ® is an even number 
equal to the number of holes in the sphere it is necessary to fit (by pairs) 
with handles of the first kind in order to obtain a surface homeomorphic to 
the given surface ®. 2 

The connnectivity of a closed nonorientable surface ® is equal to the 
number of holes in the sphere which it is necessary to close up with Möbius 
bands in order to obtain a surface homeomorphic to the given surface. 

REMARK 2. If the connectivity of a given closed nonorientable surface 
Ẹ is an even number q = 2p, a surface homeomorphic to ® can be obtained 
by taking the simple surface Q2, (the sphere with 2p holes) and fitting the 
p pairs of holes of this surface with handles of the second kind (if p = 1, 
the surface is the Klein bottle). 


Part Two 
COMPLEXES. COVERINGS. DIMENSION 


This part, like the preceding one, consists of three chapters. Chapter IV 
is a detailed study of the notion of a complex; hence this chapter (and also 
Chapter VII) contains a development of the combinatorial (and algebraic) 
apparatus of topology; both chapters are essentially auxiliary in character. 
Chapter VII can be read immediately after Chapter IV. 

Several important topological facts—the invariance of the dimension 
number of polyhedra, the invariance of interior points, and the fixed point 
theorem for continuous mappings of a simplex—are proved in Chapter V 
by elementary means (with the aid of Sperner’s lemma). Chapter V may 
be read after Chapter IV. 

Chapter VI is devoted to an introduction to dimension theory and is 
based on IV; 1, 2.1-2.2, 3, 4.1-4.3, and 5.1-5.3 (and on the portions of 
Chapter I indicated in the references). Chapter VI should be read after 
Chapter V. 


Chapter IV 
COMPLEXES 


Introductory section: preliminary remarks on simplexes 


In this section we shall recall the definition of an n-simplex (see Ap- 
pendix 1) and introduce the basic notions associated with this definition. 

The reader is advised to omit on a first reading the parts of this section 
marked with an asterisk. They are not needed until Chapter XIV. 


$0.1. Simplexes and their skeletons. Let eo, ¢:,°-.,¢n,0 <m < m, 
be n + 1 linearly independent points in the Euclidean m-space R”; in 
virtue of their linear independence, these points determine an n-plane R” 
(eo, 1, °°: , €n) C R” and in that plane a system of barycentric coordi- 
nates (see Appendix 1, 1.2). Those points of the plane R” (eo, €1, '** , €n) 
all of whose barycentric coordinates uo, ui, °** , Hn are positive with re- 
spect to the system (eo, e1, *** , €a) form, by definition, an n-stmplex 
T = (eo +++ en) with vertices €0,-** , en. 

The number of vertices of a simplex diminished by 1 is called the di- 
mension number or dimension of the simplex. The dimension of a simplex 
is usually denoted by a superscript. Thus, T” denotes an 7-simplex. 

A 0-simplex is a point. A l-simplex with vertices eọ and e, is an open 
segment (ee1) (a segment without its endpoints). A 2-simplex is a triangle 
and a 3-simplex, a tetrahedron (also open, i.e., without their boundary 
points). 

DEFINITION 0.11. The set of all n + 1 vertices of an n-simplex is called 
the skeleton of the simplex. a 

Simplexes in R” correspond (1-1) to their skeletons. 

*REMARK. It is sometimes expedient to consider systems of n + 1 dis- 
tinct, but linearly dependent, points in R” as the skeletons of “degenerate” 
n-simplexes. In that case it is convenient to identify a degenerate n-simplex 
with its skeleton. 

Hence we arrive at the definition: 

Every set of n + 1 points of R” lying in a plane R* C R”, k < n, is ealled 
a degenerate n-simplex of R”. By the skeleton of a degenerate simplex we 
shall understand the degenerate simplex itself. (Wherever degenerate sim- 
plexes are used, this will be explicitly mentioned. Otherwise, simplex will 
mean nondegenerate simplex. )* 


§0.2. Faces. If the skeleton of a simplex Tı is a subset of the skeleton of 

a simplex T, T, is said to be a faee of T. If Ti = (eo e,) is a face of 

Ta = (€0 +++ Grér41 +++ en), Ti consists of all the points of the space R” 
116 
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(eo, +++ , €n) whose barycentric coordinates u; with respect to eo, °°: , €n 
are positive for? < r and equal to zero for i > r. 

The number of r-dimensional faces (r-faces) of an n-simplex 1s equal to 
the number of combinations C(r + 1,7 + 1) ofn +1 things taken r + 1 
at a time. The 0-faces of a simplex are its vertices. A simplex is its own 
face; the remaining faces are said to be proper faces of the simplex. 

REMARK 1. It is important to observe that in this book a face (unless 
otherwise noted) of a simplex will always mean either a proper face of the 
simplex or the simplex itself. 

If a simplex T, is a proper face of a simplex T; , we shall write Ti < T: 
or Ts > Tı. If T, is a face of T, we shall write Ti < Tz or Toe > Ti. 

The simplexes T, and T; are said to be incident if either T) < T: or 
T, < Tı š 


N=3 
720; S=2 Iis] 
The faces T”, and T°: of a simplex T” are said to be opposite faces of T” 


if every vertex of T” is a vertex of one of the faces 7"; or T°» and if these 
faces have no vertices in common (Fig. 78). In that case 


r+s=n-1, 

It is sometimes convenient to denote the face T” of a simplex (eo én) 
opposite the face 7” of this simplex by placing the symbol “‘a” over the 
vertices of the face T”; e.g., (Co -+-+ ĉi --- en) denotes the face 

(eo se Cibipi tt en). 
*REMARK 2. If T” = (e9--- en) is a degenerate simplex (or, what is the 
same in our terminology, a degenerate skeleton), every simplex (de- 
generate or not) whose skeleton is a proper subset of the skeleton (eo + © en) 


is called a proper face of T”. This definition implies that a degenerate 
simplex may have nondegenerate faces, e.g., three points A, B, C lying 
on a straight line form a degenerate triangle which, however, has three 
nondegenerate sides AB, BC, CA.* 


§0.3. Combinatorial sum. Let Tı, T2,--- , Ty be any faces of a simplex 
T. The union of the skeletons of the simplexes Tı, T2, --- Tk is a subset 
of the skeleton of the simplex 7 and is therefore the skeleton of some face 
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Ta < T. The simplex To is called the combinatorial sum of the simplexes 
Ti, Ta, ++- , Th and is denoted by (TiTa +++ Tx). 

The combinatorial sum is therefore defined for simplexes which are 
faces of the same simplex. 

Obviously: 

1. Every simplex is the combinatorial sum of any two opposite faces 
of the simplex. 

2. Every simplex is the combinatorial sum of all its faces of a given 
dimension (in particular, of all its vertices). 


§0.4. The closure of a simplex T” = (eo¢: --+ ea) in R” is denoted by 


T” = [e)--- e,] and is referred to as a closed simplex. A closed simplex 
T” = [ee «++ en] consists of all those points of the space R” (eo, e1, *** 5 en) 
whose barycentric coordinates with respect to eo, @1,°°*, €n are non- 
negative. 


The point set boundary or frontier T” N T” of a simplex T” is the (point 
set) union of all the proper faces of the simplex T” and is denoted by 
|| 7” || (for reasons which will be made clear in the sequel). 


§1. Basic definitions 


$1.1. Triangulatioris. Examples: | 7” | and 7”. 

DEFINITION 1.11. A finite set of mutually disjoint simplexes situated in 
some R” is called a triangulation if every face of every simplex of A is 
also an element of K. The set K may be partially ordered as follows: a 
simplex T, € K precedes a simplex Ts € K (Tı < Tə) if T, is a proper face 
of T}. 

The maximum dimension of the simplexes of K is called the dimension 
number or the dimension of K. 

Remark. The naturalness of this definition follows from, e.g., the reason- 
ing and results of Chapter III: a considerable part of topology consists of 
the study of the so called polyhedra, i.e., the sets C R” which can be 
“triangulated” (split up into simplexes which form a triangulation); in 
other words, sets which are the (point set) union of the simplezes of some 
triangulation. At the same time we shall, of course, study curved (topo- 
logical) polyhedra: topological images of triangulable sets. Topological 
polyhedra are a far-reaching multi-dimensional generalization of the 
closed surfaces of Chapter III. The investigation of the topological proper- 
ties of curved polyhedra exhausts the study of polyhedral topology, since 
curved polyhedra are homeomorphic to triangulations, and hence both 
have the same topological properties. Triangulation is the basic auxiliary 
technique of polyhedral topology; not only is it one of the most important 
parts of topology, but it also suggests techniques for studying more general 
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Fig. 79 


topological spaces, to begin with, compacta. Hence, the enormous sig- 
nificance of triangulations in modern topology is understandable. Tri- 
angulations are not the ultimate objects of study in topology and occupy 
a subordinate position in this respect, but they and their immediate 
generalizations, as a technique, are basic to modern topological research. 
This peculiar position of triangulations, at once subordinate and funda- 
mental, should be clear from Chapter ITI (and Chapter V). 

Examples of triangulations are easily constructed. Several examples 
of one-, two-, and three-dimensional triangulations are shown in Fig. 79 
and also in the figures of Chapter III. The set of all proper faces of a 
tetrahedron, an octahedron, or an icosahedron is also an example of a 
two-dimensional triangulation. 

We shall give special attention to two elementary examples constantly 
required in the sequel. 

1. The triangulation consisting of an n-simplex T” and all its faces 
is denoted by | T” | and called the combinatorial closure of the simplex T”. 

2. The (n — 1)-dimensional triangulation consisting of all the proper 
faces of an n-simplex T” is denoted by 7” and is called the (combinatorial) 
boundary of the simplex T” (as distinguished from the frontier || 7” || of 
T”, which is the point set union of all the proper faces of T”). 


§1.2. Polyhedral complexes. The definition of a polyhedral complex 
is obtained by replacing the word ‘‘simplex” in the definition of a triangula- 
tion by “convex polyhedral domain” (see Appendix 1), leaving everything 
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else unchanged. In this connection, convex polyhedral domains (as well as 
simplexes) are regarded as open, i.e., without frontier points: a square 
means the interior of a square, a cube, the interior of a cube, etc. This 
concept, at least in significance, is less important than the notion of a 
triangulation, but it is so natural a generalization of the latter, that it is 
impossible to give it up. Besides, sometimes replacing a triangulation of a 
given polyhedron by a more general polyhedral complex may simplify 
some construction. Examples of polyhedral complexes are: the complex 
consisting of all the faces of a cube, or a dodecahedron; the decomposition 
into quadrilaterals, their sides and vertices, of a surface homeomorphic to 
a torus shown in Fig. 80, and many others. 

If T” is a convex polyhedral domain, its combinatorial closure | T” | 
and its boundary 7” are defined exactly as in the case of a simplex (see 


Lory, 




















Fie. 80 


§1.3. Skeleton complexes. This notion is important in the highest 
degree, especially for a geometric treatment of the questions of set- 
theoretic topology; but, in this book, the applications of ‘skeleton com- 
plexes to the problems of polyhedral topology are essential. We shall 
preface the definition of skeleton complexes with the following remarks. 

Simplexes, in particular simplexes of a given triangulation A, corre- 
spond (l-1) to their skeletons, where a simplex Tı € K, precedes a 
simplex T, (i.e., is a proper face of T») if, and only if, the skeleton of T, 
is a proper subset of the skeleton of T}. 

In many questions relating to triangulations, the point set character of 
simplexes is unessential. What is significant is the order prevailing in the 
triangulation as a partially ordered set, and the fact that each simplex is 
assigned a dimension. In all purely combinatorial questions it is natural 
and convenient to replace the given triangulation by the set of skeletons 
corresponding to it, 1.e., the set of skeletons of the simplexes of the given 
triangulation, where the dimension assigned to each skeleton is the number 
of vertices making up the skeleton less 1. Hence we arrive at the so called 
skeleton complexes whose definition will now be given in a very general 
form. 

DEFINITION 1.31. Let M be a set of elements, called vertices. Let certain 
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nonempty finite subsets of M be singled out and called skeletons. The number 
of vertices in the skeleton less 1 is called the dimension of the skeleton. The 
given set of skeletons is partially ordered by means of the natural order (I, 
6.2, Example 4; i.e., Tı precedes Ts if Ti C To); it is called a skeleton com- 
plex. 

Hence a skeleton complex is an arbitrary collection of certain finite subsets 
of a set M. 

A skeleton complex is said to be unrestricted if every nonempty subset of 
a skeleton of K is also a skeleton (ie., an element of K). 

Remark. The skeleton complex of a given triangulation (i.e., the skeleton 
complex of all the elements of this triangulation) is a finite unrestricted 
skeleton complex. Finite, and especially unrestricted, complexes are the 
most important of the skeleton complexes. However, restricted complexes 
are also often used. 

DEFINITION 1.32. Let K be a skeleton complex, and let | K | be the 
skeleton complex such that every nonempty subset of every skeleton of K' 
is a skeleton of | K |. The skeleton complex | K | is unrestricted. We shall 
call it the combinatorial closure of the complex K. 

Obviously, K is a subcomplex of | K |. Hence 

1.33. Every skeleton complex is a subcomplex of an unrestricted skeleton 
complex. 


§1.4. General definition of a simplicial complex. We shall begin with 
the following example. Let us consider a tetrahedron T inscribed in a 
solid sphere. Its- vertices lie on the surface of the sphere and determine, 
on the one hand, the faces and edges of the tetrahedron and, on the other 
hand, the spherical triangles and their sides obtained by a central projection 
of these faces and edges. Hence the same skeleton complex corresponds, on 
the one hand, to an ordinary triangulation T and, on the other hand, to a 
“curvilinear triangulation of the sphere”, whose elements have the same 
skeletons as those of the triangulation T. Both kinds of elements are 
“simplexes”’, the former the usual, the latter the spherical, defined by the 
given skeletons; it is natural to treat both sets of ‘‘simplexes”’ as “‘simplicial 
complexes”. Thus we arrive at the following very general and final defi- 
nition. 

DEFINITION 1.41. Let K be an unrestricted skeleton complex; let each 
skeleton feo, ---, e} of K be made to correspond to a unique object 
(eo: e) called an abstract simplex with vertices eo -++ , e; in this con- 
nection it is required that the correspondence be (1-1) (distinct skeletons 
correspond to distinct simplexes) and that it assign to each 0-dimensional 
skeleton, i.e., to each vertex e, as its simplex the vertex e itself. The skeleton 
feo, +++ , e} is referred to as the skeleton of the simplex (eo -++ e-), and 
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the dimension r of the skeleton {e0, -++ , &} is also the dimension of the 
simplex (eo +>- e). 

A simplex (e'o +- e',) precedes a simplex (eo -++ e,) or is a proper face 
of the simplex (eo -++ e,) if the skeleton {e's, --- , e’-} is a proper subset 
of the skeleton {e,--- , €}. 


The set of all abstract simplexes constructed in this way is called an 
unrestricted simplicial complex and the original skeleton complex K is 
called the skeleton complex of the simplicial complez. 

In accordance with the above, every unrestricted simplicial complex is 
a partially ordered set. 

This definition implies that all unrestricted skeleton complexes, as well 
as all triangulations, are special cases of unrestricted simplicial complexes. 
[In the first case an abstract simplex (eo «++ e,) with skeleton feo, =+ , e} 
is itself that skeleton, in the second case it is the usual simplex with vertices 
eo, °°: , &.] A curved triangulation is also an unrestricted simplicial 
complex (see §6), whose two-dimensional case was discussed in Chap- 
ter III. 

DeFINITION 1.42. Every subset (“subcomplex”) Ko of an unrestricted 
simplicial complex K is called simply a simplicial complex. The elements 
of the complex Ko have the same skeletons, the same dimensions and the 
same order as in K. The combinatorial closure | Ko | of a complex Ko (in 
K) is, by definition, the unrestricted subcomplex of K, whose skeleton 
complex is the combinatorial closure of the skeleton complex Ko. 

DEFINITION 1.43. If the elements of a simplicial complex K have a 
maximum dimension, this maximum is called the dimension (number) of the 
simplicial complex K; if a maximum does not exist, the complex K is said 
to be infinite dimensional: 


§1.5. Examples of simplicial complexes. 1. Let K be a triangulation, 
and Ko a subcomplex of K; Ko is a simplicial complex. 
2. Let T be an open subset of R” or the n-sphere S”. A finite set 


feo, e, e} 


contained in T is called a skeleton if its closed convex hull is in T Gif rT C 
S", it is required, in addition, that the set {e,,---, e+} be contained in 
some hemisphere of S” and that closed convex hull be understood in the 
sense of the spherical metric in S”). The resulting unrestricted skeleton 
complex is denoted by A(T). The subcomplex of K(T) consisting of all 
skeletons whose diameter is less than some definite positive number e, 
is an unrestricted skeleton complex denoted by K(T, e). 

Let us consider the simplicial complex having K(T), K(T, e), respec- 
tively, as its skeleton complex, with its simplexes defined as follows: if the 
points eo, --: , e, of a skeleton are linearly independent in R” (in 5^), the 
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ordinary (or spherical) simplex with vertices eo, ++- , e, is called a simplex 
(eo +++ e). 

But if the points e, +: , e, are linearly dependent (which, in par- 
ticular, will be true if r > n), then set 


(eo «++ e) = feo, , er}, 


i.e., identify the simplex (eo --- e,) with its skeleton. The resulting sim- 
plicial complex is at times also denoted by K(T) or K(T, e), as the case 
may be. 

3. Let R be a metric space. Denote by A(R) the unrestricted skeleton 
complex obtained by letting every finite subset of R be a skeleton; K(R) 
contains a subcomplex A(R, e) consisting of all the skeletons of the com- 
plex A(R) whose diameter is <e. 

Remark. The case of R a compactum is especially important. 

If R is a subset of R”, the complexes A(R) and K(R, e) can be replaced 
by simplicial complexes with the same skeletons but with simplexes de- 
fined as at the end of Example 2. 

4. Let T be an open subset of a compactum ®. Let us call every finite 
subset of # which has a nonempty intersection with T a skeleton. The 
resulting skeleton complex is denoted by A(@, T); if it were required 
that every skeleton have a diameter <e, the result would be a skeleton 
complex K(@®, T, «) C K(@, T). 

Other important examples of skeleton complexes are discussed in §2. 


§1.6. Simplicial mappings and isomorphisms of skeleton and simplicial 
complexes. 

DEFINITION 1.61. Let us assign to every vertex eg of an unrestricted 
skeleton complex Kg a vertex ea = Seea of a skeleton complex Kain 
such a way that the image of every skeleton {e,,---, e,} of Kg is a 
skeleton of the complex Ka (distinct vertices of Ag may correspond to a 
single vertex of A.). In virtue of the condition imposed, the mapping 
Sa of the set of vertices of Kg into the set of vertices of Ka induces a 
mapping of the complex Kg into the complex Ka , referred to as a simplicial 
mapping of the unrestricted skeleton complex Kg into the skeleton complex 
K a , also denoted by Sa”. 

If Kg and K, are the unrestricted skeleton complexes of the unrestricted 
simplicial complexes K’s and K’,, respectively, then an assignment to 
each simplex (es, -:- es,) € K's of the simplex of the complex K’, whose 
vertices are Saeg, - °° Saep, yields, by definition, a simplicial mapping 
Sa’ of the simplicial complex K’s into the simplicial complex K'a (induced 
by the identically designated simplicial mapping of the skeleton complex 
K's into the skeleton complex K'a). 

DEFINITION 1.62. Let Kg be a restricted simplicial complex. A simplicial 
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mapping of Ks is any simplicial mapping of the combinatorial closure 
| Kg | of Kg restricted to Kg. 

DeFwition 1.63. A (1-1) simplicial mapping of an unrestricted 
simplicial complex Kg onto (i.e., every skeleton of Ka is the image of at 
least one skeleton of Kg) an unrestricted simplicial complex K « is called an 
isomorphic mapping or an isomorphism. Two unrestricted simplicial com- 
plexes are said to be isomorphic or to have the same combinatorial type if 
there is an isomorphic mapping of one onto the other. ` 

Two unrestricted simplicial complexes are isomorphic if, and only if, 
their skeleton complexes are isomorphic (in particular, every unrestricted 
simplicial complex is isomorphic to its skeleton complex). Hence the 
combinatorial type of an unrestricted simplicial complex is uniquely 
determined by its skeleton complex. 

REMARK on Isomorpuism. A simplicial mapping Saf of an unrestricted 
simplicial complex Kg onto an unrestricted simplicial complex AK, is an 
isomorphism if, and only if, every vertex of K, is the image of exactly one 
vertex of Kg . 


EXAMPLES OF ISOMORPHIC SIMPLICIAL COMPLEXES. 


1. The triangulation consisting of all the proper faces of a convex 
polyhedral domain with triangular faces (e.g., a tetrahedron, an octa- 
hedron, an icosahedron, etc.) is isomorphic to the “curved triangulation” 
of the sphere obtained by projecting the polyhedral domain onto a sphere 
in its interior. 

2. Let K be a triangulation. Let us construct the simplicial complex 
K’ with the same skeleton complex as that of K but with simplexes which 
are defined as the closures of the simplexes of K. 

The complex K’ is isomorphic to the complex K. 

REMARK ON IDENTIFICATIONS. Let Kg and K, be two simplicial complexes 
and Sf a simplicial mapping of Kg onto Ka: 


SK, = Ka. 
To every vertex eai € Ka corresponds a class e; of vertices eg; of Ka such that 
8 
Sa C87 = Cai. 


Hence the simplicial mapping S.f induces a decomposition of the set 
of all vertices eg; of the complex Kz into classes. We note that the vertices 
Cad, ‘** , Car E Ka form a skelcton in Ka if, and only if, the corresponding 
classes ĉo, +++ , e contain vertices eg; € e;,7 = 0,1, ++- , r, which forma 
skeleton in Kg. 

Hence the simplicial mapping S,° is equivalent to an identification 
(see I, 5.1 and III, 3.1) of all the vertices of Kg which are in the same 
class e; . 
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Conversely, let K be a finite unrestricted simplicial complex and suppose 
that its vertices are divided into classes ¢;. A new simplicial complex 
Ka may be defined as follows: Ka is a skeleton complex whose vertices 
are the classes ¢; of vertices of Kg. The classes ĉo, --- , e form a skeleton 
if it is possible to choose vertices eg; € ez, 7 = 0,1, -+-,7, which form a 
skeleton in Kg. It is obvious that the result is an unrestricted skeleton 
complex. 

The simplicial mapping Sa of Kg onto Ka is defined in the natural 
way, i.c., each vertex eg; € Kg is mapped into the class e; containing it. 

Let us suppose that a simplicial mapping of Kg onto K, satisfies the 
following condition: SÊ maps no pair of vertices contained in the same 
skeleton of the complex Kg into the same vertex of the complex Ka. 
Such mappings are called identifications; an identification maps every 
element of the complex Kg onto an element of the same dimension of Ka 
and hence two elements of different dimensions of K; cannot be mapped 
on the same element of Ka; but two elements of Kg having the same 
dimension can be identified, i.c., they can be mapped onto the same ele- 
ment of Ka. 

The identifications considered in Chapter III are a special case of this 
general concept. 


§1.7. Definition of an abstract complex. Considering the various defi- 
nitions of complexes given in this section, it may be noted that they are 
all special cases of a partially ordered set © to each of whose elements 6 is 
assigned a nonnegative integer dé, the dimension of the element 0, such that 
6, < b: implies that dð, < dé. 

We shall take this, for the time being, as the definition of an abstract com- 
plex. The abstract complexes considered in Chapter VII will be of a more 
restricted nature. 

A similarity mapping of one complex onto another which preserves 
dimension is called an isomorphic mapping of the two complexes. 

This definition of isomorphism in the case of unrestricted simplicial com- 
plexes coincides with that which was given in 1.6. 

The notions of abstract complex and isomorphism introduced above 
enable us to give the definition of an unrestricted simplicial complex the 
following irreproachably simple and transparent form: 

An unrestricted simplicial complex is an abstract complex isomorphic to 
some unrestricted skeleton complex. Simplicial complexes (not necessarily 
unrestricted) are arbitrary subcomplexes of unrestricted simplicial complexes. 
(Every subset Ko C K, whose elements have the same dimensions and the 
same order as in K, is a subcomplex of K.) 

Remark. The notion of isomorphism as applied to restricted simplicial 
complexes will not interest us: in our exposition every restricted simplicial 
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complex will always appear as a subcomplex of some perfectly definite 
unrestricted complex K and we shall consider only those isomorphic map- 
pings of the complex Ko which are induced by isomorphisms of the unre- 
stricted complex K. 


§1.8. Closed and open subcomplexes of a complex K. Combinatorial 
closures and stars. (In this article complexes are to be taken in the ab- 
stract sense as defined in the preceding article.) 

A subcomplex Ko of a complex K is said to be a closed (open) subcomplex 
of K if every element of K which precedes (i.e., is less than) some element 
of Ko [which ‘follows (i.e., is greater than) some element of Ko] is itself an 
element of Ky. 

The proof of the following propositions may be left to the reader. 

1.81. If Ko is closed (open) in K, K \ Ko is open (closed) in K. 

1.82. If Ko is an arbitrary, and K, a closed (open), subcomplex of a 
complex K, Kon K; is a closed (open) subcomplex of the complex Ko . 

1.83. Every closed subcomplex of an unrestricted simplicial complex is 
an unrestricted simplicial complex. 

DEFINITION 1.84. If Ko is any subcomplex of a complex K, the complex 
consisting of all the elements of Ko and of all the elements of K less than 
at least one element of Ko (greater than at least one element of Ko) is 
called the combinatorial closure | Ko| (star OxKo) of the subcomplex Ko 
in the complex K. 

1.85. For arbitrary Ko G K, the complex | Ko | is closed, and the complex 
OxKo is open, in K. 

Remark. In the sequel we shall consider only stars OxT of individual 
elements of a complex K, i.e., complexes OxKo in the case that Ko consists 
of a single element T € K. In this connection, the element T is called the 
center of the star Ox7. Some examples of stars were given in III, Figs. 
20-25. 

DEFINITION 1.86. The complex 


(1.86) BrT = | OxT| \ OxT 


of all the elements not contained in the star OxT and less than at least one 
element of OxT is called the outer boundary of the star OcT. 

Since OT is open in K, and hence in | OxT |, BrT, by (1.86) and 1.81, 
is closed in | Ox7' | and consequently in K. Thus 

1.87. BrT is a closed subcomplex of A; if K is an unrestricted simplicial 
complex, BrT is an unrestricted simplicial complex. 

DEFINITION 1.88. (This definition is not needed until Chapter XIII.) 
Let K be a finite simplicial complex and let T? € K. Consider the complex 
FT’ C K consisting of all the simplexes 7,’ € K satisfying the condition: 
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there exists a simplex T,?*"*? € OxT” of which T7 is the face opposite the 
face T” < T; "+, The complex FxT” is called the zone of the star OT? 
(in K). 

STARS IN SiMPLICIAL COMPLEXES. Let OxTı , OxT2, +-+- , OxT’, be stars 
of a simplicial complex K. In accordance with the definition of a star, the 
intersection OxTı n --+ n OxT, consists of all the simplexes T € K which 
satisfy all the conditions 


E Wes es ee ce 


EXAMPLE. Let the complex K consist of the ten triangles and of the two 
vertices p, and p: shown in Fig. 81. The intersection of the stars Ogp, and 
Orp: consists of the two hatched triangles. 

THEOREM 1.89. The intersection of stars OxT,,OxT», ++: , OxT, of 
an unrestricted simplicial complex K is nonempty if, and only if, there is a sim- 
plex in K having all the simplexes Ti, Ta, ©, 


T, as faces. If this is the case, denoting by To the ae rs 
combinatorial sum of the simplexes T,, ---, T,, i WY / N 
we have siar > 
Noy ON / 
OxTy n OrxT2 N'N OxT, = OrTo z E A E 
Frc. 81 


Proof. Since K is unrestricted, it follows that if 
the simplexes Tı ,--- , T, of K are faces of the same simplex T of K, then 
the combinatorial sum 


To = (TiTa. * -T,) 


of all these simplexes is itself a simplex of A. Obviously, every simplex of 
K having Tı, +-+- , T, as faces also has Te as a face. 

Suppose that a simplex T is in the intersection of the stars Ox7T), --- , 
OxT, of K. 

Then the simplexes Tı, --- , T, are faces of T, which consequently also 
has To = (7T,T2---T,) as a face, and therefore is an element of the star 
OxTo è 

Conversely, every simplex T € OxrTeo has To as a face and consequently 
has T,,--- , T- as faces, i.e., isin the intersection of all the stars OrTi, +>, 
OxT, . This proves the theorem. 

COROLLARY. In particular, the stars Oreo, Orci, +++ , Ore, of vertices 
eo, °°: , & of a complex K have a nonempty intersection if, and only if, 
K contains a simplex Te = (eo +e). 

2n4+1 


§1.9. Theorem on imbedding in R~. 
THEOREM 1.9. Every finite unrestricted n-dimensional skeleton complex K 
(hence also every finite unrestricted simplicial n-complez) is isomorphic to 
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some triangulation K' situated in Euclidean (2n + 1)-space. (The extra- 
ordinarily simple proof of Theorem 1.9 given below was communicated to 
me by L. S. Pontryagin.) 

CONSTRUCTION OF THE TRIANGULATION K’. Let e1,°--, @ be the 

vertices of the complex K. Take points e’;, ++- , e's in general position in 
R’"* (i.e. such that for k < 2n + 2 every k of the points e’1, t, es 
are linearly independent; see Appendix 1). Put each skeleton T = 
fens °°: 6} € Kin correspondence with the simplex T’ = (e'n © e'i) C 
R”; this simplex exists since, by virtue of the general position of the 
points e'1, -++ , e's in R’"*’ and the inequality r < n, the points e'i , - 
e'i, are linearly independent. The simplexes T’; obviously form a complex 
K’ isomorphic to K. We shall prove that K’ is a triangulation. To do this 
it suffices to prove that every two simplexes T’; € K’, T’; € K’ are disjoint. 
Let the vertices of the simplex 7’; be e'is, +*+ , e'i and let the vertices of 
the simplex T”; be e’;,, --- , eja, Where some of the vertices may be com- 
mon to 7’; and T’; . Let e’x, , --- , e'r, be all the points which are vertices 
of at least one of the simplexes T”; , T’;. The number r + 1 of these points 
satisfies the inequality 


r+l<@+)D+@+)S @4+1)+@4+1) = 2n +2, 


since the dimensions of the simplexes T’; and T’; do not exceed n. In vir- 
tue of the general position of the points e'i, ---, e', in R’"*, the points 
ko) °° t, E'n, are the vertices of some nondegenerate simplex Te of dimen- 
sion< 2n + 1. The simplexes T’; and T’; are faces of the simplex Teo and 
hence are disjoint if they are distinct. 

1.9 implies 

1.91. Every n-dimensional finite skeleton complex K.1s isomorphic to a sub- 
coe of some n-dimensional triangulation whose simplexes are situated in 
hee 

Indeed, the combinatorial closure | K | is an unrestricted n-dimensional 
skeleton complex isomorphic, by 1.9, to a triangulation Q whose simplexes 
are in R*""'. The isomorphism between | K | and Q maps the complex 
K C | K | onto some subcomplex of Q. This proves 1.91. 


§2. Some notable skeleton complexes 


§2.1. The nerve of a finite system of sets. This notion will have nu- 
merous and very essential applications in this book. 
Let 


(2.1) eS [Arges ga 


be a finite system of sets. To each of the sets A; assign a vertex a; . These 
vertices (elements of a perfectly arbitrary set; see Def. 1.31) 


Qi, tt, as 
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will also be the vertices of a skeleton complex Ka , which we shall now de- 
fine and call the nerve of the system a. We shall call a given collection of 
vertices 


Qio, °t Oy 
a skeleton of the complex K if, and only if, the sets 
Ai, S T Ai, 


have a nonempty intersection. 

REMARK 1. This definition does not exclude the case that several different 
elements of the system a may coincide as sets [i.e., differ only in their 
indices in (2.1); see I, 1.3]. 

REMARK 2. The definition of nerve immediately implies that every non- 
empty subset of any skeleton of a nerve is also a skeleton of the nerve. 
Thus: 

2.11. The nerve of every finite system of sets ts an unrestricted simplicial 
complex. 

It follows immediately from the definition of the order of a system of sets 
(I, 1.3) and the definition of a nerve that: 

2.12. The dimension of the nerve of a system of sets is one less than the order 
of the system. ` 

REMARK 3. The nature of the vertices a; is completely immaterial: any 
elements which can be put in (1-1) correspondence with the elements of 
the system a can be taken as the vertices a; ; from the logical point of view 
it is easiest of all to take as the vertices a; the elements A; themselves. 
Then the nerve of the given system of sets would be uniquely defined and 
independent of the choice of the vertices. 

However, we shall see in the sequel that arbitrariness in the choice of the 
vertices and a certain indefiniteness arising from it, however unessential, 
is convenient in practice. 

We shall therefore regard the nerve of a system of sets as defined only up 
to an isomorphism, i.e., we shall call every complex isomorphic to the nerve 
of a given system of sets also the nerve of this system of sets. 

Passing to examples of nerves, we note first that the Corollary to Theorem 
1.89 can be formulated as follows: 

2.13. The stars of the vertices of a finite unrestricted simplicial complex K 
form a system of subcomplexes of K having the complex K as tts nerve. 

It follows from 2.11 and 2.13 that every finite unrestricted simplicial com- 
plex is the nerve of a finite system of sets and conversely. Therefore finite 
unrestricted simplicial complexes are sometimes referred to as simple nerves. 

EXAMPLES OF Nerves. 1. Let us consider-the system of nine closed 
squares shown in Fig. 82. The nerve of this system is a 3-complex shown 
by dotted lines in the same figure. 
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2. A second example is obtained by taking as the system a the twenty 
closed squares shown in Fig. 83. The nerve of this system is also shown by 
dotted lines in the figure. 

3. The system a consists of the six closed faces of a cube; its nerve is the 
complex consisting of all the 2-faces, edges, and vertices of an octahedron. 

4. The system a consists of seven closed sets: a closed triangle, its closed 
sides, and its vertices. The nerve of this system is the 3-complex shown in 


Fig. 84. 

REMARK 4. The nerve constructed near a given system of point sets. Let the 
elements Ai, +- , A, of a system of sets 

a= {A,,--:, Aa} 
be subsets of a given R”; let e > 0. Let us take as the vertices a), --- , a 
of the nerve Kea of a any points a, --- , a, of R” which are distinct and 
satisfy the condition 
plai, Ai) < €, = t= 1, 2, 34 s. 
A nerve AK, of the system a with vertices ai, +++ , a, satisfying these 


conditions is called a nerve contained in an e-neighborhood of a. 

If n is not less than the dimension m of the nerve K. , let us choose the 
points a, ->> , a, in general positon. Then all the skeletons of the nerve 
are sets of linearly independent points. Hence simplexes of R”, defined by 
the corresponding skeletons of the nerve, can be taken as the simplexes of 
the nerve Ka. If, in addition, n > 2m + 1, the resulting nerve Ka will not 
only be contained in an e-neighborhood of a but will be a triangulation as well. 

Hence 

2.14. Let a be a finite system of sets contained in R”, and let e > 0. It is 
possible to construct, in every space R” D R” of sufficiently high dimension, 
a triangulation K.a which is a nerve of a contained in an e-neighborhood of a. 

The nerve of the system of closed squares shown in Fig. 83 is a nerve 
contained in an e-neighborhood of this system for arbitrary «e. 
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§2.2. Barycentric derivation and barycentric subdivisions. Let © be a 
finite partially ordered set; we shall call its elements p vertices. Those sub- 
sets of © which are simply ordered (with respect to the order obtaining in 
8), we shall call skeletons. 

The resulting (obviously unrestricted) skeleton complex is denoted by 
B(®) and is called the barycentric derived of the partially ordered set ©. 

If ©, in particular, is a polyhedral complex K or a subcomplex K of a 
polyhedral complex (see 1.2; the reader may restrict himself to the case of 
K a triangulation or a subcomplex of a triangulation), it is possible to con- 
struct a triangulation K, isomorphic to the complex B(K) in a particularly 
intuitive way. This is done as follows. 

Let 

Tice oes Es 


be all the polyhedral domains of K. All these polyhedral domains are con- 
tained in some R”. Let us choose in each T; a point e; called the center of 
the polyhedral domain; it is customary to choose the centroid of T; as the 
point e;. The vertices of the complex K, are the points e;. A number of 
vertices e; form a skeleton if the set of polyhedral domains 7; correspond- 
ing to them is simply ordered (with respect to the geometric order, i.e., 
T; < 7; if T; is a proper face of 7;). This means that the given vertices 
can be written in a sequence 


Cig Cty ttt’; Ci 


r 


such that 
(2.20) Ti > Ta >b >T 


(i.e., each of the polyhedral domains Tis, --- , Ti, , except Ti , is a proper 
face of the polyhedron preceding it). 

From (2.20) and the fact that e; € 7; it follows that the points e;, ,,.--- , 
e:i, are linearly independent in R”, so that they form a simplex (ei +++ e) © 
R”. 

Hence all the skeletons {e,,, --:, e;} are the skeletons of simplexes 
(entte) C R”. These simplexes (ei: +e;,) are also, by definition, the 
elements of the complex K; . 

The complex K; is isomorphic to the barycentric derived of the arbitrary 
complex K, by construction: the isomorphism is realized by assigning the 
simplex (e;,: + -é:,) of Kı to the skeleton {Ta > --- > Ta} of the complex 
B(K). In consequence, the complex K, is called the geometric realization 
of the barycentric derived B(K). 

REMARK 1. If (e,,:+-e:,) is a simplex of A, and 


Tad nave > Tiro 
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the vertex e;, is called the first, and the vertex e:, the last, vertex of the 
simplex (eit °€:,)- 

THEOREM 2.21. The complex K, is a triangulation. 

Proof. Kı is a finite complex, by definition. Since Kı and B(K) are iso- 
morphic and B(K) is an unrestricted complex, Kı is also an unrestricted 
complex. 

It remains to be proved that every two distinct simplexes of K 1 are dis- 
joint. 

The assertion is obvious for the 0-simplexes of Kı . Before going on to 
the general case, let us note the following: 

Since two distinct elements 7; and 7; of K are disjoint, two simplexes 
(Cig: teip), (ejt tej) € Ki are known to be disjoint if their first vertices 
ei and e;, are distinct. 

Let us now assume that two simplexes of K, are disjoint if their dimen- 
sions are less than or equal to r. This is true for r = 0. Let us consider 
two simplexes (e;,---é:,), (€j.°+-es,) € Kı whose dimensions do not ex- 
ceed r + 1. If they are not disjoint, the first vertex of both is en = ep. 
But then the simplexes (e,,¢:,---e:,) and (e€ tej) are the projections 
from the point e:i = ej, of the simplexes (e;,---e,,) and (e;,:--e;,) and 
consequently intersect only if (e;,---e:,) and (e;,---e;,) intersect. But the 
dimensions of (e;,---e:,) and (e;,:--e;,) do not exceed r. Therefore, if 
these simplexes intersect, 


w= yy, Cry = Cy t’ G 


But then (¢,,---e:,) and (e;,---+e;,) coincide, which was to be proved. 

2.210. Every simplex T” of Kı is wholly contained in some element T of K 
(i.e., is a subset of the polyhedral domain T). 

Indeed, of the vertices es, --- , e; of the simplex T”, , the first vertex 
ei, is contained in the element T;, € K and all the rest in its faces. There- 
fore the whole simplex 7"; = (e;,---e;,) is contained in Ti. 

Now let K be a polyhedral complex (until now K could be an arbitrary 
subcomplex of a polyhedral complex). Then the triangulation K; is called 
the barycentric subdivision of K and Theorem 2.210 is completed in an 
essential way by the proposition: 

2.22. Every element T* of the complex K is the union of the simplexes of the 
barycentric subdivision Kı contained in T". (Without great damage the 
reader may assume that K is a triangulation and, accordingly, consider 
the polyhedral domains of K to be simplexes.) 

Proof. The theorem is obvious if k = 0, i.e., if T” is a vertex of K , since 
every vertex of K is at the same time a vertex of K,. 

Let us suppose that Theorem 2.22 has been proved for k < r and prove 
it for k = r + 1. Let us consider all the simplexes T’ of K, whose first 
vertex is the centroid of one of the proper faces of a given (r + 1)-element 
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T"! € K. The collection of these simplexes T’ constitutes a barycentric 
subdivision of the complex 7”* = | T} |N TH, where, by assumption, 
every point of the boundary | "|N 7’*? of the polyhedral domain 
T” is contained in some simplex 7’, . 

Now let p € 7"*’; if the point p is the centroid of 7*’, it is a vertex 
of K, . Suppose that p is not the centroid of 7”*’; denote by p’ the pro- 
jection of the point p on T" N T"*! from the centroid o of 7’™ and let 
T’'in = (ext --e;) be the simplex of K, containing p’. Then p is a point of 
the simplex (0e;---e;) of Kı contained in T”, which was to be proved. 

Let us combine propositions 2.21, 2.210, and 2.22 into one theorem: 

2.2. The barycentric subdivision of a polyhedral complex K is a triangula- 
tion K, such that every simplex of Ky is contained in some element of K and 
every point of any element of K is contained in some simplex of Ky . 

ExamMPues. 1. Fig. 85 shows a) a barycentric subdivision of a two- 
dimensional triangulation consisting of two triangles ABC and BCD (to- 


B 





Fig. 86 Fig. 87 
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gether with their sides and vertices); b) the realization of the barycentric 
derived of the subcomplex (nonclosed) of this triangulation consisting of 
the triangles ABC and BCD, the sides AB, AC, and BD and the vertices 
A and D. 

2. Fig. 86 shows the barycentric subdivision of a polyhedral complex 
consisting of all the faces, edges, and vertices of a cube (the only elements 
shown are those turned to the observer). 

3. Fig. 87 shows one of the 24 3-simplexes of the barycentric subdivision 
of the complex | 7” |. 


§2.3. The cone of a complex. Let K be a simplicial complex. In the se- 
quel, we shall identify A with its skeleton complex. 

Let o be a vertex not in K. 

Let us construct the skeleton complex <oK >, which, by definition, 
consists of the following skeletons: the vertex o, all the skeletons of A, 
and all sets of the form {o0, e, --- , e,}, where fei, --- , e} is any skeleton 
of K. The complex <oK >, as well as every complex obtained from <okK > 
by an isomorphic mapping which leaves invariant all the elements of K 
(regarded as a subcomplex of <oK >), is called a cone-complex (or simply 
cone) with vertex o and base K. 

The cone-complex of an unrestricted simplicial complex is an unrestricted 
simplicial complex. 

The complex 


oK = <ok> \k, 


i.c., the star of the vertex o in <oK>, is called an opet cone with vertex o 
ana base K. 

The following remark, due to I. S. Pontryagin, will be essential in 
Chapter XIII. l 

2.31. Let K be an unrestricted simplicial complex, e a vertex of K, B the 
outer boundary of the star Ore, and T an arbitrary element of the complex B. 
Then the star of eT in K is the open cone with 
verter e and base Os T: 


(2.31) OreT = eOsT 


The proof consists in the immediate verifi- 
cation of the fact that both sides of (2.31) 
consist of the same simplexes. This may be left 
to the reader; in Fig. 88 the complex consists 
of the tetrahedra (eesese1), (eee2¢4) and all their 
faces; T = (eze2); the complex B consists of 
the triangles (esee) and (esese,) and their 
faces, OsT consists of the segment (eze) and 
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the triangles (ese) and (e3e2¢4); both sides of 
(2.31) consist of the triangle (eeze:), and of the two 
tetrahedra (ee3e2€1) and (ee3€2¢4). 


§2.4. Prisms over a skeleton complex. Every 
subdivision of a parallelogram by a diagonal into 
two triangles, as well as the subdivision of a 
trihedral prism into tetrahedra (Fig. 89), known 
from textbooks of elementary geometry, are 
special cases of the following general construction. 
Let K be a nonempty finite unrestricted skele- 





ton complex. Let us enumerate ina definite order Fra. 89 
all the vertices of K:a,,---,a,. Let us consider 
new vertices bı, --- , be which correspond (1-1) to the vertices a1, -++ , 


a, . The vertices a; and b; are, by definition, the vertices of a skeleton com- 
plex Kto which is defined as follows. The skeleton complex Kx consists, 
by definition, of all nonempty subsets of sets of the form 


(2.4) Cig iF pgs Pe geet Dis 
where 
to Le St See SG 
and 
(Qi, + Qi, a) E K 


[in particular, of all the skeletons (a;,:--a;,) of the complex K and of all 
the skeletons (b;,---b.,) corresponding to them]. 

The complex Ky is called the prism over the skeleton complex K. If K 
is an r-complex, Kio is an (r + 1)-dimensional unrestricted skeleton com- 
plex. 

The complex K is referred to as the lower base of the prism Kio, (and is 
sometimes denoted by Ko). The upper base of the prism Kio is the complex 
Kı C Kion isomorphic to the complex K and consisting of all the skeletons 
(bio: +b) corresponding to the skeletons (a,,---a:,) of K. 


§2.5. The prism spanned by a skeleton complex and its simplicial 
image. Let Ky be a closed subcomplex of a finite unrestricted skeleton 
complex K and let S° be a simplicial mapping of Ko into K which satisfies 
the condition: for every To € Ko there isa T € K such that To and S°Ty 
are faces of the simplex 7. Enumerating all the vertices of Ko in a definite 
order a, --: , @, let us construct the prism Kya over Ko ; let the corre- 
sponding vertices of the upper base Kı of the prism Koy be bi, =, be. 
Let us now set 

S"a; = a:, Sb; = S'a; +=1,-°-,8. 
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Then S” maps each skeleton 
T = (in't Arba bi) € Kion, Lee Ili, 
into the skeleton 
SOT = (Qiy aSa - - Sai,) EK, 


so that the mapping S” of the prism Kyo into K is simplicial; its image 
S"K oy is called the prism spanned by Ke and S’Ko in K. (Since an, >, 


Qi, °** , Qi, form a skeleton in Ko, it follows by assumption that the ver- 
tices Asg, °°) ips ®t y Aira Sain, +++, Say, +--+, Sai, and, a fortiori, 
Qia, t, Ay SAR, t, S°a;, form a skeleton in K.) 


§3. The body of a complex. Polyhedra 


§3.1. Definitions. 


DEFNITION 3.11. Let K be a complex which is either a triangulation or 
a subcomplex of a triangulation. The union of the elements of K (regarded 
as point sets of a given R”) is called the body of the complex K and is de- 
noted by || K ||. 

REMARK 1. The same definition is also applicable to a wider class of com- 
plexes, namely, to all complexes whose elements are simplexes or, in general, 
polyhedral domains of a given R”. 

DEFINITION 3.12. A set which is the body of some triangulation is called a 
polyhedron. l 

REMARK 2. It follows from 2.2 that the body of every polyhedral com- 
plex is also the body of some triangulation (for example, the body of the 
barycentric subdivision of a complex K) and, consequently, is a polyhedron. 
Hence, polyhedra can be defined as the bodies of polyhedral complexes. 

We have the following theorem: 

3.13. Let K be a finite set of convex polyhedral domains of a given R” bound 
with only one restriction: every face of an arbitrary element of K is itself an 
element of K. The union || K || of all the elements of K (regarded as point 
sets of the given R”) is a polyhedron. 

The proof of this theorem is left to the reader: let us note a method of 
proof. Let us suppose that the theorem has been proved for the case that 
all the elements of K are contained in the union of a finite number of 
m-planes (for m = 0 the proposition is obvious) and prove it if all the ele- 
ments of K are contained in the union of a finite number of (m + 1)- 
planes R,”™, --- , Rt of R”. Let Ri, --- , Ru be all the planes defined 
as the intersection of any two of the planes R;”*’ and R;”*' and also the 
planes carrying any m-element of K. If any of these planes, say R;, has 
dimension m, let us write R”; instead of R; . But if the dimension of R; is 
less than m, denote by R”; any m-plane passing through R;. Hence we 
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obtain m-planes R”: , --- , R”„ . These m-planes divide H = R,”**u---u 
R,” ™ into a finite number of convex sets open in H; those of the domains 
which contain points of the set || K || are convex polyhedral domains in 
|| K ||. Let us denote these convex polyhedral domains by T,, ---, T,. 
By the inductive hypothesis, the set || K || n (R"1u --- u R”) is a poly- 
hedron; a triangulation of this polyhedron, induces a triangulation of the 
boundary of each of the convex polyhedral domains T; . The projection of 
each of these triangulations from any interior point of the corresponding 
T; leads to a triangulation of the entire set (T1 u -;- u Ty) u (|| K || n 
(R™u +--+» uUR™,)) = || K |], which is therefore also a polyhedron. (For a 
detailed proof see Alexandroff [A-H, pp. 141-143].) 

From Theorem 3.13 it follows at once that 

3.14. The union of a finite number of polyhedra contained in a given R” 
ts a polyhedron. 

EXERcIsE. Prove the following theorem: 

3.15. The intersection of two polyhedra is a polyhedron; the closure of the 
difference of two polyhedra is a polyhedron. 

Every triangulation whose body is a given polyhedron is called a tri- 
angulation of the given polyhedron. 

EXAMPLE. Let T” be a simplex. The body of the complex | T” | is ob- 
viously the set ||| 7” | || = 7”. 

If K is a triangulation and T € K, then | T | G K, and therefore T C 
|| K ||. Hence every polyhedron is the union of the closures of a finite num- 
ber of simplexes, i.e., a closed bounded set of Euclidean space. Consequently, 
every polyhedron is a compactum. 

THEOREM 3.1. If K’ is a subcomplex of a polyhedral complex K, || K’ || 
is closed (open) in || K || if, and only if, K’ is a closed (open) subcomplex of K. 

Proof. Since open sets in || K || are the complements of closed sets in 
|| K || and open subcomplexes of K are the complements of closed sub- 
complexes of K, it suffices to prove the assertion for closed sets and sub- 
complexes. 

Let K’ be a closed subcomplex of K. Then K’ is a polyhedral complex, 
so that- || K’ || is a polyhedron. Hence || K’ || is a compactum, and is there- 
fore closed in every set containing it, in particular, in || K ||. 

Let K’ be a nonclosed subcomplex of K and let T € K be a face of any 
element of K’ not in K’; all the points of || T || S || K || are limit points 
of || K’ || which do not belong to || K’ ||. Hence || K’ || is not closed. 


§3.2. Star neighborhoods. Open stars. 

DEFINITION 3.2. Let K be a triangulation. Let p € || K ||. The unique 
element T(p) of the complex K which contains the point p.is called the 
carrier of p in K. The set || Oxp || = || OxT(p) ||, which is open in || K |l, 
is called the star neighborhood of pin K. 
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DEFINITION 3.20. The star neighborhoods of the vertices of a triangula- 
tion K (with respect to this triangulation) are called the open stars of the 
triangulation K. 

Hence the open stars of a triangulation are open subsets of its body. 

THEOREM 3.21. The open stars || Oxe || of a triangulation K cover the poly- 
hedron || K ||. 

Indeed, let p € || K ||, let 7 be the carrier of p, and let e be a vertex of T. 

Obviously, 


p € T € Ore, 
p ETC || Oxe |]. 


This proves the theorem. 

THEOREM 3.22. The intersection of the bodies of a finite number of sub- 
complexes of a polyhedral complex K is the body of the intersection of these 
subcomplezes. 

It suffices to prove this theorem for two subcomplexes Kı © K and 
Ky C K, i.e., to prove that 


|| Kın Ke || = || Kil} a |] Ke Il. 


Ifp€ TO Kin Ke, p€ || Killa l] Ke |, ie, || Kia Ke || S|] Ki || || Ke |l. 

Conversely, let p € || Kı || n || Ke |]. Since the unique element of K con- 
taining p is the carrier T(p) of p, T(p) € Ki, T(p) € Ke, i.e, T(p) € Ain 
K, , so that p € || T(p) |! C || Kin Ke ||. Hence || Kı || 2 || Ke |] S || Ain 
K: ||. 

3.23. The open stars || Oreo ||, «++, || Oze- || of a triangulation K inter- 
sect if, and only if, K contains the simplex (eo: : <6). 

This assertion follows from 3.22 and from the Corollary to Theorem 
1.89. 

In other words: 

3.24. Every triangulation is the nerve of its system of open stars. 


§3.3. Simplicial mappings of triangulated polyhedra. A _ simplicial 
mapping S.° of a triangulation Kg into a triangulation Ka induces a con- 
tinuous mapping S,” of the polyhedron || Kg || into the polyhedron || Ka || 
in the following way. Let Tg = (€:-+e,) be any simplex of the complex 
Kg. The mapping «f = S,° is defined on the vertices of the simplex Ts 
and this yields an affine mapping Sa of the simplex Tg onto the simplex 
S aTe € Ka with vertices Saco, Ser, ->> , Safe, . The required mapping 
S.° of the polyhedron || Keg || into || Ka I| is siheretace defined in every sim- 
plex Ts € Kg. The continuity of the mapping S.” is easily proved: let 
p € || Kae ||, let Ts be the carrier of the point p, and let p = lim p, . With- 
out loss of generality, we may suppose that all the p, are contained in the 
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same T's > Ts. The barycentric coordinates of p, with respect to the skele- 
ton of the simplex T's approach the barycentric coordinates of p. There- 
fore the eights assigned to the images of the vertices 2 T's to obtain the 
point 8. Pn approach the weights defining the point S.°p, whence lim S,° Dn 

= fp. The mapping S,° is called a simplicial mapping of the pol Unet on. 
i Ka || into the polyhedron || Ka || induced by the simplicial mapping S.f of 
the complex Kg into Ka 

If a simplicial mapping Saf of a complex Ks onto a complex Kais (1-1), 
the mapping of the polyhedron || K; || onto the polyhedron || Ka || is also 
(1—1) and therefore topological. Whence it follows that: 

THEOREM 3.31. If Kg and Ka are isomorphic triangulations, the poly- 
hedra || K; || and ||K, || are homeomorphic. 

Since every n-dimensional triangulation is isomorphic to a triangulation 
in R°’"*', we have the following proposition: 

THEOREM 3.32. Every n-dimensional polyhedron is homeomorphic to a 
polyhedron in R", 


§4. Subdivisions of polyhedral complexes 


§4.1. Definition of a subdivision. 

DEFINITION 4.11. Let K be an arbitrary polyhedral complex. (The 
reader may assume that all the polyhedral complexes mentioned in this 
section are triangulations.) A subdivision of the complex K is any poly- 
hedral complex Ka satisfying the following conditions: 

1. The body of the complex K« coincides with the body of the complex K. 

2. Every element of the complex Ka , considered as a point set, is con- 
tained in some element of the complex K. 

The elements of K are mutually disjoint. Therefore, if Ka is a subdivision 
of K, every element of Ka is contained in just one element of K. The unique 
element T; of K containing a given element Tui of Ka is called the carrier of 
T zi an K. 

If Ta; € Ka has as its carrier T; € K and T, is an element of K distinct 
from T;, then Ta: n Ty = 0. Indeed, if Ta: and T, had a common point, 
then T; and T, would have a common point. This is impossible, since T; 
and T, are distinct elements of K. 

Hence 

THEOREM 4.12. If Ka is a subdivision of a complex K, every element Tai 
of the complex K a is contained in exactly one element of the complex K—in the 
carrier of the element Tarand does not intersect any other element of K. 

4.11 and 2.2 imply that the barycentric subdivision of a polyhedral 
complex K defined in 2.2 is, in fact, a subdivision in the sense just intro- 
duced. 

Since a barycentric subdivision of an arbitrary polyhedral complex con- 
sists of simplexes, it follows that: 
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4.13. Every polyhedral complex numbers triangulations among its. sub- 
divisions. 

Derinition 4.14. A subdivision of a simplex T” is the complex consist- 
ing of all the elements of a subdivision of the complex | 7” | which are 
contained in T”. 


§4.2. Successive barycentric subdivisions. Let K, be the barycentric 
subdivision of a complex K, K; the barycentric subdivision of the complex 
Kı ; in general, let K, be the barycentric sybdivision of the complex K,_1 . 
The complex K, is called the barycentric subdivision of order v of K. 

If the diameter of an n-simplex T” is d, the simplexes of the barycentric 
subdivision of the complex | T” | have diameter <(n/n + 1)d (see Ap- 
pendix 1, Theorem 4.2). 

Hence it follows that if all the simplexes of a triangulation K are of 
diameter <d, then all the simplexes of the complex K, have diameter 
<(n/n + 1)’ d. 

Since lim ».(n/n + 1)” = 0, we have the following result: 

THEOREM 4.21. Every polyhedral complex has subdivisions of arbitrarily 
small mesh, i.e., subdivisions consisting of simpleres whose diameters are less 
than an arbitrary preassigned positive number. 

COROLLARY. Every polyhedron has triangulations of arbitrarily small 
mesh. 

From 4.21 it follows that 

4.22. If a polyhedron © is the body of an n-dimensional triangulation K, 
dim, < n. 

REMARK. See I, 8.4. In the following section (Theorem 5.34) Theorem 
4.22 will be proved again; the second proof is simpler because it is based 
directly on the definition of dimension (I, 8.42), and not on the compara- 
tively complicated Theorem 8.44 of the same chapter. 

Proof of Theorem 4.22. Let K, be a subdivision of the triangulation K, 
all of whose simplexes are of diameter <e. Then the open stars of the tri- 
angulation K, form an open 2e-covering of the polyhedron #, whose nerve 
is Kı . Theorem 4.22 now follows from I, 8.44. 


§4.3. Central and elementary subdivisions of complexes. We have 
considered in detail the barycentric subdivision of complexes, since this 
is the most important type of subdivision. However, barycentric sub- 
divisions are not the very simplest. 

a) Let K” be a polyhedral complex. Denote by K*™ the complex com- 
posed of all the elements of K” of dimension <n — 1, and assume as given 
a subdivision K,”” of K”, The subdivision K,”? of K”! induces a sub- 
division K”« of K” called the central subdivision of K” relative to the given 
subdivision Ka™ of K"~*: let o; be the centroid of T”; € K” and consider 
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the polyhedral domains which are the projections from o, of the elements 
of the complex K,” contained in T”; \. T”, . These polyhedral domains, 
the points o;, and the elements of the complex K,”" are, by definition, 
the elements of the complex K% . 

The proof of the fact that K”, is, in fact, a subdivision of K” offers no 
difficulty. 

The barycentric subdivision of an arbitrary polyhedral complex K” is 
reduced to a series of central subdivisions in the following way. The bary- 
centric subdivision K’, of the 0-complex K°, consisting of the vertices of 
K”, is the complex K’ itself. Let us suppose that the barycentric subdi- 
vision K’, of the complex K’, consisting of all the simplexes of K” of dimen- 
sion <r, has already been constructed. Then we obtain the barycentric 
subdivision K,"*' of the complex K’*’ as the central subdivision of K" 
with respect to the barycentric subdivision K^ of K”. 

b) Elementary subdivision. The central subdivision of the complex | T” | 
relative to | T”| N T” is called simply the central subdivision of | T” |; 
the simplexes of this subdivision contained in T” form a central subdi- 
vision of the simplex 7”. The central subdivision of T” or | T” |, respectively, 
is also called the elementary subdivision relative to T”. The elementary 
subdivision of T” relative to T?” < T” consists, by definition, of all the 
simplexes (7";T” ?"), where T’; is any element of the central subdivision 
of T? and T” ”” is the face of the simplex T” opposite the simplex T”; 
here, (7",T” ”"), as always, denotes the simplex whose skeleton is the 
union of the skeletons of the simplexes 7”; and T”7?™ i.e., the combinatorial 
sum of 7’; and T7! 


Ls. Bs 


Fie. 90 


b Se 


Fig. 91 
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The elementary subdivision of a triangulation K relative to a simplex 
T? € K is, by definition, the subdivision obtained by replacing each sim- 
plex T € OxT’? by its elementary subdivision relative to T” and leaving all 
the remaining simplexes (i.e., all the simplexes of the complex K N OxT’) 
unchanged. 

Figs. 90 and 91 show various cases of the elementary subdivisions of 
2- and 3-simplexes. 

The definition of an elementary subdivision immediately implies the 
following remarks which are required in Chapters VII and X. 

REMARK 1. Let T? = (€p41°-+@n) be the face of the simplex 


p” — (eo * Epp" *€n) 


opposite the face T? = (é---e,). Let e be the center of the simplex T”. 
Then the simplexes of the elementary subdivision of T” relative to T” are 
all the simplexes of the form 


(elio + 'ei,êp41 * en), to < Say <p Ss pA, 


and only these. 

Remark 2. Let V” be the elementary subdivision of a simplex T” relative 
to one of its faces T”. In order that a subset E of the set of all vertices 
of the complex | V” | be a skeleton of | V” | it is necessary and sufficient 
that E not contain the skeleton of the simplex T”; among the skeletons of 
| V” | the skeletons of V” are characterized by the fact that they contain 
the vertex e and all the vertices of the face T””' < T” opposite the 
face T”. 

Remark 3. Let us preserve the notation of the preceding remark. If 
r < n — 1, an r-simplex T” of the complex V” cannot have among its 
vertices more than p — 1 vertices of the simplex T”. 

Indeed, in the contrary case, the simplex T”, having among its vertices 
the n — p vertices p41, *** , én of the simplex T”? and also the vertex 
e, would have in all at least p + n — p+ 1 = n + 1 vertices; this is im- 
possible, since r < n — 1. 

Let us show that the barycentric subdivision of a triangulation K is 
reducible to a series of elementary subdivisions. To this end, let us first 
perform an elementary subdivision on all the original simplexes of the 
complex K relative to themselves. Then simplexes of the form T” = 
(eo «++ €n) give rise to simplexes (for the notation see the end of Remark 
1 of 0.2) T” = (oeo+ ĉi --+ €a). Next, let us perform an elementary 
subdivision on each of these simplexes relative to the faces (eo --- ĉi «++ en). 
The resulting simplexes have the form 


n A 
T iiiz = (00;,€0 eee ĉi eee E19 one En). 
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After the elementary subdivision of these simplexes relative to the faces 
(eo +++ ên +++ 6, +++ en), the simplexes T'si are obtained, whose first 
three vertices are 0, 0;, , Orii , and whose remaining vertices are vertices of 
T”. {If T” is a face of the simplex T” = (eo --- en) and e; , +> , €n are the 
vertices of T” which are not the vertices of T”, then o;,...;, is the centroid of 
the simplex T”.] 

Continuing the indicated process [the simplex 7”;,...;, is defined as 
DT ayerig = (00%, +++ Oi--RCingy °° En), We finally obtain simplexes of the 
form (00;, +*+ 0;,..-i,) Which, together with their faces, form a barycentric 
subdivision of the simplex T”. 


§4.4. Subdivisions of nonclosed subcomplexes of polyhedral com- 
plexes. Let A be a subcomplex of a polyhedral complex K’. Then | K | 
is a polyhedral complex. Every complex consisting of all those simplexes 
of any subdivision Ka of | K | which are contained in elements of K (i.e., 
have these elements as their carriers) is called a subdivision of K. 

In particular, if Ka is the barycentric (elementary) subdivision of | K |, 
then the subcomplex of Ka consisting of all the simplexes of Ka having 
simplexes of K as their carriers is called the barycentric (elementary) sub- 
division of K. 

REMARK 1. It follows from this definition that one can speak of the 
elementary subdivision of a complex K relative to a simplex not belonging 
to this complex (i.e., relative to a simplex T € | K |N 8). 

REMARK 2. If K is a nonclosed subcomplex of a simplicial complex, the 
barycentric subdivision of K will not be an unrestricted complex and 
therefore cannot be isomorphic to the barycentric derived of K. 


§5. Barycentric stars 


§5.1. Barycentric stars. Let K be an n-dimensional triangulation, and 
let Kı be its barycentric subdivision. Let 


Ty Tey; 
be all the simplexes of K, and let 
Ti =4@,°'',Tu=e, u = po, 


be the 0-simplexes of K, i.e., the vertices of K. The vertices of K, are the 
centers 


€11; G12) °°°, êu 
of the simplexes 


Ti, To, +e, T, (en = 4 for i < po). 
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We shall write e > ey if T, > T4, so that the simplexes of K, have the 
form 


lein > aia > °° * > ei) 


DEFINITION 5.1. Let T; € K. Let us call the subcomplex of Ki con- 
sisting of all the simplexes of K, whose last vertex is the center a; of T; 
the barycentric star dual to T; (or simply 
the dual of T;). We shall denote the star 
dual to T; by T*;, and will refer to the 
simplex T; itself as the dual of (the 
barycentric star) 7'*;. The outer bound- 
ary of the barycentric star T*; is, by defi- 
nition, the complex T*; = | T*, |N T*;, 
i.e., the set of all faces of the simplexes 
of T*; not in T*,;. The barycentric stars 
dual to the vertices e; of K are known as 
the major stars. These are the barycentric 
stars T* , -+ , T*,,7 = po (Fig. 92). 

5.11. If T; < T;, the dimension of the complex T*; is greater than the 
dimension of the complex T*;. 

In fact, let the dimension of T*; be r, and let 





lean > eain > > 13, > ej) 
be an r-simplex of T*; . Then the simplex 
lajn > eij > +++ > ery, > aj > en) 
is an (r + 1)-simplex of T*; (Fig. 92). 


§5.2. The dual complex of a triangulation. 

DEFINITION 5.2. The set A* whose elements are the complexes T*, is 
called the dual (or barycentric) complex of the triangulation K; the set K* 
is in this connection partially ordered by putting 


T*; < T*; if T; > Fyz 


This order and the dimensions of the complexes T*, (as subcomplexes. 
of K) turn K* into an abstract complex (see 1.7). Hence the term “dual 
complex” is fully justified and we may refer to open and closed subcom- 
plexes of K*. 

We shall derive a series of simple but important properties of K*. 

5.21. T* u ---u T% = Ky. 

Indeed, if Tin € Ay and ex is the last vertex of Tin , then Tin € T*;. 

5.21 implies 

5.210. || T% lu e u | 7% |] = |] Kil] = | K |. 

5.22. If i = 7, then T*; n T*; = 0. 
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Indeed, if Tin € T*; n T*;, the simplex Tin € Kı would have two last 
vertices ex: and e; , which is impossible. 

5.220. If i = j, then || 7*, || n || 7*, || = 0. 

This follows from 5.22 and Theorem 3.22. 

5.23. Every non-major barycentric star is less than at least one major 
star. 

Indeed, if ep < eu , then 7*, > T*:. 

5.24. The outer boundary of a barycentric star T*; is the union of the 
barycentric stars less than 7%; . 

Proof. It follows from the definition of the complex 7*; C K, that: 

5.240. The complex 7*; consists of all the simplexes of the form Tin = 
(€1j > eij > +++ e), Where ei > 6u. 

Therefore, if 


Tin = (eij > ++ > ea) € T*:, 
then Qj, > eu and Ty E T*;, < T*,. 
Conversely, if Ty, € T*; < 7T*;, then 
Tin = (eij > °° + C1j, > 8j) C13 > C13 
and Ty, € T*;. 
5.25. The combinatorial closure | T*;| of the barycentric star T*, in 


the complex K,, i.e., the subcomplex of K; consisting of all the faces of 
the simplexes of T*; , can be written in the form 


(5.25) |T* | = T* u T*;. 


5.240 implies 

5.250. The complex | 7*;| consists of all the simplexes Ti, € Kı of 
the form Ty, = (6i > €1;; > e > e1;,), Where ej, > eu. 

Whence it follows that: 

5.26. If T*; < T*;, then | T*: | C | T*;l. 

From 5.21, 5.23, 5.24, and 5.25 we infer 

5.27. The union of the combinatorial closures of the major barycentric 
stars of the complex K is the complex K; . 

THEOREM 5.28. A necessary and sufficient condition that 


| T* | ---a| 7%, | #0 


is that the simplexes Ti, , +--+ , Ta, be faces of a simplex of K; in that case 
|T*,{a--- al T*, |= 17%. 1, 
where T; is the combinatorial sum of the simplexes T;, ,--+ , Ta. 


Proof. a) Let 
(rj > ++ > er) € | TH [ +> 0 | T 
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then, by 5.250 
Elp > Elig (0 < k < r), 


i.e., all the simplexes Ta, --- , Ta are faces of the simplex T; ; hence the 
combinatorial sum T; of the simplexes Tis, =- , Ta, exists and is a face 
of the simplex T;,: 


Ta > Ti. 


P 
Therefore, 


T*; 


ip L T*i, Cap Soe > ea) ET" eS | T* 
Hence ` 
[Ty [nn | T, [S| i 
b) To prove the converse inclusion we note that, according to the defi- 
nition of combinatorial sum, 
Ti: > Th, k=0,1,. r, 
so that 
T*; <7 ,,|T%|S|T*a |, 
| 7; | S| T*,|n---9| 7%, |. 
This proves 5.28. 
In particular, the combinatorial closures of the major stars 
(ge Ss a io, e, i L Po, 
intersect if, and only if, the simplex l 
(ein aa €:,) 
isin K. 
In other words: 


THEOREM 5.29. The nerve of the system of combinatorial closures of the 
major barycentric stars of a complex K is the complex K itself (Fig. 92). 


§5.3. Closed barycentric stars. 

DeFiniTION 5.31. The body of the combinatorial closure | 7*;|,7 < po, 
of a major barycentric star 7*; dual to a vertex e; of a complex K is called 
the closed barycentric star dual to the vertex e;; the vertex e; is called the 
center of the closed barycentric star. 

Hence, closed barycentric stars are polyhedra. 

5.27 implies that: 

5.32. ||| 7% ||fu---u lf] 7*. [ll = |] Ail] = |] A |], where u = po. 
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It follows from 5.29 and 3.21 that: 

5.33. The closed barycentric stars of a complex K form a closed covering 
of the polyhedron || K ||, called the barycentric covering of || K || dual to its 
triangulation K. The nerve of this covering is the complex K. 

Since the simplexes and hence the closed barycentric stars of a complex 
K can be assumed to be of arbitrarily small diameter, it follows from 
5.33 that: 

THEOREM 5.34. The body of every n-dimensional triangulation has a 
closed e-covering of order n + 1 for arbitrary e. 


§5.4. The subcomplexes of the complex K*; their bodies and bary- 
centric subdivisions. Let K be any triangulation, A, its barycentric 
subdivision, and AK* its dual complex. Let Ko be any subcomplex of K. 
Denote by K* the subcomplex of A* consisting of all the barycentric 
stars of K dual to the elements of Ko. 

Conversely, to every subcomplex A*) of A* there corresponds the sub- 
complex Ko C K consisting of all the elements of K dual to the elements 
of K*). The complexes Ky and K* are said to be dual subcomplexes of K 
and K*, respectively. 

It follows that Ko and K* are also dual to each other as partially ordered 
sets (see I, 6.4). Hence if Ko is a closed (open) subcomplex of K, K* is 
an open (closed) subcomplex of K*. The elements of K* are barycentric 
stars, i.e., certain subcomplexes of K, ; the union of all the barycentric 
stars which appear as elements of K* is a subcomplex K* of Ay, called 
the barycentric subdivision of K* . 

The body of K*q is, by definition, the body || K*o || of K*o (obviously, 
|| K*o || is the union of the bodies of the barycentric stars which are the 
elements of K*o). 

5.41. If K*o is a closed subcomplex of K*, K*a is a closed subcomplex 
of Kı š 

Indeed, if T* € K*, then, since A%*p is closed in A*, the combinatorial 
closure of T* € K* in K* is contained in K*» and consequently, by 5.25 
and 5.24, 

| T*| C ap 2 


This proves 5.41. 

COROLLARY. The body of every closed subcomplex K*y of K* is a poly- 
hedron. 

Remark. If Ko is a closed subcomplex of a complex K and K* is the 
subcomplex of K* dual to Ky, then K* N K* is a closed subcomplex of 
K* and hence || K* || \, || K* || is a polyhedron. 

In conclusion, we shall prove the following proposition which is re- 
quired in Chapter X: 
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5.42. The closure of a simplex T of a triangulation K is contained in the 
union of the closed barycentric stars dual to the vertices of T and does not 
intersect any closed barycentric star whose center ts not a vertex of T. 

Proof. In the course of this proof p will denote a point of the closed 
simplex T and 


Ti: = (erio > > €1:,) 


the carrier of the point p in the complex K,. It follows that: 7, is the 
carrier of p in K; therefore Ti, is a face of T. A fortiori, 


Tą <T, 


so that all the vertices of T;, are also vertices of T. 
Let en = e be any vertex of 7 ;,; the simplex 


Ti: = (lein > +++ > en) 
is a face of the simplex 
(eri > D> Cr, > +++ > en) 


which is in the barycentric star dual to e» and p is contained in the closed 
barycentric star with center er . But e» , as a vertex of T;, , is a vertex of T. 
This proves the first half of Theorem 5.42. 

To prove the second half of the theorem we note that if p is contained 
in the closed barycentric star dual to a vertex e; € K, then Ti: is a face of 
some simplex of K, having e; as a vertex; since 


Ti: = (en > +++ > en) 


and e; is a vertex of K, e; is a vertex of T;, . Hence e; is a vertex of T, q.e.d. 

Remark. Since closed simplexes and closed barycentric stars are com- 
pacta, a closed simplex T has a nonempty intersection only with the closed 
barycentric stars dual to its vertices and has a positive distance from all 
other closed barycentric stars. Since, on the other hand, the closed bary- 
centric stars cover the polyhedron || K ||, some neighborhood of the closed 
simplex T is contained in the union of the closed barycentric stars dual 
to the vertices of T and does not intersect any of the other closed bary- 
centric stars. Since K is a finite complex, we have 

5.43. If K is a triangulation of a polyhedron || K || there is an 


€e = (K) >00 


such that an e-neighborhood of an arbitrary closed simplex T of K is 
contained in the union of the closed barycentric stars dual to the vertices 
of T and does not intersect any of the other closed barycentric stars. 
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§6. Topological complexes and topological polyhedra 


§6.1. Definitions. The definition of a polyhedron (Def. 3.12) is not 
topologically invariant; the topological image of a polyhedron is in general 
not a polyhedron. 

It is natural to consider the topological images of complexes and poly- 
hedra. We introduce the following definitions: 

DEFINITION 6.11. A compactum homeomorphic to a polyhedron is called 
a topological polyhedron. 

A topological mapping of a polyhedron P onto a topological polyhedron 
F maps the simplexes T; of a given triangulation K of P onto subsets of 
F. The collection of such subsets forms a so called topological complex. 
Thus we arrive at the following definition: 

6.12. A finite system K of subsets 3;,7 = 1, 2, +--+ , s, of a topological 
space F is called a topological complex if the union 


|x|] = Su --: vs, 


can be mapped topologically onto a polyhedron P = || K || in such a way 
that under this mapping the sets 3; correspond (1-1) to the simplexes T; 
of some triangulation K of P (i.e., the image of each of the sets 3; is a 
simplex T; and, conversely, the inverse image of each of the simplexes 
T; is a set 3;). 

The union of the elements (“topological simplexes’’) 3; of a topological 
complex XK is a topological polyhedron || & ||, the body of X; X is called a 
topological triangulation of || x |]. 

Examples of topological complexes are shown in Figs. 93 and 94. 

REMARK 1. Various, but necessarily isomorphic, triangulations K cor- 
respond to a topological complex K. The dimension number of X is the 
dimension number of a triangulation K isomorphic to X. We shall prove 
in Chapter V that the dimension (I, 8.4) of a polyhedron is equal to the 


co SS 


Fie. 93 Fig. 94 
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dimension number of any of its triangulations. Hence the dimension num- 
ber of K (equal to the dimension number of X) is the same as the dimen- 
sion of the two homeomorphic compacta || K || and || X ||. Consequently, 
assuming the fundamental theorem of Chapter V, we may state the fol- 
lowing proposition: 

TuEOREM 6.1. All the topological triangulations of a given topological 
polyhedron have the same dimension number, equal to the dimension of the 
polyhedron. : 

Remark 2. Every topological triangulation of a topological polyhedron 
® is isomorphic to some (in general, topological) triangulation of a given 
fixed polyhedron P homeomorphic to E. But, on the other hand, every 
topological triangulation of @ is isomorphic to a triangulation of some 
(arbitrarily chosen) polyhedron P homeomorphic to @. Hence the set of 
all combinatorial types of topological triangulations of a topological 
polyhedron may be defined in two ways: 

a) as the collection of topological triangulations of a single arbitrarily 
chosen polyhedron P homeomorphic to @; 

b) as the collection of triangulations of different polyhedra homeomorphic 
to @. 

Remark 3. Purely combinatorial conditions (i.e., conditions independent 
of the notion of continuity) which two triangulations must satisfy in order 
to have homeomorphic bodies are not known as yet. In particular, the so 
called fundamental hypothesis (‘‘“Hauptvermutung’’) of combinatorial 
topology has not yet been proved (see Moise [a], whose papers appeared 
several years after this book (Trans.)). This hypothesis asserts that any 
two triangulations of homeomorphic polyhedra have isomorphic subdivisions. 


§6.2. n-manifolds. A closed polyhedral manifold issa polyhedron which 
is at the same time a topological n-manifold (I, 5.3); topological polyhedra 
which are topological manifolds are usually called simply closed manifolds. 
It is not yet known whether the class of closed manifolds defined in this 
way coincides with the class of all topological closed manifolds: it is not 
known whether there exists a closed topological manifold which is not a 
topological polyhedron. 

A closed 1-manifold is homeomorphic to a circumference. The closed 
2-manifolds are none other than the closed surfaces discussed in Chap- 
ter II. 

The simplest example of a closed n-manifold is the n-sphere S”. It can 
be triangulated by taking an (n + 1)-simplex inside the sphere S” c R”*' 
and projecting its boundary onto the sphere from some point in its interior. 

The three-dimensional torus (i.e., the topological product of three 
circuinferences, I, 2.6) is also a manifold: to triangulate the three-dimen- 
sional torus it suffices to take a second order barycentric subdivision of a 
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three-dimensional cube and to identify opposite faces of the cube (I, 5.2, 
Example 6). 

In the same way it is easy to construct a triangulation of the topological 
product of a sphere and a circumference: it is merely necessary to use the 
model of this product given in I, 5.2, Example 7. 

To construct a triangulation of the projective n-space let us first define 
a regular (n + 1)-dimensional octahedron in R” as a convex polyhedral 
domain with 2(n + 1) vertices ek, e'i, k = 1,2,- , n + 1, where & , 
e'r , respectively, have all coordinates equal to zero execpt the k which 
is equal to 1, —1, respectively. The boundary of an (n + 1)-dimensional 
octahedron, as the boundary of an (n + 1)-dimensional convex polyhedral 
domain, is homeomorphic to the n-sphere S” [in the given special case 
this is casy to prove directly, e.g., by complete induction on the number 
of dimensions: a regular (n + 1)-dimensional octahedron is the union of 
two pyramids with vertices (0, 0, --- , 1) and (0, 0, --- , —1) constructed 
on an n-dimensional regular octahedron] and is given in a triangulation 
K” possessing the property of central symmetry relative to the origin of 
coordinates. This means that every element of K” is mapped by the 
symmetric transformation 


x, = Ti, k=1,2,---,n+ 1, 


of R” into some other element of K”. 

A second order barycentric subdivision [one could get along more 
simply, i.e., with a first order barycentric subdivision; a second order 
subdivision is convenient for some special purposes (see the triangulation 
K”, mentioned below)] A” of K” obviously also possesses the property 
of central symmetry. Identifying symmetrie elements of A", . we obtain 
the required triangulation X” of the projective space P”. 

In addition to A» we shall need (in VITI, 4.4) still another triangulation 
of the projective space P”, which will be denoted by A”, . It is obtained 
by taking a second order barycentric subdivision of an x-dimensional 
octahedron and its boundary and identifying elements of the triangulation 
of the boundary (i.e., of K'a) symmetric relative to the origin of co- 
ordinates. 

The simplest triangulation of the projective plane P’ is obtained by 
identifying symmetric elemcuts (faces, edges, and vertices) of a regular 
icosahedron (a polyhedral domain with twenty faces). 


§7. Connectedness of complexes 


[All the results of this section (except those of 7.3) are truc for abstract 
complexes, even for all partially ordered sets (disercte spaces), and are 
special cases of the corresponding theorems for To-spaces (J, 3).] 


152 COMPLEXES [cH. Iv 


§7.1. Connected complexes. Components. A complex K is said to be 
connected if it is not the union of two nonempty disjoint closed subcom- 
plexes. 

Remark. If K = K’ u K”, K' n K” = O and K’, K” are closed, then 
K' = KN K”, K” = KN K', and consequently K’ and K” are open. 
Therefore, the definition of connectedness can also be stated in either 
of the following ways: 

K is a connected complex if it is not the union of two nonempty dis- 
joint open subcomplexes. 

K is a connected complex if no proper subcomplex of K is both closed 
and open in K. 

7.11. If a connected subcomplex Ko of a complex K is contained in the 
union of two closed (open) disjoint subcomplexes Kı and Ky of KA, it is 
contained either in A, or in Ke. 

Inded, if 


Ken K, #0 # Kon Ko, 


then Ko n Kı and Ko n K: are nonempty closed (open) subcomplexes of 
Ko and, since 


Ko = (Ko n Ky) U (Ko n Ko), 


Ko is not connected. 

7.12. If Ko is a connected subcomplex of a complex K and T € K is 
either a face of To or has To as a face, where To € Ao, then Kou T is a 
connected complex. 

In fact, if 


Kyu T= Kiu ke, 


where Kı and Ke are closed (open) in Ky u T, then, by 7.11, we may as- 
sume that Ko C Kı. But then, since K; is closed (open) in Ay u T, we 
have T € Ka so that Ke is empty. 
7.13. The union Q of an arbitrary number of connected subcomplexes 
K, of a complex K containing a given fixed element T € K is connected. 
Indeed, let 


Q = Qiu Q2 


be a decomposition of Q into two subcomplexes closed in Q; let T € Q, ; 
then, by 7.11, every K, is contained in Q,,i..,Q = Q, and Q; = 0. 

7.13 implies 

7.14. The union of all the connected subcomplexes of a complex K 
containing a given T € K is a connected subcomplex Qx(T7'), the component 
of Tin K. 
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A component Qx(T) obviously has the following maximal property: 
there does not exist any connected subcomplex Q’ C K different from 
Qx(T) and containing Qx(T). 

7.13 further implies that there cannot exist two nonidentical disjoint 
connected subcomplexes Qı and Q: of K containing T and satisfying the 
condition of maximality (since Qı u Q: would be connected and Q, u Q: 
D Qi, Qiu Qs: DQ). 

Therefore, 

7.15. The component Qx(T) may be defined as the unique maximal 
connected subcomplex of A containing T. 

Furthermore: 

7.16. Two components Q(T) and Qx(T’) having a nonempty inter- 
section are identical. 

Finally, 7.12 implies 

7.17. Every component Qz(T) is both closed and open in K. 

Hence 

7.1. Every complex is uniquely partitioned into disjoint maximal con- 
nected subcomplexes, which are both open and closed. These subcomplexes 
are the components of K. A connected complex consists of one component. 

We note in conclusion that 7.12 implies 

7.18. If T < T’, then Qr(T) = Qr(T’). 


$7.2. The case of unrestricted simplicial complexes. Let K be an un- 
restricted simplicial complex. 7.18 implies that for an arbitrary T € K 
and arbitrary vertex e < T the components Qg(T) and Qx(e) are identical. 
Hence we need consider only the components of the vertices of K. Further- 
more, the definition of connectedness in the present case may be phrased as: 

7.20. An unrestricted simplicial complex K is connected if every two 
nonempty closed subcomplexes Kı and K: whose union is K have at least 
one common vertex. 

Finally, let us call every finite sequence of edges (1-simplexes) of a 
complex K of the form 


(e162), (€2€3), oes (€s_1€s) 


a broken line joining the vertices e; and e, in the complex K. 

7.21. The component of a verter e of an unrestricted simplicial complex K 
consists of all the simplexes of K whose vertices can be joined by a broken 
line to the vertex e. 

7.21 follows easily from: 

7.22. An unrestricted simplicial complex K is connected if, and only if, 
any two of its vertices can be connected by a broken line in K. 

Proof. If K can he represented in the form of a union of two closed 
subcomplexes K’ and K” having no common vertices, then no vertex of 
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K’ can be joined by a broken line to any vertex of A” [since the broken 
line would necessarily have a link (e,e:41), Where e: € K’, ei € K”, and 
consequently this link itself could not belong cither to K’ or K”). 

This proves the first part of Theorem 7.22. 

To prove the second part of the theorem, let us assume that e’ and e” 
are two vertices of X which cannot be joined by a broken line; let us 
consider the complex Ke consisting of all the elements of the complex K 
whose vertices can be joined to e’ by a broken line. The complement of 
K,, the subcomplex K” = KN Ev, is nonempty, since it contains the 
vertex e”. Both complexes Ke and K” are closed and have no common 
vertices. At the same time K = Ke u A”. This proves the theorem. 


§7.3. The components of || K || and A. Let A be a triangulation of a 
polyhedron || K ||. 

7.31. If K is a connected complex, || K || is a connected polyhedron. 

Indeed, let p and p’ be two points of || A ||, T and 7” their carriers in 
K, e and e’ any vertices of T and T”, respectively. Let 


(ee), (ees), ttt (€s-1€s), Cese’) 


be the links of a broken line joining e and e’ in K; and let [pe] and [e’p’] 
be straight line segments in T and T”, respectively. 
Then 


[peee «++ esee p] 


is a broken line (in the elementary geometric sense) joining p and p’ in 
|| X ||. This proves that || K || is connected. 

Again, it follows from 7.1, 3.1, and 3.22 that: 

If Qi,- , Q are components of a complex K, then the sets || Q. || are 
mutually disjoint polyhedra which are both closed and open in || K |]. 

It follows immediately that every component of a polyhedron || Æ || is 
contained in some polyhedron || Q; || and, since || Q, || is connected, is 
identical with this || Q; ||. 

Hence 

7.3. The components of a polyhedron || K || coincide with the bodies of 
the components of any triangulation of || K ||. 

Coro.uary 7.30. All the triangulations of a polyhedron consist of the 
same number of components, equal to the number of components of the 
polyhedron. 








Chapter V 
SPERNER’S LEMMA AND ITS COROLLARIES 


All the results of this chapter are proved anew in Chapters X and XIV 
and again in Chapters X and XY, but in a less elementary fashion than 
here. This chapter can be read without reading the preceding chapters. 
It is merely necessary to consult the indicated references to Chapter I and 
to read the preliminary introductory section of Chapter IV on simplexes. 

In what follows, to avoid ambiguity in the statement of theorems, we 
shall use the term ‘‘dimension number” to designate the combinatorial 
dimension of a simplex or complex, that is, the number of vertices of a 
simplex less 1 in the former case and the maximum of the dimension 
numbers of the simplexes of a complex in thc latter case. In the same way, 
a polyhedron will be said to have dimension number n if it has a triangula- 
tion whose dimension number is n. The term “dimension” will be re- 
served for the topological concept defined in I, 8.42. 

Several fundamental topological theorems, first established by Brouwer, 
are proved in this chapter. First among these is: 

THEOREM I. The dimension (I, Def. 8.42) of a closed simplex is equal to 
its dimension number (i.e., to the number of its vertices less 1). 

In other words (I, 8): 

THEOREM I’ (THE PFLASTERSATZ FOR A SIMPLEX). A closed n-simplex 
has closed e-coverings of order n + 1 for every e > 0; if etis sufficiently small, 
every closed e-covering of a closed n-simplex is of order >n + 1. 

The first assertion of this theorem is contained in IV, 5.34 and 4.22. 
Essentially, this assertion is perfectly elementary and the reader may, 
without turning to Chapter IV, prove it as an exercise (in this connection 
see the hints given in §1). 

The second assertion of Theorem I’ expresses a deep geometric fact; it 
also makes up the basic content of this chapter. 

An immediate corollary of the second assertion of Theorem I’ is (the 
reader omitting Chapter IV should at once go on to Theorem III): 

THEOREM II’. Let $ be a polyhedron of dimension number n. For every 
sufficiently small e > O cvery closed «-covering of the polyhedron ® has order 
>n+1. 

This and IV, 5.34 imply 

THEOREM II. Every polyhedron of dimension number n has dimension n. 

Furthermore, from Theorem I of this chapter we deduce 

THEOREM III (INVARIANCE OF THE DIMENSION NUMBER OF R^). Two Eu- 
clidean spaces R” and R” of different dimension numbers n and m are nol 
homeomorphic. 
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The following proposition is an important and stronger form of Theorem 
III. It is proved in §3. 

THEOREM IV (ĪNVARIANCE oF InrerIoR Points or Sussets oF R” 
UNDER TopotogicaAL Marpines into R”). A topological mapping Č of 
a set A Z R” onto a set B C R” maps every interior point of A (relative to 

R”) into an interior point (relative to R”) of B (and consequently maps a 
noninterior point of A into a noninterior point of B). 

Remark. Theorem IV can be proved not only for the space R?, but also 
for all topological manifolds A” (see I, 5.3). 

The proofs of the above theorems given in this chapter differ from the 
original proofs of Brouwer; they are based, essentially, on a single ele- 
mentary proposition of combinatorial character known as Sperner’s 
lemma (formulated and proved in §2). Sperner’s lemma not only leads to 
surprisingly simple proofs of Theorems I-IV, but is in itself a remarkable 
geometric fact. 

Sperner’s lemma also enables us to give a very simple proof of yet 
another classical theorem of Brouwer, namely, the fixed point theorem for 
an arbitrary continuous mapping of a closed simplex into itself (or, of course, 
of an arbitrary compactum homeomorphic to a closed simplex). This proof 
of Brouwer’s theorem is due to Knaster, Kuratowski, and Mazurkiewicz 
and has become classical. It is given in §4. 


§1. Preliminary remarks 
This section is intended only for the reader omitting Chapter IV. 


§1.1. Triangulations and barycentric subdivisions of a closed simplex. 
Let us recall the propositions of Chapter IV required:in this chapter. 

a) We require only triangulations of a closed simplex T”. This term 
(triangulation of a closed simplex) denotes a finite set K” of mutually 
disjoint simplexes (of various dimension numbers) satisfying the following 
conditions: 

1. Every face of a simplex which is an element of K” is itself an element 
of the set K”. 

2: Every element 7” of K” is contained (as a point sct) in one, and 
obviously in only one, of the faces (proper or not) of the simplex T”, 
called the carrier of T”. 

3. The point set union of all the elements of K” is the closed simplex 7”. 

This definition implies that: 

Every face 7” of the simplex T” is the union of the simplexes of the 
subdivision K” of which 7” is the carrier. 

Indeed, if p € T” and 7"; € K” contains p, then the carrier of the simplex 
T*; is necessarily T”, since in the contrary case two faces of the simplex 
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T” (namely, T” and the carrier of the simplex 7*;) would have a common 
point p. Hence every point p € 7” is contained in a simplex of K” carried 
by 7”, which proves the assertion. 

Furthermore, 

If T; < T; € K” and 7” is the carrier of T; , then the carrier of 7’; is a 
face of T”. 

Indeed, 7” is a closed set which is the union of all the faces of 7”. There- 
fore every contact point of 7” is contained in some face of 7”. Since T; 
consists of contact points of T:, and therefore also of 7”, the carrier of 
T; is a face of T”, which was to be proved. 

b) Among all the triangulations of a closed simplex 7” the most important 
is its barycentric subdivision; the elements of the barycentric subdivision 
of a closed simplex T” are all the faces of the (n + 1)! simplexes of the 
form 


(005,03 i aias Oiio in) 


where o is the centroid of the simplex T”, o: is the centroid of any of its 
(n — 1)-faces T; , Oni the centroid of any (n — 2)-face Tni of 
T” , etc., up to the vertex 9;,...;, of T”. 

The barycentric subdivision of a closed segment is obtained by dividing 
it in two. The barycentric subdivision of a triangle is shown in Fig. 95. 
One of the simplexes of the barycentric subdivision of a tetrahedron is 
shown in IV, Fig. 87. 

It follows from 4.2 of Appendix 1 that: 

If the diameter of a closed simplex 7” is equal to d, then the diameter of 
an arbitrary simplex of the barycentric subdivision of T” does not exceed 
[n/(n + 1)] a. 

Hence it follows that for sufficiently large h the barycentric subdivision 
of order h of T” will yield a triangulation of this simplex of arbitrarily 
small mesh, i.e., a triangulation all of whose simplexes have diameters 
less than an arbitrarily given e > 0. (The mesh of a triangulation is the 
maximum of the diameters of its simplexes.) 

c) We shall require the following fact: A closed simplex T” can be repre- 
sented as the union of n + 1 closed sets Ao, A1,+:+-, An, corresponding 
(1-1) to the vertices eo, e1, ++ , €n of the simplex T” in such a way that 
A, contains the vertex e, and has no point in common with the closed face of 
T” opposite the vertex e, . 

This fact is implicit in the results of Chapter IV: it suffices to define 
A, as the closed barycentric star with center e, , i.e., as the union of all 
the simplexes of the barycentric subdivision of T” which have e, as a, 
vertex. 

The required sets A, can be constructed somewhat differently: let 
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Fic. 95 Fic. 96 


R,”” be the plane through the centroid of T” parallel to the plane of the 
face (eo -** €,-1€r41 °** en). This plane cuts off from T” a closed simplex 
containing the vertex e, which we also denote by 4, (Fig. 96). 

d) For arbitrary e > 0 the whole space R” can be covered by a countable 
number of closed sets A, of diameter <e in such a way that no point of the 
space is contained in more than n + 1 of these sets and such that any sphere 


ata tee tal <a 


intersects only a finite number of the sets A, . 

To prove this, let us first construct a simplicial e-decomposition (‘‘in- 
finite triangulation”) K of the space R”, i.c., a set K of mutually disjoint 
simplexes (of various dimensions) possessing the following properties: 

1. Every face of an arbitrary simplex of the set K is itself an element 
of the set K. 

2. The union of all the simplexes of K is R”, 

3. Every solid sphere of the space R” intersects at most a finite number 
‘of simplexes of the set K. l 

4. The mesh of Kis < e. 

Such a set of simplexes (infinite complex) K can be constructed in the 
following way: let us divide R” into the cubes 


mie < ti; < (m; +1) e @G@=1,---,n), 
e = ¢/2n}, mi = 0, +1, +2,---, 


and their faces. Let us divide each of these cubes barycentrically. This 
means: divide all their edges in half, then divide each square into eight 
equal triangles, projecting from the center of a square its boundary which 
has already been subdivided. Similarly, subdivide all the three-dimensional 
cubes, projecting from the center of each cube its already subdivided 
boundary, ete. 

The resulting simplexes of various dimensions make up the required 
complex K. 
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Every point p € R” is contained in one and only one simplex of K, the 
carrier of p. 

Having constructed a simplicial edecomposition A of R”, let us repre- 
sent each of the closed n-simplexes of this decomposition in the form of a 
union of n + 1 closed sets A; satisfying the conditions of c). If em is any 
vertex of A, denote by $, the union of all the sets A, just constiucted 
which contain em . Since the simplexes of the decomposition have diameters 
<e, the sets Pn have diameters <2e. It is clear that an arbitrary bounded 
domain of R” intersects only a finite number of the sets ®,. We shall 
prove, finally, that no point p € R” is contained in more than n + 1 
sets ®, . Indeed, from the construction of the sets @,, it follows that: 

If the carrier of a point p € F” is the simplex 7” = (ent en) € K, 
then p can be contained only in the sets 4, , - 





Fic. 97 


It follows from what has just been proved (independently of the results 
of Chapter IV) that: 

Every compactum in R” (in particular, every closed simplex of R”) has a 
closed ¢-covering of order <n + 1 for every e > Q. 

This proves the first assertion of Theorem I’. 

e) In §3 we shall require the theorem asserting that the boundary of an 
n-simplex T” has closed ¢-coverings of order <n for every e > 0. This 
proposition is also a special case of I, 5.34. However, it is also easy to 
prove directly. 

To this end, it suffices to represent every closed (n — 1)-face of the 
simplex T” as the union of sets A, satisfying the conditions of c) and to 
define n for every vertex €m of T” as the union of the sets A; containing 
the vertex em . 

f) Let us note finally that the barycentric subdivisions of all the closed 
(n — 1)-faces of a given n-simplex 7” yield, by definition, the barycentric 
subdivision of the boundary T*N T" of T”. Fig. 97 shows the case n = 3 
(only the faces turned to the observer are shown). 
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§2. Sperner’s lemma 


§2.1. Sperner’s lemma. 

2.1. Let T” = (ep +++ en) be an n-simplex and let K” be a triangulation 
of its closure T”. Let each vertex e's € K” be made to correspond to a vertex 
Se’, = ei of the simplex T” in such a way that the following condition is 
satisfied : 

2.10. Se’, is a vertex of the carrier of e'x (i.e., a vertex of that face of T” 
which contains e’,). 

Then there exists an n-simplex 


T”; = (ero SER e'kan) 
of the triangulation K” such that all the vertices Se'k , - $: , Se’, are distinct. 
Proof. Let T"1,°::, T”, be all the n-simplexes of the triangulation 


K”. Let us call a simplex T”; normal, if all its vertices have been made 
to correspond to distinct vertices of T”. We shall prove the following 
proposition which is stronger than Sperner’s lemma: 

2.11. The number of normal simplezes is odd. 

Theorem 2.11 is obvious for n = 0. Let us suppose that it has been 
proved for all (n — 1)-simplexes and prove it for an n-simplex T”. 

Let us say that an (n — 1)-face of a simplex 7”; is “marked” if its 
vertices have been made to correspond to the vertices e1 , €2, +*+ , €n of T”. 

We note first that: 

2.12. The number of marked faces of a simplex T”; is either 1, or 2, or 0, 
while the number of marked faces of T”: is equal to 1 if, and only if, T”; 
is normal. 

Indeed, if a simplex T”; = (e'i ++- e'i) is normal and 


De'i = eo, Ses, = €1, °°: , Sei, = en, 


then (e’;, --+ e'n) is obviously the unique marked face of T”,. 

Suppose the simplex T”; is not normal but has, nevertheless, a marked 
face (e'i © e'i), 80 that, for instance, Se'i, = er, Se'i, = €z, --- , Se’, = 
en. Then Se'i is one of the vertices er, --- , én, say Se'i = e,, and the 
simplex T”; has exactly two marked faces, namely, 


(enteen) and (e's e's, ee en) 
This proves 2.12. 
Let us denote by a; the number of marked faces of a simplex T”, , 
and let us set a = J in ar. 
It follows from what has just been proved that the number of normal 


simplexes has the same parity as the number a. Therefore, it suffices to 
prove that the number a is odd. 
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Let us consider any (n — 1)-simplex 
T77 € K”. 


Three cases are possible. 

1. T;"” is contained in the interior of the simplex T”. Then either 7°;"~ 
is not a marked face of any simplex T”; or the simplex T;”™! is a marked 
face of exactly two simplexes T”; and T”, , which have T,” as their com- 
mon face. In the latter case 7;”"’ will be counted twice in the calculation 
of the sum a = Jim a. 

2. The simplex T;™ is contained in a face of T” distinct from the face 
TT" = (e +++ en). 

In this case, by virtue of 2.10, the simplex 7;” cannot be a marked 
face of any simplex 7”, . 

3. The simplex T;™ is contained in the face T”* = (e1 ©- en). 

This case we divide anew into two cases: 

3a. At least two vertices of 7;” have been mapped into the same 
vertex of T” = (e1 +-+- en). Then 7;”' cannot be a marked face of any 
simplex T”; . 

3b. All the vertices of T; have been mapped into distinct vertices of 
T”” = (e1 -+ en). Hence 7;"" is a marked face of a unique simplex T”; 

From this classification of the different cases it follows that the parity 
of the number a is the same as the parity of the number of all (n — 1)- 
simplexes T”! which satisfy 3b. 

Let us consider case 3b more closely. The simplexes of K” contained in 
T”” and its faces form a triangulation K”” of the closed simplex T””, 
where every vertex of K”™™ has been mapped by S into one of the vertices 
of T” so as to satisfy the conditions of Theorem 2.1 for the dimension 
(n — 1). Consequently, by the inductive hypothesis, the number of those 
(n — 1)-simplexes contained in 7”, all of whose vertices have been 
mapped into distinct vertices of T”, is odd. In other words, the number 
of simplexes T;”™ which satisfy 3b is odd, and this means that a is also 
odd. This completes the proof of 2.1. 


§2.2. Corollary of Sperner’s lemma. Conclusion of the proof of the 
Pflastersatz. From Sperner’s lemma we deduce the corollary: 
2.21. Let T” be an n-simplex with vertices eo, e61, °°: , €n. Let 


a= {Ao,--:, An} 


be a covering of the closed simplex T”, consisting of n + 1 closed sets Ao, 5, 
A, satisfying the condition: every closed face [ei >- e:,] of T” is contained in 
Ainu: u A; (in particular e; € A; fort = 0,1, =- , n). 


Then the intersection of all the sets A; 1s nonempty. 
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Proof. Obviously (on the basis of Lebesgue’s lemma, I, 8.32) 2.21 follows 
from: 

2.22. If K” is a triangulation of the closed simplex T” of arbitrarily 
small mesh, there is at least one closed simplex T”; of A” which intersects 
all of the sets Áo, °-*, An. 

To prove Theorem 2.22, let us assign to each vertex e’; € K” a vertex 
Se’; = e; of the carrier of e’; such that 


e; € A;. 


Obviously, the mapping S satisfies condition 2.10 of Sperner’s lemma. 

Applying Sperner’s lemma to the mapping S, we find a simplex 7”, € K” 
all of whose vertices have been mapped into distinct vertices of T”. But 
this means that the skeleton of T”, intersects all of the sets Ao, =- , An, 
whence 2.22 follows. 

From Theorem 2.21 we easily deduce: 


2.23. Let 
a= {Ao, SS And 
be a closed covering of a closed simplex T” = [eo --+ en] such that 
l. e; € Å;, = 
2. A; has no points in common with the closed face T;"~' opposite the 
vertex ei. 
Then 


Aon- nA, € 0. 


To prove 2.23, it suffices to show that the hypothesis of Theorem 2.23 
implies the hypothesis of Theorem 2.21. Let [e,;, - +: €n] be a closed face 
of T” and let 7 be different from io, =- , ip. Then [en «++ e] G Tr, 
so that A; docs not meet [e; <+- e:,]. Since this is valid for arbitrary 
T Æ to, poe 5 te; len avis eil GC Au “+: uÁ. 

Let us now pass to the proof of the second assertion of the Pflastersatz: 

2.24. For sufficiently small e > O every closed e-covering of a closed n- 
simplex T” has order > n + 1. 

Proof. Let e be so small that no set of diameter less than e meets all 


the closed (n — 1)-faces of T” [since the intersection of all the closed 
(n — 1)-faces of T” is empty, such an.e can be found by Lebesgue’s lemma, 
I, 8.32]. 


With e as above, let 
a= {Ao, aces , A,} 


be any e-covering of T”. In virtue of the choice of e, no A; containing a 
given vertex e; of T” intersects the closed face T;”™ opposite the vertex 
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e;. Hence, in particular, it follows that no A; contains more than one 
vertex of T”. 
Let us now number the elements of the covering so that 


eo © Ao, +++, en E An. 


If s > n, let A; be any set with index j > n, and let 7;""" be the closed 
face which does not meet A;. Let us delete the element A; from the 
covering a and replace A; by A; u A; , denoting this last set again by A; . 
After this replacement the covering a is converted into a covering a”, 
which has one element less than a. The order of a”, as easily seen, is in 
any case no greater than the order of a. It is also easily shown that no 
element of the covering a™ containing a vertex of T” intersects the closed 
face opposite this vertex. 

Repeating this operation as many times as necessary, we finally obtain 
a covering 


a” > {Ao, ie , Án} 


satisfying all the conditions of Theorem 2.23. Consequently, there exists a 
point contained in all the sets Ao, --- , An, i-e., the order of the covering 
a” is not less than n + 1. But since the above replacement of one cover- 
ing by another did not increase the order of the covering, the original 
covering a had order >n + 1. This proves the theorem. 


§2.3. The invariance of the dimension number of R”. 

2.31. Every compactum $ C R” has dimension <n. 

Indeed, every compactum ® C R”, being a bounded set, is contained 
in some closed n-simplex 7”; since T” has closed e-coverings of order 
n + 1 for every e > 0, © also has closed e-coverings of order n + 1 for 
every e. 

Hence: 

2.32. No set A C R” containing an interior point (relative to R”) can be 
mapped topologically into R”, wherem < n. 

Indeed, such a mapping would take an n-simplex contained, by assump- 
tion, in A, into some compactum of dimension <n. This is impossible, 
since the dimension of a compactum is invariant under topological map- 
pings. 

In particular, R” itself cannot be mapped topologically into R” for 
m < n. Hence it follows that: 

2.33. INVARIANCE OF THE DIMENSION NUMBER OF Ft”. For n # m, the 
spaces R” and R” are not homeomor phic. 

From 2.33 and the definition of a topological manifold (I, 5.3) it follows 
that: 

2.34. If m # n, an n-manifold cannot be homeomorphic to an m-manifold. 
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§3. Invariance of interior points 


§3.1. A topological mapping of a set A G R” ontoa set B © R” maps 
every interior point of A into an interior point of B, and every noninterior 
point of A into a noninterior point of B. 

Here “interior point” (“noninterior point”) means ‘interior point” 
(“noninterior point”) relative to R”. 

The proof is based on the following lemma: 

LEMMA 3.11. Let 


az {Ai,--:, Aa} 


be a closed covering of order n + 1 of a closed bounded set > C R” with the 
property that there is exactly one point p € & contained in n + 1 elements 
of a. Then if p is not an interior point of ®, the covering a can be transformed 
into a covering a’ of order <n by a modification of a in an arbitrarily small 
neighborhood of p. 

[A modification of a covering a ina neighborhood O, of p is a transition 
from a = {A,,°::, Ae} to a closed covering a’ = {A’;,---, A’.} such 
that A; \ Op = A’: \ 07,7 = 1,---, 8] 

Proof of the lemma. Let T” be an arbitrarily small n-simplex containing 
p in its interior. Every point of the boundary || 7” || of T” is contained in 
no more than n elements of a. Therefore, there exists an e > 0 such that 
the e-neighborhood of every point of || 7” || intersects no more than n 
elements of a. 

Let us now take any closed e-covering 


B= {Bi,-°:, Bn} 


of order n of the set || ©” ||. 

Let us assign to every set B; € Ba set Ax E ain the following way: 

1. If B; does not intersect ©, let Ai; be any set A; which meets T”. 

2. If B; meets ®, then, because of the choice of e, it meets no more than 
n elements of the covering a; let us denote any one of the elements of a 
which meets B; by Ax». In both cases the same set A; may, of course, 
turn out to be the set A.» for different B;’s. 

Let us now construct a system a” of closed sets A,” as follows: 

Every A; € æ which is not a set Ai for any B; is, by definition, an 
element A,” of the system ea”; but if A; is a set A.» for one or several 
B,’s, then define A,” as the union of all such B,’s and the set A;. Ob- 
viously 


Pu | p7 Il Œ U A”, A,” € a”. 


The systems a” and a are in (1-1) correspondence, where, for each 7, 
either 4;” = A; or A,” is the union of the set A; and certain subsets of 
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the set || 7” ||. Therefore, if a point q is contained in the sets A”; ‘bo 
A” ;,, g is contained in either the sets A;,, +++, A;, or in || È” || (ies 
cases, of course, are not mutually exclusive). Therefore to show that p 
is the unique point contained in n + 1 elements of a”, it suffices to prove 
that no point of || 7” || is contained in more than n elements of a”. 

Let us prove that no point of || 7” || is contained in more than n ele- 
ments of the system a”. 

Let q € || È” ||. If ¢ Ẹ %, then q is contained in no more than n sets 
B;,say Bi, e, Bin; the number of corresponding Ays, say Aa, >, 
-fin will not exceed n; the point g is contained only in the elements A”; , 

-, A”; of a”, i.e., in no more than n elements. 

Now jet q € | T" ||n@ and let A:,-:-, An, Bi, ++- , By be all the 
elements of the coverings a and 8 containing q. All the sets Bı,- , Bk 
are contained in an e-neighborhood O(q, e) of q, and certainly among all 
the sets dı, ++- , A, there will be no more than n elements of the cover- 
ing a meeting O(g, «). Thus let 


Ars Ange Ag, gin, 


be all the elements of a meeting O(g, e). All the An, J = 1, 2,-°-, k, 
are among these sets. Therefore Ar” , ++- , Ag” are the only elements of 
a” which can contain q. Since g < n, the assertion is proved. 

Let us now take in the interior of the simplex T” any point o not con- 
tained in & (since p is not an interior point of &, the required point o can 
always be found). 

Let us consider those elements of the system a” which meet || 7” ||; 
let these be 


A,” potty A,”. 

Denoting by [0A,”] the union of all closed segments of the form [og], 

where q € || T? || n A”, set 
As” = [Al N (Af a T”) u [0A,"), i=l,» 

and 

AP = AFN T”, i >v. 
The set A,” can differ from A,” only in points of T”. Therefore a point 
not in T” cannot be contained in more than n sets A,’”. As for the points 
of T”, only the point o can be contained in n + 1 sets A,’” (since, in the 


COAN case, if o’ were such a point, the endpoint q of [00g] on || t" || 
would belong to n + 1 sets A,” , in contradiction to what was proved 


above). Since o € ©, setting 
A’; = A ne for all 2, 
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we obtain a covering 
ah = [A,A] 


of the set ® of order <n. 

Obviously, every A’; can differ from the corresponding A; only in points 
belonging to 7”, but since the simplex T” can be taken arbitrarily small, 
we are justified in saying that the covering a’ was obtained from the 
covering a by a modification of the latter in an arbitrarily small neighbor- 
hood of p. Hence the lemma is proved. 

From the lemma we deduce 

3.12. A topological mapping C of a closed n-simplex, T” into the Euclidean 
n-space R” maps every interior point p of T” into an interior point of the 
sel = C(T"). 

Proof. Let T” = (eọ--- en). Take the barycentric subdivision of the 
boundary of T” and project it from the point p. The resulting triangulation 
K of the closed simplex T” differs from a barycentric subdivision only in 
that the “centroid” of the simplex T” is the point p. Let us denote by A; 
the union of the closures of all the simplexes of A having e; as a vertex. 

The point p is the unique common point of the sets 4o, ++: , 4,3; here 
both the covering 


a = {Ao,--:, An} 


of the closed simplex T” and every covering which is obtained from a 
by a modification of the sets A, in a sufficiently small neighborhood of p 
satisfies 2.23. 

Hence it follows that: 

For a sufficiently small e > 0 every covering a’ obtained from a by a 
modification of the sets A; in an e-neighborhood of p is a covering of 
order >n + 1. 

Now let q = C(p) be a boundary point of the set @ = C(7'"). Take 
ô > 0 so small that the image of a 6-neighborhood of q (relative to &) under 
the mapping C™" is contained in an e-neighborhood of p. Applying Lemma 
3.11, modify the sets C(A;) in the 6-neighborhood of q in such a way that 
the result is a covering §’ of order <n of the set $. C° maps the covering 
6’ into a covering a’ of the same order <n, which is a modification of «y 
in an e-neighborhood of p. This is impossible, and 3.12 follows. 

We can now prove Theorem 3.1 in a few words. Let p be an interior 
point of the set A © R”; p is an interior point of some closed n-simplex 
T” C A and, therefore, the mapping C of A C R” takes p into an interior 
point q of the set C(T”) and hence into an interior point of the set C(A). 

C maps every noninterior point p of A into a noninterior point C(p) of 
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C(A), since, in the contrary, case C7’ would map an interior point C(p) of 
C(A) into a noninterior point p of A. 

This completes the proof of Theorem 3.1. 

Theorem 3.1 immediately implies the following proposition, which is a 
generalization in a merely formal sense, but which is required in the 
sequel. 

3.13. Let U” and V” be topological spaces homeomorphic to R”; let C bea 
topological mapping of a set A © U” onto a set B C V”; then C maps every 
interior point of A relative to U” into an interior point of B relative to V”. 

The following proposition is implicit in 3.13: 

3.14. Let U” and V” be homeomorphic to R”; let C be a topological map- 
ping of a set A open in U” into the space V”. Then C(A) is open in V”. 
In particular, every topological image of the whole space U” in V” is an 
open set in V”. 

Since R” is nowhere dense in R” for m < n, a topological mapping of 
R” onto R” is impossible. We have therefore obtained another proof of 
Theorem 2.33. 

Remark. We note separately a special case of Theorem 3.14, which 
(for n = 2) was used in Chapter III. . 

3.140. Let U” and V” be two sets (contained in some topological space) 
homcomorphic to R”. If U” C V”, then U” is open in V”. 

DEFINITION 3.15. A compactum homeomorphic to a closed m-simplex 
is called a closed n-cell. 

Since dimension is topologically invariant and the dimension of a simplex 
is equal to its dimension number, the number n in Def. 3.15 is really the 
dimension of an n-cell and is therefore unique (i.c., no topological space 
can be both an n-cell and an m-cell for n # m). 

We shall prove the following important proposition: 

3.16. Every topological mapping of a closed n-simplex T” onto a closed 
n-cell E” takes the boundary TN T” of T” onto a unique set S™', called 
the boundary of the closed n-cell E”; the open set E*N S° is dense in E” 
and is denoted by E”; it is called the interior of E”, or an open n-cell. 

Proof. Let Cı and Cz be two topological mappings of T” onto E”. If, 
c.g., it were true for a point £ € T” \ T” that 


Co(x) € Ca N T”), 


then it would be true that C7! C(£) € T” N T”; however, C™ C: isa topo- 
logical mapping of T” onto itself, so that, by 3.1, C-*, C: maps TN T” 
onto itself. The resulting contradiction proves that 


CAT Dd T”) (am Cur’ N T”). 
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In the same way, 

C(T"\ T") © CT? \ T), 
i.e., 

CP N T”) = Q(T N T”). 


Since T” is open and dense in T”, the set E”, being the image of T” 
under a topological mapping of T” onto E”, is open and dense in £”. 
This proves Theorem 3.16. 


§3.2. Invariance of interior points of topological manifolds. The follow- 
ing very important theorem, a generalization of Theorem 3.1, may be 
easily derived from 3.1: 

3.2. A topological mapping of a subset A of a topological n-manifold 
M” onto a subset B of a topological n-manifold M” takes every interior point 
of A (relative to M”,) into an interior point of B (relative to M”), every 
noninterior point of A (relative to M”) into a noninterior point of B (rela- 
tive to M”). 

Proof. We may restrict ourselves to the proof of the assertion for interior 
points. After that, the proof for noninterior points is a repetition, word 
for word, of the last lines of the proof of Theorem 3,1. 

Hence, let C be a topological mapping of A C M” onto B G M™. 

Let p be an interior point of A relative to Af", . Let V” be a neighbor- 
hood of C(p) in M”: homeomorphic to R”. 

Let U” be a neighborhood of p in A homeomorphic to R”, such that 
CO) S y”. 

Since U” and V” are homeomorphic to R”, C(U") is open in V”; but V” 
is open in M”, , so that C(U") is open in M”: . Since p € U” C A, C(p) € 
C(U”) C B; this completes the proof. 


§4. Fixed point theorem for an n-cell 


We shall prove the following theorem: 

Fıxep Point THEOREM FOR AN n-CELL. If C isa continuous mapping 
of a closed n-cell E” into itself, C has at least one fixed point {i.e., there is a 
point p € E” such that C(p) = p). 

We may obviously suppose, without loss of generality, that E” is a 
closed n-simplex 


T” = (e9-++ en). 
Let C be a continuous mapping of T” into itself and let C map the point 
p € T” with barycentric coordinates mo, ++, Ma into the point p’ = 
C(p) with barycentric coordinates m’),---, m'a (the barycentrie co- 


ordinates are with respect to the system {eo, <+ , én}). 
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Denote by A; the set of all those points p € T” for which m’; < m,. It 
is clear that every set A; is closed. We shall prove that the sets A; form a 
covering of T” satisfying the hypothesis of Theorem 2.21, i.e., that an 
arbitrary closed face [e;, --- e] of T” is covered by the sets An, +, 
A,,. Let p be an arbitrary point of the closed face [en --- e:,]. Then 
Mia Hooe m, = 1 > ma +--+: + mi, whence it follows that 
M'i < mi, for at least one t . Therefore p € Ai, . 

Hence Theorem 2.21 can be applied to the sets A; to yield a point p 
contained in every set A,;. 

For this point p 


Mo S< Mmo, °°: , Ma 
Hence, in virtue of the conditions 
mit o tm = mt Aml OK<m',, 
it follows that 
M'o = Mo, e, Mn = Mn. 


In other words, C(p) = p, q.e.d. 


Chapter VI 
INTRODUCTION TO DIMENSION THEORY 


All the concepts introduced in J, 8 are presupposed in this chapter. 

The definition of dimension was given in I, 8.4. The basic theorem with- 
out which the very concept of dimension would have no right to existence, 
namely Brouwer’s theorem that the dimension of a closed simplex is equal 
to its dimension number, was proved in Chapter V. It is easy to deduce 
from this theorem (V, Preliminary Remarks) that the dimension of a poly- 
hedron is equal to the dimension number of an arbitrary triangulation of 
the polyhedron. This to some extent justifies the general concept of dimen- 
sion. However, only to some extent; the introduction of a new fundamental, 
and not merely serviceable concept, is justified only if it substantially 
clarifies some sufficiently important branch of mathematics, and does not. 
serve merely to prove one or two theorems. The concept of dimension 
fully justifies itself in this respect: the dimension theory developed in the 
last quarter of a century represents an integral part, geometric in content, 
of general topology. It has provided a deeper insight into various geo- 
metric properties, not only of compacta, but to some extent of their arbi- 
trary subsets as well. 

The full development of dimension theory is achieved only in the so 
called homology dimension theory, which is not presented in this book: 
it is based on certain theorems of the combinatorial topology of polyhedra 
which are not adduced here. We shall therefore be compelled to restrict 
ourselves to the first fundamental theorems of dimension theory, i.e., to 
give an introduction to this theory and refer the reader to deeper studies 
of the modern theory in the journal literature. (In addition to the classical 
papers of Brouwer [a] and Urysohu [a], and Menger’s book [M], see Aleksan- 
drov fb, d]. A systematic account of dimension theory, with an introduction 
to the geometric theory, is to be found in THurewicz-Wallman [I-W)].) 


$1. Theorems on e-displacements and imbedding in R” 


§1.1. Definition of «-mappings and e-displacements. Outline of the 
section. 

DEFINITION 1.11. A continuous mapping C of a compactum YN into a 
eompactum Y is ealled an e-mapping if the inverse image C! (y) C X of 
every point y of Y has diameter <e. 

DEFINITION 1.12. Let the compactum X be a subset of a metric space 
R. A continuous mapping C of X into R is called an edisplacement of the 
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compactum X in the space R if p(x, Cx) < efor every x € X. If an e-dis- 
placement C maps two points x and z’ of X onto the same point y, then 


p(z, z’) < p(x, y) + ply, 2’) < e +e = 2e. 


Hence the diameter of C™°>(y), equal (in view of the compactness of X ) 
to the maximum of p(z, 2’) forx € C~ (y), 2’ € C '(y), is less than 2e. Hence 
1.13. An e-displacement C of a compactum X is a 2e-mapping of X onto 
C(X). 
EXAMPLE. Let X be the Hilbert parallelotope (J, 2.3). Let us assign to 
every point 


T= (t1, , In, tt) EX 
the point 
C(x) = (t1, >, 2%,,0,0,0,---) EX. 


The resulting mapping C of the Hilbert parallelotope onto an n-dimen- 
sional rectangular parallelotope is a (1/2”')-displacement. Therefore: 

1.140. For every e > O there is an e-displacement of the Hilbert 
parallelotope onto a polyhedron, namely a finite-dimensional parallelotope. 

Hence: 

1.141. Every closed subset of the Hilbert parallelotope can be mapped 
into a polyhedron by means of an e-displacement for every e > 0. 

Since all compacta are homeomorphic to subsets of the Hilbert parallelo- 
tope, it follows easily from 1.141 that: 

1.142. A compactum can be e-mapped into a polyhedron for every e > 0. 

Exercise. Prove that a closed subset of Hilbert space can be mapped 
by an e-displacement for every e > 0 into a polyhedron (and in general 
into a closed bounded set of a finite-dimensional Euclidean subspace of 
Hilbert space) only if it is a compactum. Prove the analogous proposition 
for «mappings (instead of e-displacements). 

OUTLINE OF THE First Section. The first fundamental purpose of this 
section is to prove the following proposition: 

THEOREM 1.4 (Theorem on e-mappings). Let ® be a compactum. For every 
e > 0, ® can be -mapped onto a polyhedron; in this connection, if dim ẹ = n, 
then ® can be e-mapped for every e onto an n-dimensional polyhedron and, for 
sufficiently small e > 0, cannot be e-mapped into any polyhedron of dimension 
<n. If the compactum ® ts a subset of Hilbert space or of a Euclidean space, 
these e-mappings can be realized by e-displacements for every e. 

The proof will proceed in the following order: 

First. we shall prove that for every n-dimensional compactum ® there 
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exists an e = e(@) such that every compactum which is the image of ® 
under any e-mapping has dimension >n (Theorem 1.16). The proof of 
this theorem is based on Lemma 1.15. 

Next, we shall prove that the existence of an e-mapping of the com- 
pactum ® into a polyhedron II implies the existence of an e-mapping of 
@ onto a polyhedron Ip © II. 

This transition from mappings into a polydedron to mappings onto a 
polyhedron is made very simply by means of ‘a retraction (1.2), Along the 
way we shall prove the important Theorem 1.25 characterizing n-dimen- 
sional compact subsets of R”. 

The central part of the proof consists in constructing for every « > 0 
an e-mapping of the given n-dimensional compactum into an n-dimensional 
polyhedron. This is done in 1.3 and 1.4 by means of the so called barycentric 
mappings. 

Finally, it remains to be proved that if is a subset of Hilbert space or 
of Euclidean space R”, the e-mapping is realized by an e-displacement. 
This is easily achieved in 1.5 (since the proof is based on IV, 3.1, Remark 
2, and consequently makes use of properties of convex polyhedral domains 
not proved in this book, we accordingly give several weakened formula- 
tions independent of propositions not proved here). The method of proof 
consists in constructing for every continuous mapping C of the compactum 
® into the given space R” a “barycentric mapping Ce” (see above) into a 
polyhedron of the same dimension as ®, differing from C by as little as de- 
sired. 

If C is the identity mapping, C. is an e-displacement. 

These barycentric approximations to continuous mappings also lead 
to the solution of the second basic problem of this section, namely to the 
proof of Theorem 1.6, which asserts that every n-dimensional compactum 
is homeomorphic to a (closed and bounded) subset of R’”*': it turns out 
that the barycentric mappings approximating a given continuous mapping 
of an n-dimensional compactum ® into R”, where m > 2n + 1, sufficiently 
well, are «mappings. Hence for every e the set of all «mappings of an n- 
dimensional compactum ¢ into an m-dimensional closed solid sphere 
E”, m> 2n + 1,is dense in the space €(@, E™) of all continuous mappings 
of è into E”. 

Since €(@, Æ”) is a complete metric space and the e-mappings form an 
open set in €(@, Æ”), it follows easily that topological mappings of ® into 
E” not only exist but even form a set dense in €(, E”). This will prove 
Theorem 1.6 and the stronger Theorem 1.63. 

Lemma 1.15. Let C be an e-mapping of a compactum X into a compactum 
Y. There exists a positive number n such that every set B C Y of diameter 
<n has an inverse image C'(B) of diameter <e, 
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Proof by contradiction. Suppose such an 7 does not exist. Then for every 
natural number n there is a set B, in Y of diameter <1 /n whose inverse 
image A, = CBr) has diameter >e. 

Let z, and z’, be points of A, for which 


P(tn , 2'n) = (Az) > € 


Passing, if necessary, to subsequences, we may suppose that the sequences 
{£n} and {z'n} converge to points z € X anda’ € X, respectively. Since 
p(Cxn, T'a) < 1/n, Cx = Cx’ = y; on the other hand, p(z, x’) > «e, which 
contradicts the fact that C is an «mapping. 

Let us apply Lemma 1.15 to the proof of the following im- 
portant proposition: 

1.16. Let the dimension of a compactum ® be equal to n. There exists an 
e = e(t) > O such that every compactum &' which is the image of $ under 
an e-mapping has dimension >n. 

Proof. Choose an e such that the compactum # has no closed ¢-covering 
of order <n. Let 


= C@), 


where C is an e-mapping. Let us define a number 7 for this e-mapping 
as in 1.15., and take any closed 7-covering 


= [A eG AS} 


of the compactum %’. Then the sets A; = C”’(A’;) form an e-covering a 
of the compactum © whose order is equal to the order of the covering a’. 

By the definition of «, the order of the covering a is in any case >n + 1; 
the same is true for the order of the covering a’. Hence every 7-covering 
of the compactum ©’ has order >n + 1, whence 


dim # > n. 


§1.2. Retraction. 

1.21. RETRACTION THEOREM. Let © be a closed subset of a polyhedron 
II and let K be a triangulation of TI. There exists a subcomplex K’ of K and 
a continuous mapping C of the compactum ® onto the polyhedron || K’ || with 
the following property: if x E€ ®, there is a simpler T € K whose closure con- 
tains both points x and C(z). 

Proof. Let Ti, +--+, T, be all the simplexes of K containing points of ẹ 
enumerated in an order such that the dimension of 7:4; does not exceed 
the dimension of 7’; . 

Setting o = &, let us denote by Co the identity mapping of Po and sup- 
pose that the set p; and the mapping C; have already been defined. If 
Tiy © O;, set iyı = P; and denote by C+ the identity mapping of Ẹ; . 


174 INTRODUCTION TO DIMENSION THEORY [CH. VI 


If Tipi ¢ ®;, take a point 0:41 € Tigi: \&: and denote by Ciy41 the retrac- 
tion of $; onto iN Tip , defined on &; \, Tin as the identity and on #; n 
Tı as the central projection of 6; n Tip from the point o:41 into that 
part of the boundary 741 \. Tin of Tipı which is contained in 4;. Let 
a = Ci4i(@;). Proceeding in this way step by step, we finally arrive at 
a compactum ®, , which is the body of some subcomplex K’ of K, and a 
mapping 
C= CC e Co, 


which is easily seen to be the desired mapping of @ onto the polyhedron 
| K' |] = &,. 

1.22. Let ® be a closed subset of a polyhedron II; for every e > O there exists 
an e-displacement C of the compactum ® into the polyhedron II which maps 
® onto a polyhedron II’, the body of some subcomplex K’ of some triangulation 
K of ®. 

To prove this, it suffices to take a triangulation K of the polyhedron II 
of mesh <e, and to apply Theorem 1.21. 

From 1.141 and 1.22 it follows that: 

1.23. Every compact subset of the Hilbert parallelotope can be mapped 
onto a polyhedron by means of an e-displacement for every e > 0. 

From 1.142 and 1.23 it easily follows that: 

1.24. Every compactum can be e-mapped onto a polyhedron for every 
e> 0. 

1.25. In order that a compactum © in R” contain interior points (relative 
to R”) it is necessary and sufficient that 


dim ® = n. 
Indeed, since @ C R", 
dim @ < n; 


if @ contains interior points relative to R” and consequently some n-di- 
mensional simplex T”, then dim ¢ > dim T” = nso that dimë = n. 

Now suppose that the compactum ® C R’ does not contain any interior 
points. 

Since @ is a closed bounded set in R”, there exists a simplex T” D ®. 

Take a triangulation K of the closed simplex 7” of mesh less than a 
given e. Since # does not contain any n-simplex, in particular, any n-simplex 
of the triangulation K, each of the n-simplexes T”; € K contains a point 
o; not belonging to ®. Let us now apply the retraction of 1.21, i.e., let us 
map the set # n T”; into 7"; \ T”: by means of a central projection from 
the point o; . Since this leaves all the points of @ contained in 7”; \ T",; 
fixed, the composite of the retractions defined in the various n-simplexes of 
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K is a continuous mapping of ® into an (n — 1)-dimensional polyhedron 
which is the union of the boundaries 7"; \. T'”; of all the n-simplexes of K. 
Hence it follows that for every e > 0 there exists an e-mapping of the 
compactum ® into some (n — 1)-dimensional polyhedron. Hence, by virtue 
of Theorem 1.16, 


dim @ < n — 1. 


This completes the proof of 1.25. 
§1.3. The barycentric mapping of a space into the nerve of an open 
covering. Let 


v = (01, 45% O3} 


be an open covering of a metric space X and let Ka be a simplicial complex 
in some R” isomorphic to the nerve of the covering w. The elements of K, 
are simplexes (perhaps degenerate) of R”. 

The union || Ka || of all the nondegenerate simplexes and the closed 
convex hulls of the degenerate simplexes of A. will be called the body of 
the complex K.a . Since Ke is an unrestricted complex, its body, in the 
sense just explained, can also be defined as the union of the closed convex 
hulls of all the degenerate and nondegenerate simplexes of Ku . 

Let us define in X the continuous functions u;, 7 = 1, 2,-:-, s, by 
setting 





u(x) = p(z, XN 0;), zE X, 


and let us construct a continuous mapping Ce of X into R” as follows: let 
x be an arbitrary point of X; the vertices a, --- , a; of K. corresponding 
to the elements 0,,--- , O, of the covering w are assigned the weights 
u(x), +++, m(x), respectively; the centroid of these masses is then, by 
definition, the point C.(x). Since the functions y;(x) are continuous, Co 
is a continuous mapping of X into R”. Let us prove that Co is a mapping of 
X into the body of K.. To this end, we note that the function u,(x) does 
not vanish only at points of the set O;. Therefore, if x € X and = is con- 
tained in O;, (0 < j < r), and only in these elements of w, then p; (£) ¥ 
0 (0 < ïj < r) and all the remaining functions p; vanish at z. 
Since x € N-o O; , Ko contains a simplex with vertices aj, (0 < j < r) 
and Ce(x) is obviously contained in the closed convex hull of the skeleton 
{a;,(0 < j < r)}. This proves the assertion. 

DEFINITION 1.31. The continuous mapping Ce of X into || Ke || just 
constructed is called the barycentric mapping of X corresponding to the 
covering w and the given choice of the vertices of the nerve K, of w. 

We shall now give several applications of barycentric mappings. 

$1.4. Theorem on e-mappings. In the notation of the preceding article, 
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let the order of the covering w be equal to r + 1. Then if n is sufficiently 
large, namely if n > 2r + 1, choosing in R” vertices a, --- , a, in general 
position yields a triangulation K,, isomorphic to the nerve of the covering 
w. Under these conditions, Theorems 1.41 and 1.42 hold: 

1.41. The inverse image of the simplex T7 = (ai, > ai) € Ka under the 
barycentric mapping Cu of X into || Ke || is 


Ce ak a a:,) = Njn00 :; X U0; , 
where U’Q; is the union of all O; for which 7 # to, =+: , 7. 


Indeed, since K, is a triangulation, the various simplexes T; € Ka are 
mutually disjoint; therefore, if a point v = Ca(x) is contained in a simplex 


(a;, +++ ai), it is not contained in any other simplex of K, ; in other 
words, m; (£) > 0 (0 < j < r) and m:(£) = 0 (i ¥ w,---, i+). But this 
means that 


T € Nj00:; N U’Q; š 


1.42. If w is an e-covering, « > 0, then the barycentric mapping Ce is 
an e-mapping of the space X into the polyhedron || Ka || , whose dimension 
is one less than the order of the covering w. 

Hence, by Theorem 1.16, it follows that: 

1.43. Every r-dimensional compactum can bé e-mapped into some r-di- 
mensional polyhedron for every e > 0 and cannot be emapped into any 
polyhedron of smaller dimension for a sufficiently small e. 

This result may be strengthened as follows: 

Let w = {01, +- , O:} be an open e-covering of order r + 1 of a com- 
pactum X of dimension r. Let the triangulation K» situated in some R” 
be isomorphic to the nerve of the covering w. Let.us consider the bary- 
centric mapping Ca of the compactum X into || Ka || ; by Theorem 1.42, 
Cə is an e-mapping into || Ke ||. Let us now subject the set C.(X) Z 
| Ko || to a retraction C’ (1.21). The result is a closed subcomplex K’, 
of Ka and a continuous mapping C’C., of X onto || K’, || . Recalling the 
definition of C”, it is easy to see that C’C., can map onto any point y of a 
simplex T’ = (aa +: a:,) of K'e only a point x € X which is mapped 
by Ca into some simplex T having T’ as a face and consequently having 
the points a;, , +--+ , Qi, among its vertices. Hence the inverse image of the 
point y € T” under the mapping C’C, is a subset of N}-00;; , sothat (C’C.) y 
has diameter <e. 

Hence . 

Every r-dimensional compactum can be e-mapped onto some r-dimensional 
polyhedron for every « > 0 and cannot be e-mapped into any polyhedron of 
dimension <r for sufficiently small «, 

In other words; 
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1.44. The dimension of a compactum ® may be defined as the least r with 
the property that for every e > O there is an e-mapping of ® onto a polyhedron 
of dimension number r. If there is no number r with this property, the dimen- 
sion of ® is infinite. 

§1.5. Barycentric approximations of a given continuous mapping of a 
compactum ¢ into R”. Theorem on e-displacements. Let C be a continuous 
mapping of a compactum ® into R” and let e > 0. Let « > 0 be so small 
that p(x, x’) < o (in®) implies that p(Cz, Cz’) < «/4 (in R”); for the rest, 
æ is perfectly arbitrary. Let 


w = {01, + , Oa} 


be an open c-covering of $. In each set O; choose a point o; ; choose mu- 
tually distinct points a; € R” to satisfy the condition 


(1.50) p(Co; j a;) < €/4 


and make them the vertices of the nerve K, of the covering w. By the 
simplexes of the complex Ke we shall again understand the simplexes 
(degenerate or not) defined by the corresponding skeletons of Ke. The 
body || Ku || of the complex Ka and the barycentric mapping Ce of ® into 
|| Ka || is defined as in 1.3. Let us call this mapping the barycentric e-ap- 
proximation of the mapping C (corresponding to the covering w and the 
choice of the vertices a;). This name is justified by the fact that for every 
x E 


(1.51) p(Cz, Cur) < e. 


Indeed, let z be an arbitrary point of $. Let On,- , O;, be all the 
elements of w containing z. Then the distance of the point z from each of 
the points 0;,, -+> , 0;, is less than a, so that the distance of the point Cz 
from each of the points Co,, , --- , Co: is less than ¢/4. In virtue of (1.50), 
p(Cz, ai) < €/2, 1 = to, --: , i, . In other words, all the points a;, , ---,, Qi, 
are contained in the interior of a sphere of radius «/2 with center Cz. The 
interior of this sphere contains the closed convex hull of {a,;,,--- , ai}. 
Hence the open sphere also contains Cex. This proves (1.51). 

Let dim ® = r. Then the covering w can be taken of order r + 1 so that 
K. is an r-complex and || K, || is the union of a finite number of closed 
simplexes of dimension <r (in virtue of IV, 3.1, Remark 2, || Kə || is an 
r-dimensional polyhedron, but we do not wish to use this fact here). 

Hence 

1.51. For every continuous mapping C of an r-dimensional compactum 
® into R” there exists a continuous mapping C of ® into a subset || Ka || 
of the given R”, differing from C by as Little as desired. || Ka || is the union 
of a finite number of closed simplexes of dimension <r. The mapping Cy 


178 INTRODUCTION TO DIMENSION THEORY [CH. VI 


can be taken as the barycentric approximation C., of the mapping C con- 
structed by means of an arbitrary sufficiently fine open covering w of ® having 
order r + 1. 

Remark. If C maps @ into the sphere Æ”, we may also assume that 
Il Ko || Z E”. Indeed, if p(C, Ca) is less than some given e, K., is contained 
in a sphere BE’) of radius p + e concentric with Æ”, where p is the radius 
of BE”. Let C’ be the similitude which takes Ey ante E”; C’ maps each of 
the simplexes of K, into a simplex contained in BE” and the union of these 
simplexes is || K’, || = C’(|| Ka ||) © Æ”. The mapping C’C, differs from 
C by less than e + e = 2e and transforms @ into || K'a || C Æ”. We note 
in this connection that if C. is a o-mapping (for some a > 0), then, since 

C is (1-1), C’C., is also a o-mapping. 

As before, let dim © = r and, in addition, let n > Or + 1. The positive 
number e is arbitrary, ¢ auficenty small: namely, p(x, 2’) < ø in ® im- 
plies p(Cz, Cz’) < ¢/4 in R”. Let a o-covering w of ® have order r + 1. 
Choosing the vertices a, ++- , a in R” in general position, we obtain an 
r-dimensional triangulation Ka . The mapping C, satisfies both (1.51) and 
the hypothesis of Theorem 1.41 (stated at the beginning of 1.4) and is 
therefore a o-mapping. 

Hence, applying the remark just made, we have 

1.52. Let C be an arbitrary continuous mapping of an r-dimensional 
compactum ® into the sphere E”, where n > 2r + 1. For every positive e and 
a, there exists a o-mapping C. of ® into some r-dimensional polyhedron 
|| K || C E” such that p(Cz, Cuz) < efor all x € &®. 

The following proposition is essential for the sequel. It follows at once 
from 1.52. 

1.520. Let n > 2r + 1. For every o > O the set of all o-mappings of an 
r-dimensional compactum ® into the closed solid n-sphere E” is dense in the 
space G(, E”) of all continuous mappings of ® into E”. 

Let us note yet another corollary of Theorem 1.52. Let C be the identity 
mapping; then the mapping C, is an e-displacement and we obtain the 
following result: 

1.521. For every r-dimensional compactum $ C R” and for every e > 0 
there is an e-displacement of & onto some r-dimensional polyhedron || K. || 
situated in the space R’"* containing the given space R”. 

Remark 1. Let R” be an arbitrary Euclidean space containing the 
r-dimensional compactum ®. If m > 2r + 1, set n = m; if m < 2r + 1, 
set n = 2r + 1. Let us choose the vertices a; € R” of the complex K,, in 
an arbitrarily given neighborhood of R” C R”. 

Let us apply Theorem 1.521 to produce an e-displacement of the com- 
pactum ® into || Ku || . Returning the vertices of K, to the space R” by 
a small displacement Ci, we obtain a mapping Cı of the polyhedron 
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|| Ku || onto the set Ci(|| Ko ||) which is the union of a finite number of 
closed simplexes [of the form C,(7), where T € Ka). 

Since these simplexes have dimension <r and at least one is an r-sim- 
plex, Ci(|| Ka ||) is an r-dimensional polyhedron (IV, 3.1, Remark 2). 
Hence 

1.522. For every r-dimensional compactum  C R” and for every « > 0 
there exists an e-displacement of ® onto an r-dimensional polyhedron CR". 

Finally, let be an r-dimensional compactum in the Hilbert parallelo- 
tope. Let « > 0 and let 


w = (01, =, Oa} 


be an open e-covering of order r + 1 of ®. 

Let C be an e-displacement of into some R”, n > 2r + 1. A barycentric 
approximation Ce of C can be chosen so that it will be a mapping of ® 
into a polyhedron || K. || C R” whose triangulation K. is isomorphic to 
the nerve of the covering w and has mesh <2e. 

The mapping Ca differs from the e-displacement C by less than «and is 
therefore a 2e-displacement. 

Finally, subjecting C.(®) S || Ka || to the retraction C’, which under 
our conditions is a 2e-displacement, we obtain a 4e-displacement C’C.. of 
® onto a polyhedron || K’, ||, K's © Ka, whose dimension is <r. For a 
sufficiently small e the dimension of the polyhedron || K'a || , by 1.16, can- 
not be less than r and hence is equal to r. 

Therefore 

1.530. For every r-dimensional compactum ® contained in the Hilbert 
parallelotope and for every e > 0 there is an e-displacement of ® onto some 
r-dimensional polyhedron. 

From what has been proved it follows that: 

1.53. The dimension of a compactum ® contained in the Hilbert parallelo- 
tope can be defined as the least number r satisfying the following condition: 
for every e > O there exists an ¢-displacement of the compactum ẹ® into the 
Hilbert parallelotope mapping ® onto some r-dimensional polyhedron. 

REMARK 2. From the proofs of the theorems of this article it follows 
that it is always possible to take for the polyhedron onto which ® is mapped 
by means of an e-displacement the body of some subcomplex of the nerve 
of every sufficiently fine open (or, by I, 8.331, closed) covering of #; the 
nerve itself must be constructed in a sufficiently small neighborhood of 
the given covering w (IV, 2.1, Remark 4). 

$1.6. Theorem on imbedding r-dimensional compacta in R 

We shall prove the following fundamental theorem: 

THEOREM 1.6. Every r-dimensional compactum is hameomorphic to a 
subset of R™*?. 


2r+1 
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The proof is based on Theorem 1.520 and on the following lemma: 

LEMMA 1.61. Let X and Y be arbitrary compacta and let e > 0; let G(X, Y) 
be the space of continuous mappings of X into Y. The set of all e-mappings of 
X into Y is open in @(X, Y). 

It suffices to prove that every mapping C’ € @(X, Y) which is sufficiently 
near [in terms of the metric in €(X, Y)] an e-mapping C, is itself an e-map- 
ping. Let us define for the number ¢ and the given e-mapping C a number 
n in accordance with Lemma 1.15 and assume that C” satisfies the in- 
equality p(C, C’) < »/2. Now let xı and z: be two points of X, mapped by 
C’ into the same point y € Y. Then 


p(Cx,, Cx) < p(Cx , C'i) + p(C’x: , C’x2) + p(C’xs , Cx) 
< n/2 +0 + 7/2 = 


whence, by the definition of n, p(£ı , £2) < e€, i.e., C’ is an e-mapping. This 
proves Lemma 1.61. 

Let us now pass to the proof of Theorem 1.6. 

‘For every natural number m denote by Tn the set of all (1/m)-mappings 
of an r-dimensional compactum ® into the (2r + 1)-dimensional closed 
solid sphere Æ”. By Lemma 1.61, Tm is an open subset of C(@, E”); by 
Theorem 1.520, I, is dense in €(@, E”). By I, 7.31, €(@, Æ”) is a complete 
metric space. Consequently in virtue of I, 7.14, the intersection of all the 
I, is a nonvacuous set Ẹ [this set is even dense in €@, E”)]. The elements of 
the set © are continuous mappings of ® into Æ”, each of which is an e-map- 
ping for arbitrary e > 0. Hence it follows that all the elements of the set 
Œ are (1-1) mappings of & into E”, and since and E” are compacta, 
all these mappings are topological, q.e.d. 

Remark 1. The proof of the following theorema is implicit in the above 
arguments: 

THEOREM 1.62. For every continuous mapping C of a compactum © of 
dimension r into the Euclidean space R”, where n > 2r + 1, and for every 
e > Q there exists a topological mapping Co such that 


p(Cz, Cor) < e 


forallxz € ®. 

Remark 2. From Theorem 1.6. it follows that among the topological 
spaces the finite dimensional compacta are characterized as those which 
are homeomorphic to closed bounded subsets of Euclidean spaces. 


§2. Theorem on essential mappings 


§2.1. Definition and statement of the theorem. Let C be a continuous 
mapping of a compactum ® onto a closed n-cell Æ” with boundary S*™ = 
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E” N E" [V, Theorem 3.16 (in the sequel Æ” will be either a closed n-sim- 
plex or a solid n-sphere)]. Let $, denote the inverse image of 8%! under 
the mapping C, i.e. the set of all points of # mapped by C into S”. The 
mapping C is said to be essential if every continuous mapping C; of & into 
E” coinciding with C on ® is a mapping onto E”. 

This definition implies that if C is not an essential mapping, there exists 
a continuous mapping C, of ® into Æ” coinciding with C on ® such that 
some interior point o of E” is not contained in C,(). [Indeed, if the entire 
interior E” of Æ” were contained in C,(), then, since Ci(@) is closed, we 
would have C\(®) = Ë", i.e., Cı would be mapped onto E”.] 

This definition of essential mappings is very simple but not very intui- 
tive: the intuitive meaning of essential mappings is clarified in the very 
best way by the following remark: 

2.11. Let us call a deformation Cs of a mapping C = Cy ,0 < 6 < 1, for 
which all the mappings Ce coincide with the mapping C on ® , an admissible 
deformation. The mapping Co is inessential if, and only if, there is an ad- 
massible deformation of Co into a mapping C, such that 


Ci@) S 8”. 


Proof of 2.11. Without affecting the generality of the proof, we may as- 
sume that E” is a solid sphere bounded by S””. 

If an admissible deformation C exists, the mapping Cp is obviously 
inessential in the seuse of the definition given at the beginning of this 
article. 

Now let Co be inessential in the first sense. Then there exists a mapping, 
which we shall denote by C; , coinciding with Co on ©) and such that some 
point o € E” is not contained in the set Cy(). Let us note first that there 
is an admissible deformation of Co into C4 ; it suffices, for arbitrary x € © 
and arbitrary 6,0 < 6 < 3, to denote by Cex the point which divides the 
directed segment (Coz, Cx) in the ratio @: (3 — 0). 

Let us now denote by Ca, 3 < 0 < 1, the deformation of the mapping 
C; defined by a central projection of the set C:(@) from the point o into 
S"': for each x € ® and 6, 3 < @ < 1, construct the ray oCi(x), denote by 
C\(z) the poiut of intersection of this ray with the sphere S”, and by 
C(x) the point which divides the segment C:(r)Ci(z) in the ratio (@ — 3): 
(1 — 6). The resulting deformation Ca, 0 < 8 < 1, is the desired admissible 
deformation. 

We shall prove the following proposition in this section. This proposi- 
tion, as also the theorem on e-mappings (on e-displacements) proved in 
the preceding section, is one of the fundamental theorems of dimension 
theory. 

THEOREM 2.1, An r-dimensional compactum can be mapped essentially 
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onto a closed r-simplex; every continuous mapping of an r-dimensional com- 
pactum onto a closed n-cell is inessential forn > r. 

Remark 1. In particular, every continuous mapping of a segment onto 
a square (Peano curve) is inessential. 

REMARK 2. Theorem 2.1 implies that the dimension of a compactum ® 
may be defined as the maximum r for which it is possible to map ® essen- 
tially onto a closed r-simplex or, equivalently, onto a solid r-sphere. 

§2.2. Proof of Theorem 2.1. We shall prove the second assertion of 
Theorem 2.1 first: for n > r every continuous mapping of an r-dimenstonal 
compactum ® onto an n-cell E” is inessential. Without affecting the general- 
ity of the result it may obviously be assumed that E” is a closed solid 
n-sphere. f 

Let C be a mapping of onto E”; by Theorem 1.51 (and the remark to 
this theorem) there is a mapping C., , which differs from C by as little as 
desired, of ® onto a set || K. || C E” which is the union of a finite number 
of closed simplexes of dimension <r; since r < n, the set || K, || is no- 
where dense in Æ”. Hence, if we prove the following proposition, it will 
follow that C is inessential: 

2.21. Let C be an essential mapping of a compactum ® into a solid n-sphere 
É”; there exists an «e > O such that for every continuous mapping C, of ® 
into E" differing from C by less than « [i.e., such that p(Cz, Ciz) < «for all 
zE È] there is a solid n-sphere L”, concentric with E” contained in C,(®). 

We shall prove the stronger proposition: 

2.22. Let C be an essential mapping of a compactum ® onto a solid n-sphere 
E” of radius 1 with center o. Let E”; be the solid sphere of radius } concentric 
with the sphere È”. 

Let S"™ be the bounding sphere of E” and ba = G™*(S""). 

If e < 4, then for every continuous mapping C, of ® into E” satisfying the 
condition 


p(Cr, Cir) < e forallz € &, 


we have E’, T C,(@). 

Proof of 2.22. Let e < 43; let E”, be the solid sphere of radius r with 
center o. The mapping C, by hypothesis differs from C = Cp by less than 
eat allz€ po. Let x be an arbitrary point of and 0 < 0 < 1; denote by 
Cox the point which divides the segment Co(x)Ci(zx) in the ratio 6:(1 — 6). 
Let us now construct the solid sphere Æ”, of radius r < 1 differing from 1 
by so little that for every x € © for which 


p(o, Cr) > r 


the segment C(2)C,(z) is in the exterior of the sphere E";. Denote the 
boundary of the sphere E”, by S,”*. Let us define mappings C’s,0 <6 <1, 
as follows: 
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1. If p(o, Cx) > r, extend the ray oC(x) and consider the segment A 
of this ray included between S”” and S,””" directed to the center o of the 
spheres. Then C’ex is the point of the segment C(x)Ce(x) dividing this 
segment in the same ratio in which the point Cz divides the directed seg- 
ment A. In particular, if Cr € S””, then C'ax = Cz for all 6. 

On the other hand, if Cr € S,"", Cla = Cun. 

2. If Cz is inside the solid sphere E”,, then C’sr = Cer. Since C's ob- 
viously coincides with Co = C, the family of mappings C’s is a deformation 
of the mapping C such that C’sx = Cz for all x € ®o and for arbitrary 9. 
In other words, C’s is an admissible deformation of the essential mapping 
C. Therefore all of the mappings C's are mappings of @ onto E”. A fortiori, 
the entire sphere Æ”; is contained in C’s(@) for arbitrary 6. The mappings 
C’, can take only those points of into BE”; which C maps into E’, ; but 
the mappings Ce and C’s coincide in these points. Hence C,(@) D Es. 
In particular, Ci(@) D E”;. This proves proposition 2.22 and consequently 
the second assertion of Theorem 2.1. 

Let us now go on to the first assertion of Theorem 2.1. 

Every n-dimensional compactum © can be mapped essentially onto a closed 
n-simplez. 

Proof. Let us take « > 0 so small that cannot be 2e-mapped into any 
polyhedron of dimension <n. 

Let Co be an e-mapping of onto an n-dimensional polyhedron I. Let 
us define the number 7 in accordance with Lemma 1.15 and consider a 
triangulation K” of the polyhedron II of mesh <n/2. Let T.1,-+-, TA 
be all the n-simplexes of the triangulation. Set 

6; = C'(7T")), $y; = CTN T) 
and define the mapping Co; of #; onto T”; as the mapping defined by 
Co on ®;. 

We shall prove that the mapping Co: is essential for at least one 7. Sup- 
pose the contrary; then for every 7 there exists an admissible deformation 
Ca, 0 < 6 < 1, taking the mapping Co; into a mapping Ci, of ®; into 
TiN T”: . Co: = Co on all the sets o; and hence at all the points contained 
in more than one @;, for arbitrary @ and for arbitrary t; hence setting 


Co(z) = Calz), if z € U do: 
and 
C(x) = Co(x), if rE; 


for arbitrary 6,0 < 6 < 1, we obtain a deformation Cs of the mapping 
C = Co of &, where Cı maps ® into the (n — 1)-dimensional polyhedron 
| K || = || K" IIN (Tiu -+ u T”,). The deformation Ce has the follow- 
ing property: if T € K” is the carrier of the point C,(x), then for arbitrary 
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ə and in particular for @ = 1, the point C,(z) is contained in T. Hence it 
follows that Cı can map into a given point y € T € K”” only those points 
of 6 which are mapped by Co into points of simplexes having the simplex 
T as a face; in other words, denoting by T the body of the star OxeT, 
we have 


C~) = CL). 


Since the diameter of T is less than 7, the set C(I), and therefore 
C` (T), has diameter <e,i.e., Cı is an e-mapping of ® into the (n — 1)- 
dimensional polyhedron || K” || . This contradicts the choice of the num- 
ber e. 

Hence Cy; = Co is essential on at least one of the sets ẹ; , say on ®; . Now 
assign to each vertex of the simplex T” this vertex itself; to each vertex of 
the complex K” not belonging to the simplex 7”, assign a vertex of the 
simplex T”, . This yields a simplicial mapping C” of the polyhedron II onto 
the closed simplex T”, , such that C’ is the identity mapping on T^ C N. 
Hence it follows easily that the mapping C’C is an essential mapping of 
® onto the closed n-simplex T”, q.e.d. 


§3. The sum theorem. Inductive dimension 


§3.1. Statement and proof of the sum theorem. 

THEOREM 3.1. Let there be given in a compactum ® a finite number of 
closed sets; if the dimension of each of these sets does not exceed n, then the 
dimension of their union does not exceed n. 

It suffices to prove Theorem 3.1 for the case of two sets. Hence let A, 
and A: be two closed subsets of ® of dimension <n. We shall prove that 
A = A,u Az has dimension <n. 

Hence it is necessary to prove that for aibitiry e > O there exists a 
closed e-covering of A of order <n + 1. 

Let us take an ¢-covering 


ag = {A‘,, see , A° so} 


of order <n + 1 of the set 4o = Ain Az and denote by 20 a Lebesgue 
number of the covering ay . Let 


= {A,---, A*ay} 
be a closed o-covering of order <n + 1 of Ay,» = 1, 2. Let 
z Ay 75% y Aw 


be all the elements of the covering a, which do not meet the set Ay . Further 
denote by A'a tee, Armas all the elements of a, which intersect 
A’, and by Åi, =, Aand all the elements of a, which intersect 
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A’; (i > 2) but do not intersect a single one of the sets A^, -+ , A'a. 
Let us set 
BY, = AN, i= 1,2,---, ud), 
and 
Bo = Ayu UA may AU: UA maa; 
i= 1,2, --+,s8(0) ; 


some of the B’; may turn out to be empty. 

The sets B°; , B’; , B’: obviously form a closed e-covering 6 of the set A. 
It remains to be proved that the order of the covering 8 does not exceed 
n + 1. To this end we note first that no B’; intersects any B’, since a point 
contained in B‘; and B’, would be contained in Ao. This is impossible since 
neither B’; nor B’, intersects Ao by definition. 

Further, ao , a1 , a are systems of sets each of which has order <n + 1; 
besides 2c is a Lebesgue number of the system a) and B°; C S(A°,, a). 
Hence it follows that there cannot exist more than n + 1 sets of each of 
the types B°;, B’,, B’; with nonempty intersection (see I, 8.331). There- 
fore, if the order of the system 8 exceeds n + 1, there exist n + 2 sets in 
8 of the form 


(3.11) By, Bs, k=1,---,4; ~=ptti,-+:,n+2, 
or of the form 
(3.12) By, Ba, k=1,--- 5 3B; L=ptil,:++,nt 2, 


with nonempty intersection. We shall prove that this is impossible. It suf- 
fices to consider one of the two cases, say (3.11). Hence suppose there 
exists a point p contained in all the sets (3.11). Since p € B’, , p is con- 
tained in some set Á`. intersecting A°;, ; in this connection, if \ = 2, 
p € A,» so that p € Az and p € B'yi, ie, Bp, n Az # 0. Hence 
B’;.,, n Ao ¥ 0, which is impossible. Hence 


H 1 n+2 1 
p E Niar irn n NB a 


ip+1 


Le., 
H 1 n+2 1 
pE Niemi A ikk N NiinA ip 


Here all the sets A'n., are distinct, since the set A'i,» meets A'i, and 
does not meet any of the sets A°;,7 < ir. Since all the Alias are also 
distinct and different from all A’,,,,, the point p is contained in n + 2 
elements of the covering a , which is impossible, 

This proves Theorem 3.1, 
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§3.2. Inductive dimension. 

THEOREM 3.21. If every point of a compactum ® has a neighborhood of 
arbitrarily small diameter, whose boundary (the boundary of an open set T 
in a topological space R is the closed set DN T) has dimension <n — 1, 
then dim ® < n. 

Proof. Given that each point p € ® has for a given arbitrarily small 
e > 0 a neighborhood O(p) satisfying the conditions 

1. 8[0(p)] < «, 

2. dim [O(p) N O(p)] < n — 1, 
it is required to construct a closed e-covering of ® of order <n + 1. 

Let us construct for every p € © a neighborhood O(p) satisfying the 
conditions 1 and 2 and choose from this collection a finite number of neigh- 
borhoods 


Qı = O(pi), aie O, = O(p.) 


covering the whole space ®. 
By Theorem 3.1 the set 


A’= (ÖN 01) u U (ÖN Os) 
has dimension <n — 1, so that there exists a closed e-covering 
a = {A’,, execs , A'a} 


of order <n of the set A’. 

Let 2s be a Lebesgue number of the system a’ (in ©). Denote by O’; a 
g-neighborhood of the set A’; in ®. 

The union of all the O’; is a neighborhood O’ of the set A’. Let us now 
put a8 


A; = 0:\ (Qu -u Oiu O’), i=1,2, 7s, 
and consider the system of sets, 
a = {A,,°--,As,041,°°+, OF}. 
Since 
Au -u Áu 0’ = 6, 


a is a (closed) covering of the space , and this covering is obviously an 
e-covering. Furthermore, since 


0; = O;U (0:0) = Ou A’ aa O;uU 0O’, 
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it follows that fori < k 
A:n A, C Õ:n [ÖN (O;u 0’)} Cc Õ:n (On \ 0;) = 0. 


Therefore the order of the covering a is at most 1 greater than the order 
of the system 0’, e, O’,, which in turn does not exceed n. Hence the 
order of the covering a is less than or equal to n + 1, q.e.d. 

Theorem 3.21 gives a reason for defining for a topological space R a 
certain new topological invariant called the inductive dimension and de- 
noted by ind R. 

By definition, the only topological space whose inductive dimension is 
equal to — 1 is the space which does not contain a single point (the empty 
set). 

Let us suppose that we have already defined every space whose inductive 
dimension <n — 1, where n is a nonnegative integer. Then we say that 
a topological space R has inductive dimension <n if for every neighborhood 
Ox of an arbitrary point x € R there is a neighborhood Oix © Ox of x whose 
boundary has inductive dimension <n — 1. 

If a space R of inductive dimension <n is not at the same time a space 
of inductive dimension <n — 1, we say that the inductive dimension of 
R is equal to n. 

Remark 1. For a metric space we can obviously insert the following 
change in this definition: 

Assuming that the spaces having inductive dimension <n — 1 have al- 
ready been defined, we say that a metric space R has inductive dimension 
<n if for every point x € R and arbitrary «e > 0 there is a neighborhood Or 
of diameter <e whose boundary has inductive dimension <n — 1. 

REMARK 2. We shall say that a space has inductive dimension <n at a 
given point x 


ind R <n 


if every neighborhood Ox of x contains a neighborhood Ox of + whose 
boundary has inductive dimension <n — 1. 
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If a space R has inductive dimension <n at a point x, but not <n — 1, 
we shall say that ind, R = n. 

Exampve 1. If R is the Cantor perfect set or the set of all irrational num- 
bers, then ind, R = 0 at each point z of R. 

2. A compactum consisting of a point o and mutually disjoint circles 
converging to o (Fig. 98a) has inductive dimension 0 at the point o. 

But if each circle is tangent externally to its successor (Fig. 98b) and R 
again consists of all these circles and of the point o to which they converge, 
then ind, R = 1. 

One of the basic propositions of dimension theory is the following: 

THEOREM 3.22 (Urysohn). If © is a compactum, 


(8.22) dim © = ind &. 
In this section we shall prove only the inequality 
(3.221) dim © < ind ©. 


This inequality is easily extended to the case of ® an arbitrary bicom- 
pactum (see Aleksandrov [e]); it is not yet known whether (3.22) holds 
for arbitrary bicompacta. 

The converse inequality dim ® > ind @ will be proved in the following 
section. 

The inequality (8.221) easily follows from 3.21. 

Indeed, for the empty set (and only for the empty set), 


ind 0 = dim 0 = —1. 


Hence ind # < — 1 implies dim < —1. 7 

Let us assume that ind $ < n — 1 implies dim ® < n — 1 and prove 
that ind $ < n implies that dim @ < n. This will also prove inequality 
(3.221). 

But if ind ë < n, then every x € @ has an arbitrarily small neighborhood 
whose boundary has inductive dimension <n — 1. Hence the dimension 
of the boundary <n — 1. Hence, by Theorem 3.21, dim & < n, q.e.d. 

COROLLARY TO THEOREM 3.22. Every compactum of dimension n contains 
a compactum of dimension r for every r < n. 

Remark. It is not yet known whether every compactum of infinite di- 
mension contains a compactum of arbitrarily preassigned finite dimension 
(problem of L. A. Tumarkin). 


§4. Sequences of subdivisions 


§4.1. Irreducible ¢-coverings. In this article we shall understand by 
covering a covering of a given compactum ®, 
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DEFINITION 4.11. A closed ¢-covering 
(4.11) a = {A,,-+-, A} 


is said to be irreducible if there does not exist any closed e-covering with a 
nerve isomorphic to a proper subcomplex of the nerve Ka of the covering a. 

Irreducible e-coverings possess certain remarkable properties which we 
shall now derive. 

DEFINITION 4.12. A closed ¢-covering a is said to be a special covering 
if its elements are the closures of mutually disjoint open sets of the com- 
pactum ®. 

4.13. Every irreducible e-covering (4.11) of an n-dimensional compactum 
® has order <n + 1. 

Proof. Denote by 2s a Lebesgue number of the irreducible covering 
(4.11), and let O; be a o-neighborhood of the set A; in ®. The covering 


(4.131) w = {0,,---, Og} 


is an open e-covering of ® similar to the covering (4.11) (see I, 8.21, 8.381): 
Now denote by 


a = {A’,, +++, A’er} 


any closed c-covering of & of order n + 1. Next denote by A”; the union 
of all the A’, which meet A; ; by A”; the union of all the A’, which meet 
A; but do not meet any of the sets Ai, +- , Ava. Then a”; C O;. There- 
fore the covering @” consisting of all the nonempty sets A”; 1s an e-covering 
whose nerve is a subcomplex of the nerve of the covering w or, what comes 
to the same, of the nerve of the covering a (because the coverings « and w 
are similar). Since the e-covering a is irreducible, the nerve of the covering 
a” is identical with the nerve of the covering a. Therefore Theorem 4.13 
will follow if we prove that the order of the covering a” does not exceed 
n+l. 
Let 


x € NjA” i ; LiL <4. 


Since no summand A’, appears as a summand of two different sums A”;, 
there exist mutually distinct elements 


Ac Ar, (<i<) 
of the covering a’ such that 

x € Nj1A's,; - 
Hence it follows that v does not exceed the order of the covering a’, i.e., 
does not exceed n + 1, q.e.d. 
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Since the nerve of every closed e-covering obviously contains a sub- 
complex which is the nerve of some irreducible e-covering, it follows from 
4.13 that: 

4.131. The nerve of an arbitrary e-covering of an n-dimensional com- 
pactum ® contains a subcomplex which is the nerve of some e-covering of 
the compactum ® of order <n + 1. 

4.14. Every irreducible «-covering a of a compactum ® is similar to a special 
e-covering a’. ` 

Proof. Let 


(4.1) a= [Aig Aa} 


be an irreducible e-covering of &. Let 2s be a Lebesgue number of the 
covering a; denote by O; a o-neighborhood of the set A;. Then 


o = (ð, E OR 
is a closed e-covering similar to the covering a. Hence for an arbitrary 
«e, ® has an irreducible ¢-covering whose elements are the closures of open 
sets. 
Let us suppose that the initial covering «œ already has this property, i.e., 
that A, = T;,7 = 1, 2, +--+, s, where T; is open. Let us introduce the fol- 
lowing notation: 


AN = Aj, A's = [AN A4]*, see A’, = [Ax N (A'^ U:-::U A'r))*, 
where [4 N A’:]*, etc., denotes the closure of the set included in the 
brackets. Obviously, 

1. A’, C Ax, 

2: A’, D Åk N (Au fone © | Ar), 

3. A’, = [Tk N (A'i U.’ U A’y-1)]*. 

Therefore the sets A’, form a closed e-covering a’ whose nerve is a sub- 
complex of the nerve A, of the covering a; the nerve of a’, in view of the 
irreducibility of a, is identical with AK, . Further, denoting by I’; the set 
of all interior points of the set A’; , we have, on the basis of property 3, 

r’ = Tr N (4^ U-::U A't), A’; = I’; y 
and fori < k 
r’: Ce\ A’; =@\ MOTEN I’;, 


which proves Theorem 4.14. 

§4.2. Subdivisions. Let us consider anew the coverings of a compac- 
tum ®. 

4.21. A closed covering is called a subdivision of the closed covering a 
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if every element of a is the union of elements of 6 and every element of 8 
is contained in exactly one element of the covering a. 

4.22. A sequence of closed coverings ai, a2,°**,@n,°** is called a 
chain of subdivisions of the compactum ® if am is an ém-covering of &, lim 
€m = 0, and for arbitrary m the covering æm+ı is a subdivision of the cov- 
ering Om. 

4.23. Two sequences of coverings of a compactum ® 


Ql, e y Qm,’ 
and 


Bi, tt, Bm, 


are said to be similar if the coverings am and Bm are similar. 
The following theorem is at the basis of all the results of this section: 
4.24. Every sequence 


(4.24) @,°**,Amyt** 


? 


where am is an irreducible em-covering of a compacium ® and lim em = 0, 
contains a sequence similar to a chain of subdivisions of ®. 

Proof. Set m, = 1 and assume that m, has already been defined. Let us 
denote by m4; the first natural number such that 2en,,, is a Lebesgue 
number of the covering am, . Denote the resulting subsequence of the se- 
quence (4.24) again by 


(4.24) QA, t, Qm,’ 


and the corresponding € by ém . 

Hence (4.24) is a sequence of irreducible em-coverings of ® where 2em+ı 
is a Lebesgue number of am . Hence, in particular, 2ém41 < €m . Moreover, 
denoting by ôm the maximum of the diameters of the elements of the cover- 
ing am, We have (I, Def. 8.33) 


(4.241) Oat er) H ôm < Deni H Ön < én. 


Let 
a= fA, Syang , Aim, Bee , As}. 


Let us assume that all the elements of the covering am are indexed in 
the form 
Ai, c+ Als) 


where [1], ---, [s(m)] denote the various combinations of m indices 
a(t), -++ , (m). 
Let 


Agni, tt Ama) 
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be all the elements of the covering am4i which meet Ai. In general let 
Awan, +++» Agree 


be all the elements of the covering am+ı Which meet Ay , but do not meet 
any of the sets Aj), °° , A- ; denote by A™ the union of the elements 
of am41 just selected. We shall prove that A™ = 0, i.e., that there are al- 
ways elements of the covering @m41 which meet A) but do not meet a 
single Ap, h < k. Indeed, the sets A™ are contained in an em4:-neigh- 
borhood of the corresponding set Ag) and consequently form an €m-Ccov- 
ering of @ whose nerve is a subcomplex of the nerve K,,, of the covering 
Qm, coinciding, in view of the irreducibility of a, , with the whole com- 
plex Ken ; whence it also follows that none of the sets -A “I can be empty. 
Let us now consider a sequence of sets of the form 


(4.242) Asay, Aimo , AiD 5 6° » AiE tm) 1°! 


Since 5(A ay. ilm) < €,/2” and A iq ilm) n A il- itm+) Æ 0, the Se- 
quence of sets (4.242) converges to a single point 24,1 (2)..-4¢m) ++ « 

The set of all points xi)... 2¢mn(m+yhim42)---, Where the indices 
a(1),-°:, am) are fixed and all the remaining indices h(m + 1), 
h(m + 2), +--+ are free to take on all the values accessible to them, is denoted 
by Biay.--i¢m - 

We shall prove several properties of the sets Biay...i¢m) . 

1. It follows from the definition of these sets that 


Bays cian) = UB.. imin : 
2. The sets Byay...im) are closed. Indeed, let 
(4.243) icy... icmyadm41ACLm42)+-- 3 T EE P a ethos, Meee 
Ti). i(myh(kim+I hlk, mt?) t 


be a sequence of points of the set Biay...icm) - 

Since each of the indices h(k, m+-1), h(k, m+2), -++ can assume only a 
finite number of values, there exists a subsequence (4.2431) of (4.248) in 
which A(k, m + 1) takes on the same value h(m + 1), there exists a subse- 
quence (4.2432) of (4.2481) in which h(k, m + 2) takes on a constant value 
h(m + 2), ete. 

The diagonal subsequence of the sequences (4.2431), (4.2432), etc., con- 
verges to the point 


Til). -imam atm) E Biais 


which proves that Bia)...itm) is a compactum and is consequently a closed 
subset of ®. 
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3. For every given fixed m the sets Biay...icm) form a closed covering Bm 
of ®. 

Indeed, let x be an arbitrary point of ®. 

Choose sets 


(4.244) Away , Aia DiD yy Al idmil,m)--il(m,m) pie? 


to satisfy the condition that the point x be contained in each of these sets 
and argue as in the proof of 2. We obtain a subsequence (4.2441) of the 
sequence (4.244) in which the first index 7(1, m) assumes a constant value 
i(l), next a subsequence (4.2442) of the sequence (4.2441) in which the 
second index assumes a constant value 7(2), etc. As a result we obtain a 
sequence of natural numbers 


a(1), 1(2), ++» , a(m), «++ 


and the sequences (4.244), (4.2441), (4.2442), --- , (4.244), --- of which 
each (except the first) is a subsequence of the preceding, and which are 
such that all the. elements in (4.244m) have as their first indices 
i(1)i(2) --- i(m). The diagonal subsequence, as is easily seen, converges 
to the point 27) i2)---i¢m)--. , and since all the elements of this diagonal sub- 
sequence [as elements of the sequence (4.244)] contain the point x, it fol- 
lows that x = TUDE ime ; SO that 


T € Biaj. -im ë 


4. Since Bim ...içm) is contained in a (J k-m+164)-, i.e., in a 2empneigh- 
borhood of the set Aia)---itm) E @m , Where 2€m41 is a Lebesgue number of 
the covering am, Bm iS an €,-covering of ®, having (as a consequence of the 
irreducibility of am) the same nerve Kg, = Kan as the covering an . Hence 

The covering Bm is an irreducible em-covering similar to the covering am . 

Let us denote by Tyay...icm) the set of those points of Biaj.. -itm Which 
are not contained in any element of the covering m different from Byy...¢m . 
The irreducibility of the covering 8» implies that the set Tii .-..:m) 18 non- 
vacuous (since if Tya..-icm) Were empty, deleting the element Bir)... icm 
from m Would yield an em-covering §’m Whose nerve is a proper subcomplex 
of the complex Kg,,). Since Ty)..-icm 18 the difference between ® and the 
union of all the elements of the covering m different from Biy...icm) , 
Tan- --i¢m) 18 an open set consisting of all the points x € ẹ with the following 
property: for every point z represented in the form 


t = TRO) + +h(m)h(m4l) +++ ) 
h(1) = (1), --- , h(m) = im). Hence it follows at once that: 


(4.245) Dia- -ilmhtmt) hemn) GS. Diei) 
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Now let z be an arbitrary point of Biaj--.i¢n) and let e be an arbitrary 
positive number. Let us take n so large that em4, < €. The point x is con- 
tained in some B,aj.-.im)himt1)---A(m+n) ANd consequently is at a distance 
< eman < € from Tim---imhm+) -hmt By (4.245) it follows that 
p(x, Tsay. -s¢my) <L e. Since e is arbitrary, T € Dia) ---i(m) . Hence 
Biay.--m = Dim .--im) « Since two different sets Dia- -im (for the same m) 
are disjdaint by definition, it follows that 

5. All the coverings Bm are special coverings. ‘ 

Property 5 implies that no element of the covering Bm41 can be contained 
in more than one element of the covering Bm». Since, on the other hand, 
Biay--iamitmayy G Big). and every Bia... is the union of the 
Biay.--iqm iim) Contained in it, it follows that 

6. The covering Bm+1 1s a subdivision of the covering Bm . 

The verification of all these properties of Bm proves Theorem 4.24. 

Let us now assume that dim ® = r; then all the coverings 6» have order 
<r + 1. Assuming that « is sufficiently small, we can regard the order of 
all the Bm as equal to r + 1. The elements of the covering Bm will now be 
denoted by B”; . 

7. Each of the coverings m has the following property: the intersection 
of any p + 1 elements B”, --- , B”, of the covering Bn, 0 < p < r, has 
dimension <r — p. 

Proof. Given « > 0, it is required to find a closed e-covering of order 
<r — p + 1 of the compactum B = B™%n---n B”,. Let us take the 
natural number » so large that e < «e Denote by B"x, k = 1,°°+, Si, 
all the elements of the covering 6, contained in a given B”; € Bm. Let 
us set 


Er = Bun Bn -e n Bp, k=1,:-++,80, 


and prove that the sets E, form the desired e-covering of the set B. The 
sets J’, are closed and their diameters are <e by definition. We shall prove 
that every point x € B is contained in at least one E; . Since x € Bo, x 
is contained in at least one B” . Moreover, x is contained in all of the sets 
B”;,i = 1,--- , p. Hence z is contained in some E, . Therefore the sets 
E, form a closed e-covering of B. It remains to be proved that this covering 
has order <r — p + 1. Let the point x € B be contained in Ei, -e , Æ. 
It is necessary to prove that » < r — p + 1. Since x € B”; for 
alli = 1,-:-, p, there is a set B”; containing the point x for each 
i(1 < i < p). Moreover, z € B”un -++ n By. Since all the sets B" x, , 
i = 1,- , p, and B”, k = 1,---, v, are mutually distinct elements of 
the covering 8, having orderr+1,p+rv<rt+lie,»<r—ptl, 

q.e.d. 

Let us sum up the propositions proved above. 
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THEOREM 4.25. Let © be an r-dimensional compactum. Then it is possible 
to construct a chain of subdivisions 


(4.25) E re ee oe 


consisting of coverings Bm of $ with the following properties: 

a) Every Bm ts a special irreducible em-covering of order r + 1. 

b) The intersection of any p + 1,0 < p < r, elements of the covering Bm 
has dimension <r — p. 

We shall deduce from this the following important proposition. 

4.26. Every point of an r-dimensional compactum & has an arbitrarily 
small neighborhood whose boundary has dimension <r — 1. 

Proof. Let « > 0 be given. Take an m such that 2em < e. For a given 
point xz € ẹ define the neighborhood Onz as the difference between ẹ and 
the union of all the elements of the covering 8, which do not contain the 
point z: 


Onc = @\ UB", 2¢€ BY. 


The closure of the neighborhood O,,27 is contained in the union of all the 
B”; € Bm Which contain x. Hence its diameter is <2e, < e. The boundary 
of the neighborhood Omz is, on the one hand, contained in the union of all 
the B"; € Bm containing x and, on the other hand, in the union of all 
B™, € Bm Which do not contain z. In other words, the boundary of Omg is 
contained in the union of all sets of the form B”; n B”,, where B”; € Bn 
contains x, but B”, € Bm does not contain x. Since each of the sets B”;n B”, 
has, by virtue of 4.25, dimension <n — 1, it follows from Theorem 3.1 
that the dimension of their union, and hence also the dimension of the 
boundary of the neighborhood O,, is <n — 1, q.e.d. 

It is easy to infer from Theorem 4.26 that: 

4.260. Let A be a closed set of an n-dimensional compactum $. For every 
neighborhood OA of the set A C ®, there exists a neighborhood OA of A con- 
tained in OA whose boundary has dimension <n — 1 (and is also contained 
in OA). 

Proof. For every x € A let Ox be a neighborhood of x satisfying the cou- 
ditions i 

‘Ox C OA, dim (Oz \ Ox) < n — 1. 

Since A is a compactum, we can choose a finite number of these neigh- 
borhoods O; = Ox, +- , O, = Oz, , covering the whole set A. The union 
of these neighborhoods is a neighborhood O,. of A, where the boundary 
of 0,A is contained, as is easily seen, in the union of the boundaries of the 
neighborhoods 0,,-:: O.. Hence the boundary of 0,4 has dimension 
<n — 1. Since 0;A C OA, the proof is complete. 
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Let us derive the inequality 
(4.261) ind ¢ < dim® 


from Theorem 4.26. This will conclude the proof of Theorem 3.22. 

If dim ¢ = —1 (ie., dim ¢ < —1), @ = 0, so that ind @ < —1. Let 
us assume as proved that dim ® < n — 1 implies ind # < n — 1; we 
shall prove that dim ® < n implies ind # < n; this will also prove (4.261). 

If dim @ < n, then, by Theorem 4.26, for each x € ẹ there exists an 
arbitrarily small neighborhood whose boundary has dimension <n — 1. 
Consequently, by hypothesis, the inductive dimension is also <n — 1. 
But then, by the definition of inductive dimension, ind @ < n, q.e.d. 

Let us derive from Theorem 4.25 yet another important proposition. 

Let us say that a mapping C of a set X onto a set Y has order n if the 
inverse image C‘(y) consists of no more than n elements of X for every 
y € Y and if C™(yo) contains exactly n elements of X for at least one 
yo E Y. 

Theorem 4.27. Every compactum ® of dimension n without isolated points 
can be represented as the image of the Cantor perfect set under a continuous 
mapping of order n + 1; conversely, every compactum which is the image of 
the Cantor perfect set under a continuous mapping of order n + 1 has dimen- 
sion <n and does not contain isolated points. 

We shall prove the second part of the theorem first. Let the compactum 
& be the image of the Cantor perfect set P under a continuous mapping C 
of order n + 1. Let us divide P into two pieces (by a piece of the Cantor 
perfect set we mean its intersection with an arbitrary segment of the real 
line whose endpoints do not belong to P; we shall consider only non-empty 
pieces) Pı and P» of diameter 3, then each of these into two pieces Pu 
and Pi. of diameter 4, etc. 

The images Byay...im) = CPia---itm of the pieces Piaj-..im) (for a 
given m) form an ém-covering Bm of , where lim em = 0. If, for a given m, 
a point x € # is contained in » distinct elements Bia) ...icm) Of Bm, then v 
distinct pieces Pia) -- -im contain a point of the inverse image C~} (z). Since 
C is a mapping of order n + 1,» < n + 1, i.e., the order of each of the 
coverings m does not exceed n + 1. Consequently 


dimë < n. 


If & were to contain an isolated point x, then C ‘x would be an open set in 
P and since there are no finite (even countable) open sets in P, C could 
not be of finite order. 

This proves the second half of Theorem 4.27. 

Let us prove the first half of Theorem 4.27. Let © be an n-dimensional 
compactum without isolated points. 
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Let us construct a chain of subdivisions 


(4.27) Big Bis 88 Bagot 


for ® satisfying all the conditions of Theorem 4.25 and, moreover, the fol- 
lowing additional condition: the covering £, contains at least two elements 
and for arbitrary m the diameter of each element of the covering Bm+ is 
less than one half the minimum of the diameters of the elements of the 
covering Bm . Since all the Bm are special coverings and & has no isolated 
pots, m has no degenerate elements, so that the diameters of all the 
B” iqy..-itm) E Bm are different from zero and the supplementary condition 
can be fulfilled. 

This condition implies that each B”yq)...im) E Bm contains at least two 
sets Pee enD E Bmp. 

Let us now divide the Cantor perfect set P into the same number of 
mutually disjoint pieces Pia) of diameter <3 as the number of ele- 
ments Bia) in the covering £, . Since the diameter of P is equal to 1 and 
the number of necessary pieces is >2, the requirement that 6(Pigy) < 
3 is fulfilled. 

Suppose that for a given m the Cantor set P has been divided into 
mutually disjoint pieces Pyq)...i¢m) of diameter <1/2” corresponding 
(1—1) to the ‘elements of the covering Bm. Let us divide each piece 
Piy..-;¢m) into the same number of pieces of diameter <1/9°"* as the 
number of elements in the covering Bm contained in Biy)...icmy. Hence 
the pieces Pjq)...i¢m) are constructed for any m. Assign to each point 


¿= Pio n Pioio n:n Psqyiay.--i¢m nN: 
of the set P the point 
T = C(E) = Bio n Bia iy nee A Biayiay---i¢m) nN: 


of the compactum ®. It is easy to see that this assignment is a continuous 
mapping C of P onto ®. If C maps » distinct points &, -+-+ , & of P onto 
the same point of &, let m be such that no two of the points & , ++- , & are 
contained in the same set Piq...;¢m. Then the point x = Ch) =- = 
C'(,) is contained in v elements of the covering m . Since all the coverings 
Bm have order < n + 1, » < n + 1, i.e., the order of the mapping C does 
not exceed n + 1, q.e.d. 

Exercise. Prove the following theorem: 

Every compactum ® of dimension <n is the image of a closed subset of the 
Cantor perfect set under a continuous mapping of order <n + 1; conversely, 
all the compacta which are images of closed subsets of the Cantor perfect set 
under continuous mappings of order <n + 1, have dimension <n. 

In other words, the dimension of a compactum ® can be defined as the 
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least number n satisfying the following condition: there exists a continuous 
mapping of order n + 1 of a closed subset of the Cantor perfect set onto the 
compacium ®. 


§5. Some applications to topological manifolds and polyhedra 


§6.1. The case of topological manifolds (in particular R” and S”). Let 
M” be a closed topological 2-manifold. We know that dim M” = n, so 
that ind M” = n. Therefore, there exists a point x € M” for which 
ind," = n. But since all the points 2 € M” have homeomorphic neigh- 
borhoods, it follows that for an arbitrary a € M”, ind," = n. In partic- 
ular, 

ind,S” = n 


and , 
ind,” = n 
at an arbitrary point z € S”, x € R”, respectively. Hence 
5.11. Every topological n-manifold has inductive dimension n at each 
of its points. 
This implies the following theorem: 


5.120. No compactum of dimension <n — 2 separates the space R”. 
Proof. Let us assume that a compactum ® of dimension, <n — 2 sepa- 
rates R”. 


Let T be a bounded component of the open set R”N ® and p any point 
of the domain T. Let E” be a solid sphere with center p and of sufficiently 
large radius to contain & in its interior. Let é” be a solid sphere of radius e, 
e > 0 arbitrary, with center at the origin o of R”. 

Let us map the sphere E” onto the sphere é” by means of a similitude. 
Then the domain F is mapped into a domain y containing the point o and 
the compactum # is mapped into a compactum ¢ of dimension <n — 2. 
Here y and ¢ are contained in the interior of the sphere g” and the boundary 
of the domain y is contained in . Consequently the boundary of y has 
dimension <n — 2. Since y is a neighborhood of the point o having diam- 
eter <2e, and eis arbitrary, ind,R” <n — 1, which contradicts Theorem 
5.11. This contradiction proves Theorem 5.120. 

Theorem 5.120 in turn implies 

5.12. A closed solid n-sphere E” is not separated by any compactum. of 
dimension <n — 2. 

Indeed, suppose that the closed solid n-sphere E” is separated by a 
compactum ® of dimension <n — 2. With no restriction on generality, 
we may assume that ẹ does not contain the center o of the sphere. 

Our assumptions imply that 


E” = Au@uD, 
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where A, $, D are mutually disjoint and A and D are nonempty open 
subsets of Æ”. For definiteness let o € A. An inversion maps the sphere 
S" = E*N E” onto itself, the open sets AN o and D into A; and D,, 
respectively, and the closed set ® into a closed set ©, ; here 


R” = (Au Ai) u @ vu) u (D u D). 
It is easy to see that 
AuA,, $ uğ, D u D; 


are mutually disjoint and that A u A,, D u D; are open and nonempty 
so that the compactum © u 4, separates the space R”. This is impossible 
since dim 4; = dim ¢ < n — 2 and, by Theorem 3.1, dim @u &,) is 
also <n — 2. This proves Theorem 5.12. 

5.13. No n-dimensional topological manifold M” is separated by a com- 
pactum of dimension <n — 2. 

Proof. For every point p € M” let U(p) be a neighborhood of p homeo- 
morphic to R”. Let C be a homeomorphism of R” onto U(p) and let C 
map a closed solid sphere E” C R” onto V(p) c U(p), where V (p) = C(E"). 
Hence we obtain for each point p € A” a definite neighborhood V (p) 
homeomorphic to R”, where V(p) is homeomorphic to a closed solid sphere. 
We can choose a countable, and in the casc of a closed manifold Jf” even 
a finite, set of these neighborhoods V(p) whose union is Af”. 

Let these neighborhoods V(p) be 


(5.13) Vig Vay eg Vig 


Since Jf” is connected, the system of sets (5.13) is chained by I, Theorem 
3.18. 

Now let # C M” be a compactum of dimension <n — 2. Each of the 
sets 6 a V; is nowhere dense in Ñ; by Theorem 1.25. Consequently, the 
system of sets 


PiN ð, V2\ 8; vey JN ð, re 


is also chained. Each of the sets V; \, & is connccted by 5.12 so that by I, 
Theorem 3.15, the union of the sets V; N &, i.e., the set 412” \ 4, is connected. 

In particular, 

5.131. No domain of the space R” is separated by a compactum of dimen- 
ston <n — 2. 

§6.2. Strong connectedness. 

DEFINITION 5.21. A compactum ® of dimension n is said to be strongly 
connected if no closed set of dimension <n — 2 separates ® (strongly con- 
nected n-dimensional compacta were introduced by Urysohn under the 
name of Cantorian manifolds). 
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From this definition and Theorem 3.22 it follows immediately that: 

5.22. If ® is a strongly connected n-dimensional compactum, then 
ind- = n for every point x E ®. 

In view of the results of the preceding article, all closed topological 
manifolds such as the closed solid n-sphere and the compacta homeo- 
morphic to it are examples of strongly connected compacta. It is left to 
the reader to prove that the closure of every domain of a given closed lopo- 
logical manifold is a strongly connected compactum. 

Remark. The following theorem whose proof will not be given in this 
book is valid: 

THEOREM of Hurewicz-Tumarkin. Every n-dimensional compactum con- 
tains a strongly connected n-dimensional compactum. 

Let us now go on to consider strongly connected polyhedra. 

DEFINITION 5.23. A finite sequence of n-simplexes 

Tia ea ts 
of a given simplicial complex K is called a chain of simplezes of K (more 
precisely: a chain connecting the simplexes T”, and 7”, in K), if the 
simplexes T”; and T";41, 7 = 1, 2,---,s — 1, have a common (n — 1)- 
face in K. 

DEFINITION 5.24. A simplicial n-complex K is said to be pure if each of 
its simplexes is a face of an n-simplex of K. A pure n-complex K is said 
to be strongly connected if every two n-simplexes of K can be connected 
by a chain of n-simplexes in K. 

5.251. If a triangulation K is a strongly connected n-complez, || K || is a 
strongly connected n-dimensional polyhedron. 


Proof. Let T",,--- , T”, be all the n-simplexes of the complex K. Then 
since K is pure, 
(5.251) | A || = Tu---u 7’. 


Let C || K || be an arbitrary closed set of dimension n — 2. If T” is an 
arbitrary (n — 1)-simplex of K, 


TP Nb = 0; 


it easily follows from this and the strong connectedness of A that the 
system of sets 


TNE, +--+, TUK 
is chained. Then (by I, 3.15) 
| Kl] NE = (T1\e@)u---u (7, \ 28) 


is connected. This proves the assertion. 
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5.252. Every triangulation K of a strongly connected n-dimensional poly- 
hedron ® is a strongly connected complex. 

Indeed, from 5.22 it follows first that A is a pure complex. Suppose that 
K is not strongly connected. Then there exist two n-simplexes T" € K, 
T”: € K which cannot be connected by any chain in K. Denote by Q, the 
set of all n-simplexes of K which can be connected by chains with 7”, ; 
let Q: be the set of all the remaining n-simplexes of K; both sets Q, and 
Q: are nonempty (since 7”, € Qi, T”? € Qe). The combinatorial closures 


k, =/Q| and Ke = | Q| 


are closed subcomplexes of the triangulation K whose intersection Ko has 
dimension <n — 2. Since K = K,u Ke, 


I| K || = || Ki llv |] Ke | 


and 


IKINI oll = KAN I] Koll Du EIN Il Ko l). 


Since |! Ky || N || Ko |! and || Ke !|N || Ko || are disjoint nonempty open 
subsets of the polyhedron || K ||, || K || is separated by the polyhedron 
|| Ko || of dimension <n — 2, which contradicts the strong connectedness 
of || K ||. 

Hence 

5.25. Strongly connected polyhedra can be defined as the bodies of strongly 
connected triangulations; if one triangulation of a polyhedron ® is strongly 
connected, then every triangulation of every polyhedron homeomorphic to ® 
has the same property. 


Appendix 1 
N-DIMENSIONAL ANALYTIC GEOMETRY 


Preliminary remarks. Certain definitions and theorems of n-dimensional 
analytic geometry applied in the book are collected in this appendix. It is 
assumed that the reader’s knowledge of this subject approximates the con- 
tents of the book of Schreier and Sperner [S-S]. Many of the proofs are 
accordingly left to the reader. 

We shall use vector notation for calculations involving points of n-space. 

If a and b are points of the Euclidean n-space R” with coordinates a, 
a, >>, a and fi, B,--:, Bn, respectively, then a + b is the point 
with coordinates 


ar Bt, aa + b2, t, An HBn. 
Furthermore, Xa is the point with coordinates 
Ce Ce oe Cae 
We shall denote the number [$ iia; ] by |a]. Then the distance be- 
tween the points a and b is 
pla, bd) = |a— b]. 
The triangle axiom may now be written as 
|c-a|<|e—b|+]b-a|], 
or, replacing c — b by a and b — a by b, 
lat+b|<|a]+ |b]. 


Moreover, 
[Aa| =|A|- [a]. 
This relation combined with the triangle inequality yields 
| Dares] < Lac - lal. 
§1. The space R” and planes in R” 

§1.1. In this book the Euclidean n-space is always denoted by R”. An 
r-dimensional subspace, 0 < r < n, of R” is denoted by R” or sometimes 
by X” or Y’ and is called an r-dimensional (hyper)plane of R” or simply 
an r-plane. R” is itself the unique n-plane of R”. 


Every (n — 1)-plane R”™™ of R” divides R” into two open half-spaces 
H”; and H”: if the plane FR” is defined by the equation 


atı + +++ + ant, = 0, 
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the open half-spaces H”; and H”, are defined by the inequalities 
ar, +--+: + antn > Oand atı + --- + anta < 0. Two points of R” are 
said to lie on one side of the plane R”™ if they are in the same half-space 
determined by R"™ and on different sides of R"™ if one point is in one half- 
space and the other in the second half-space. 

The closure of an open half-space H”;, 7 = 1, 2, i.e., 


A’, = H";0 R", i=1,2 
is called a closed half-space. 


$1.2. Linear independence of points. Barycentric coordinates. The points 
ao, %,°::, a of R” are said to be linearly independent if they are not 
contained in any plane of dimension <r. 

Accordingly, every n + 2 or more points of R” are linearly dependent. 

The points a;, i = 0, 1, ++- , r, with coordinates ®; , «?,, +--+, 2; 
are linearly independent if, and only if, the matrix 


CY 


has rank r. This may be reformulated as follows: if 


Aodo + +++ + AG, = 0 


and 

+A +--+ +A = O 
then 

MW =A =e =A =O. 
If ao, a1, °°: , @ are r + 1 linearly independent points of R”, there is 
exactly one r-plane, the plane R(a, ++- , a,) spanned by the points 
a, ***, Qr, passing through these points. It is contained in every plane 
R’ containing the points ao, a1, °°: , ar. 

Barycentric coordinates. The plane R(ao,+--, a) consists of those 


points of R” which can be represented in the form 


(1.2) a = podo + midi + +++ + urar, 

with the supplementary condition that 

(1.21) wo tm tes) tu, = 1; 

on the other hand, the numbers yo, +--+ , u, are uniquely determined by 


the point a and the relations (1.2), (1.21); they are called the barycentric 
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coordinates of the point a in the coordinate system ao,--:, a,. This 
terminology, introduced by F. A. Möbius, has the following basis: let us 
call a point of R” to which a rcal number ø, the mass or weight of the 
point, is assigned a mass point..If mass points a; with weights c; are given 
and uw; = o:/(o0 +--+: + c), then the point (1.2) is, by definition, the 
center of gravity or centroid of this mass distribution. 

The numbers o; may or may not be positive. They are arbitrary real 
numbers such that ` 


oo +: +o #0. 


$1.3. Theorems on intersections and linear closures. By the intersec- 
tion of two planes FR” and KR’ of R” we understand, as usual, the set of. 
points common to both planes; the plane spanned by R’ and R’, or the 
linear closure of the two planes, is the plane of least dimension which 
contains both Æ and R’; it is obviously unique. 

The following theorems are easily proved: 

1.31. The intersection of two planes K and R° is either empty or is a plane 
Rijd>rts—n. 

1.32. The dimension h of the linear closure of two planes K and KR? satis- 
fies the inequahtyh <r+s+1. 

1.33. If the intersection of two planes W and R° is nonempty, 
thend+h=r-+s. 

Since h < n, 1.31 is contained in 1.33. 


§1.4. General position. 

DerFiniTion. A set of points of R” is said to be in general position if every 
r points, r < n + 1, of the set are linearly independent. 

The theorems of 1.3 imply 

1.41. Let. the points ao, ++: , ar, bo, ++: , bs be in general position and 
ler <n,s < n. Then the following assertions hold for the intersection and 
linear closure of the planes R = R(ao,--- , a) and R° = R(bo, ++: , ba: 

Ifr +s <n, the linear closure has dimension r + s + 1 and the inter- 
section is empty. 

If r +s > n, the linear closure has dimension n (hence it coincides with 
the space R”) and the intersection is either empty or has dimension r + s — n. 

Every finite set of points can be brought into general position by means 
of an arbitrarily small displacement, i.e., 

1.42. Let {ao,---, a} be an arbitrary finite set of points in R” and e a 
positive number. Then there exists a set of points {a's, +--+ , a's} in general 
position such that 


p(a’;, ai) < €, 7=0,1,°:-,s. 
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Proof. Set a'o = ao and suppose that points a’; € S(a;, 6,71 < m < s — 1, 
have already been found to satisfy the condition that a’), +-+- , a'm are in 
general position. Then choose a point @’mi1 E€ S(Qm4i1, €) not contained in 
any of the planes P’(a’;,,--- , a’:,), where io, ++, i do not exceed m 
andr < n. If m = s — 1, the theorem is proved. 

If the points ao, +- , a, are linearly independent, i.e., are not contained 
in any plane of dimension <r, the same is true for any points a's, ++- , a’; 
which are at a sufficiently small distance from ao, -++ , a, respectively. 
From this simple remark it follows that: 

1.43. If the points ao, +++ , ax are in general position, there exists a ô > 0 
such that any points a'o, -> , a’, for which plai, a'i) < ô, i = 0,1,-:: ,k, 
are also in general position. 


§1.5. Affine mappings. Concerning affine mappings of R” into itself see 
e.g., Schreier and Sperner [S-S, §13]. Of the properties of affine mappings 
we recall first the invariance of the centroid (easily established by simple 
calculations): if C is an affine mapping of R” into itself, and if a is the 
centroid of points a, , k = 0,1, ---, r, with weights m, , then C(a) is the 
centroid of the mass points C(a,) with the same weights my . 

Remark. It is assumed here that if C(a,) = C (ax) = b, then the weight 
m, + im, is located at the point b. 

The invariance of the centroid implies that: 


1.51. If ao, +++, an is a set of n + 1 linearly independent points of R” 
and bo, ++: , ba is any set of n + 1 points in R”, there exists a unique affine 
mapping C of R” onto a linear subspace of R” which takes the points ay, <-> , 
a, , into bo, «++ , ba, respectively. The mapping C is obtained by assigning 
to an arbitrary point a with barycentric coordinates yo, ---, #a (with 
respect to do, +--, Gn) the centroid of the weights yo, +--+ , Hn located at 
the points bo, -::, ba. 


An affine mapping is said to be non-singular if it is (1—1). Otherwise 
it is singular. An affine mapping is onto (R”) if, and only if, it is non-singu- 
lar. Non-singular mappings may be characterized by the fact that they 
map every linearly independent system of n + 1 points of R” onto a 
linearly independent system, also consisting of n + 1 points. 

This condition is expressed analytically as: 

An affine mapping C defined by the relations 


(1) tna) a a 
(1.51) a, =U iti tee tw yan tu, 1= 1l, Nn, 
(where z; and x’; are the coordinates of the points of the inverse images 


and images, respectively) is non-singular if, and only if, the determinant 
of the mapping is different from zero: 
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An affine mapping is said to positive if its determinant is positive, negative 
if its determinant is negative. This definition is legitimate, since the sign 
of the determinant is independent of the choice of the coordinate system. 

Let Co, 0 < 6 < 1, be a family of non-singular affine mappings of R” 
onto itself depending on the parameter @ (I, 7.4). All the mappings Cs , in 
particular Co and Cı, have the same sign since the determinant of Ce is 
continuous in @ and hence, never assuming the value zero, cannot change 
in sign. 

The identity mapping Co of R” onto itself obviously has determinant 
+1 in every system of coordinates; hence every affine mapping which 
can be transformed into the identity mapping by means of a continuous 
deformation Cs (where all the Cs are non-singular affine mappings of R” 
onto itself) is positive. As an example of a negative affine mapping of R” 
onto itself we shall consider a symmetry relative to an (n — 1)- plane 

fe c R". 

If the coordinate system is chosen so that the plane R”! is the co- 

ordinate plane z, = 0, the mapping can be defined by the equations 


T'i = Ti, eS hee (n l), 
P.s 
Tn = Tn, 


whence it is at once clear that the determinant of-the mapping in the 
chosen coordinate system is —1. Hence every affine mapping which can 
be continuously deformed into a symmetry relative to an (n — 1)-plane 
by a set of non-singular affine mappings of R” onto itself is negative. We 
shall make use of this example in the proof of the following theorem which 
is required in Chapter VII: 

1.52. Let e1,- , en, be a system of n linearly independent points of an 
(n — 1)eplane R™ C R”, and let e's and e”, be two points in the comple- 
ment of R™. Then an affine mapping Co which takes the linearly independent 
points e's, €1,°** , €n imo e'o, €1, +++, €n, respectively, is positive if e's 
and e'', lie on one side of R” and negative in the contrary case. 

Theorem 1.52 is a special case of the following proposition (which is 
utilized in Chapter X): 

1.521. Let C be an affine mapping of R” onto itself which maps some (n — 1)- 
plane R"™ onto itself. The affine mapping of R" defined by C is denoted 
by C’. 
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Let e be a number equal to +1 if C maps each of the two half-spaces into 
which R™ divides R” onto itself and equal to —1 if C maps each of these 
half-spaces onto the other. Then the signs of C and C’ satisfy the relation 

sgn C-sgn C’ = e 


(in particular, if sgn C’ = +1, sgn C = e, whence 1.52 also follows). 
Proof of 1.521. The theorem is obvious for n = 1; let n > 2. 


Let Tı, ++- , 2, be a coordinate system in R” such that R”! is the co- 
ordinate plane x; = 0. In this coordinate system we may write C in the form 
x’; = Soret Qin , i = 1, 2, vee yn. 


Since R” is transformed into itself, 2’; = 0 for zı = 0 and arbitrary 
T2,'*' , Xn, i.e., QT? + D S + Apr, = 0 for arbitrary T2,°'* , In SO 
that 


aye S136, Qin = 0. 
In other words, the mapping C has the form 


Ti = Munti, 
Lig = Qati + +++ + antn, 
Ln = Ant + Re + Annn , 
whence it follows that 

det C = an det C. 


But an has the same sign as e so that sgn C = e sgn C’, q.e.d. 

An affine mapping which transposes any two of n + 1 linearly indc- 
pendent points é&,:--, €n, 1.e., which takes the points eo, +, e, °°: , 
€k,°°' , €n INtO e0, tt, €k, tt, Cy ttt , Cn, Tespectively, is a negative 
mapping. To show this it suffices to take an affine system of coordinates 
in R” whose unit vectors are eo: , +++ , €c€n With origin eo : the determinant 
of the mapping in this coordinate system is obviously — 1. 

It follows from this remark that: 

1.53. If the points eo, +: , e, are linearly independent in R”, the sign of 
the afine mapping realizing a given permutation 


eo +e en ) 
Eig eee Cin 
of these points is the same as the sign of the permutation. 


§1.6. Definition of an affine mapping of R” by affine mappings of two 
planes X” and Y°, p +q =n. 
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Let p + q = n, and lct X”, Y° be two planes in X” intersecting in a 
single point o and such that the linear closure of the planes coincides with 
all of R”. 

Let C, and C: be affine mappings of X? and Y°, respectively, onto them- 
selves such that Ci(o) = C2(o0) = o. In these conditions, there exists a 
unique affine mapping C of R” onto itself coinciding on X?” and Y° with 
Cı and C: , respectively. The mapping C is called the induced mapping of 
Cı and C; or simply the extension of these mappings over Kè”. 

Proof. Choose a system of coordinates with origin o in R” such that the 
first p unit vectors of the coordinate system are in X? and the rest in Y°. 


If Ci, Ca, in the coordinates zı, +++ , Zp 3 Zp41,°°* , Zn, are given by the 
equations 
t 
TI = And, +--+ + app D4 = Opsipyi Tp + tt F Apgin En 
T oa 
T p = Anil + ee + Appl p Tn = An ptiTp+1 -F S + Annln 


respectively, then the desired mapping C in the coordinates 1, --- , 
Tp, *** , Zn is Written as 


Ti = Qut + +++ + ptp 


eseese osoersrosoossve osseo ooo’ 


Tip = Api, + +++ + AppLp 
Tp} = Opti.ptitpg1 + tt + Opti nEn 
Pe” 
Tr = An,pTp F te F Onta. 
COROLLARY. 
(1.61) det C = det C, det C> a 


§2. Convex sets 


§2.1. Definition of convex sets. The straight line defined by two points 
a, b is the set of all points of the form ħa + ub, where A + u = 1 (see 1.2). 
The subset of this straight line defined by the conditions \ > 0, u > 0; 
A > 0, u > 0, respectively, is called the closed segment [ab] or the open 
segment (ab), respectively. 

DEFINITION 2.11. A set M of points of the space is said to be conver if 
it contains with every two of its points a and b the whole segment [ab]. 

The simplest examples of convex sets are: the whole space R” and its 
planes (of arbitrary dimension), half-spaces, segments, sets consisting of 
one point, the empty set. 

DEFINITION 2.12. A closed bounded convex subset of R” containing an in- 
terior point (relative to R”) is called an n-dimensional conver body. 
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§2.2. Simplest properties of convex sets. 

2.21. Every convex set is connected. 

In fact, two arbitrary points p and q of a convex set M are contained 
in a connected subset of M (the segment [pq]), i.c., M is connected. It fol- 
lows immediately from Def. 2.11 that: 

2.22. The intersection of an arbitrary (finite or infinite) set of convex sets 
is convex. 

Furthermore, 

2.23. If M is convex and 6 > 0, then S(M, 6) ts convex. 

Proof. Let bı , be be points of the neighborhood S(M, 6) and let b be a 
point of the segment [bib]; it is required to show that b is contained in 
S(M, ô). 

There exist points a , a2 in M such that | bı — a | < ô, |b: — a| < ô. 
Then since b is a point of the segment [bib»], 


b = Abi + ub, A> 0, p> 0, Atyw=1. 
If the point Aa, + ua: of the segment [aias] is denoted by a, then 
b — a = A(hi — a) + (b: — a), 
whence 
|b— a| <A|bi— a| + u|b:— a| < (A+ zs = ò 


Since a € M (in virtue of the convexity of M), the last inequality implies 
that b € S(M, ô), q.e.d. 

COROLLARY. An open solid sphere S(p, ô) is a convex set. 

The intersection of all the sets S(M, 5), 5 > 0 arbitrary, is the closure 
of Jf. Therefore, 2.22 and 2.23 imply 

2.24. The closure of a convex set is convex. 

COROLLARY. A closed solid sphere is a convex body. 


§2.3. Interior and boundary points of a convex set. 

2.31. Let M be a convex set, a an arbitrary point of M, b an interior point 
of M (relative to R” D M), c a point of the segment [ab] different from a. 
Then cts an interior point of M. 

Proof. There exists a 5 > 0 such that S(b, 6) & M, furthermore, 

= ha + ub, where à + u = 1, à > O, and, since c ¥ a, u > 0. 

We shall prove that S(c, uô) G M. 

If d € S(c, us), i.e., if |d — c| = |d — ħa — ub | < uô, then 


| (1/u) d — (A/u)a — b | < ô; 
consequently the point 
d' = (1/u)d — (r/u)a 
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is contained in S(b, ô) C M. Since 
d = `a + ud’, 


d is on the segment [ad’] € M, q.e.d- 

COROLLARY. The set of interior points of a convex set is convex. 

If a is a boundary point and b an interior point of M, then, in particular, 
by 2.31, [ab] cannot contain any boundary point different from a. Hence 

2.32. Every half-line issuing from an interior point of a bounded convex 
set M contains one and only one boundary point of M. 

2.32 in turn implies 

2.320. If a conver set M C R” has an interior point, the set of all interior 
points of M is dense in M (and open in R”). 


§2.4. The dimension number of a convex set'Q is, by definition, the 
maximum number r such that Q contains r + 1 linearly independent 
points ao, ++- , ap. If ao, ++: , a, are linearly independent in Q, Q is also 
contained in the plane R’ (ao, «++ , a) (since if Q were to contain a point a 
not on this plane, Q would have r + 2 linearly independent points a, 
ao, +::, a). The set of all points z € R’(ao,--- , a) whose barycentric 
coordinates with respect to ao, +++ , a, are positive is an open subset of 
R (ao, +++ , a) contained in Q. Hence 

2.41. Every convex set of dimension number r is contained in a uniquely 
defined r-plane, the carrying plane of Q, and contains interior points with 
respect to this plane. 

Unless otherwise specified, interior points of a convex set Q will always 
refer to interior points of Q relative to its carrying plane. It follows from 
2.31 that the interior points of a convex set Q form an’r-dimensional convex 
set dense in Q. 

2.42. All n-dimensional convex bodies are homeomorphic. 

Proof. We shall prove that an n-dimensional convex body Q” c R” is 
homeomorphic to a closed solid n-sphere E”. Let us take as the center of 
E” any interior point o of the convex set Q”. Let z be an arbitrary point 
of Q” different from o. Let us denote by p(z) the boundary point of Q, 
‘lying on the ray oz, by q(x) the point in which the ray oz intersects the 
boundary of Æ”, and by C(z) the point which divides the segment [og(z)] 
in the same ratio as the point z divides the segment [op(z)]. The result is 
a mapping C of the convex body Q” onto E”; it is left to the reader to 
prove that this mapping is (1—1) and bicontinuous (see, e.g., Alexandroff- 
Hopf [A-H, 601-602]). 


§3. Closed convex hull. Simplexes. Convex polyhedral domains 


§3.1. The closed convex hull of a set M C R” is defined as the intersec- 
tion of all the convex sets containing Af. In consequence of 2.22, it is a 
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convex set. It is obvious that M coincides with its closed convex hull if, 
and only if, M is convex. 

3.11. The diameter (the least upper bound of the distances between two 
arbitrary points of a set) of the closed convex hull M* of a set M is equal 
to the diameter of M. 

Proof. It suffices to show that if ô is such that | z — y | < 6 for any pair 
of points z, y of M, then |a — b| < 6 for any pair of points a, b of M*. 

Let a, b be any two fixed points of M* and let z € M. Since |z — y | < ô 
for all y € M, M C S(z, ô). In consequence of the convexity of S(x, 6) 
and the definition of closed convex hull, M* C S(z, 6). Hence, in particu- 
lar, a € S(x, ô). Theréfore x € S(a, 6). This is true for any x € M, so that 
M C S(a, 6). Hence M* C S(a, ô) and, in particular, b € S(a, ô). There- 
fore, |a — b| < 4, q.e.d. 


§3.2. Closed convex hulls of finite sets. Definition of a simplex and of a 
closed simplex. 

3.21. The closed convex hull of a finite set of points a), ---, as of R” 
consists of all the points a € R” of the form 


(3.21) a = uoo +- + MsQs , 


where uo, -+*+ , u, are arbitrary nonnegative real numbers whose sum is 1. 

In other words, the closed convex hull of a finite set ao, --- , a, consists 
of the centroids of all possible nonnegative weights located at the points 
ao, °** , a, respectively. In particular, if the points a, -+> , a, are linearly 
independent (which implies that s < n), the closed convex hull of the set 
ao, *** , Q, consists of all the points of the plane R*(a,--- , aa) whose 
barycentric coordinates with respect to do, +*+ , as are nonnegative. 

Proof of 3.21. A detailed proof can be found in Alexandroff-Hopf [A-H ;602~ 
604]. We shall give a sketch of this proof here. Denote the set of all points 


(3.21) by (ao, ---, a) and the closed convex hull of the set {ao, --+ , as} 
by fao, °°, a}*. 

It is required to prove that {ao, --- , a.}* = (ao, ---, aa). To this end, 
we state the following three lemmas: 

3.211. The set (ao, --- , @s) is convex. 

3.212. If 0 < r < s, and a is an arbitrary point of (ao, +> , a), there 
exist points a’ € (ao, +++, a) anda” € (a,41, °°, @s) such that a is on 
the segment [a’a”]. 

3.213. If the points ao, --- , a, are contained in a convex set Q, then 
(ao ++, Gs) CQ. 


Lemma 3.211 can be verified by a routine calculation. 
Lemma 3.212 is proved as follows. If a = poao + +++ + wa, , and if 


Vv = D ui £ 0, A” = Dorn mi = 0, 
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put 
= D olu:/M ai 
a” = Jorn (mi/M")a:. 


Then a = Xa’ + Ma”. But if, e.g., ’ = 0, thena € (ary, t, aa) and 
the lemma is trivial. Lemma 3.213 is proved by induction on the number s. 
Ifa € (a, , a) and a € Q, ++, a, € Q, by Lemma 3.212 there is a 
point a” € (a,, +++, aa) such that a € [aa”]. By the inductive hypothesis 
(a1, ++: , da) © Q; since ao E€ Q and Q is convex, a € [aa”] © Q, which 
was to be proved. Lemmas 3.211 and 3.213 immediately imply 3.21. 

3.22. Let ao,-:-, a, be linearly independent points of R” (so that 
r < n). The set of points of the plane R (ao, --- , ar) whose barycentric 
coordinates with respect to a), ++- , @, are positive is a convex open set 
in R’(ay, ++- , a) called an r-dimensional simplex or simply an r-simplex 
with vertices a), ---, a, and denoted by (a ---a,). The closure of the 
simplex (ao --- a), Which is obviously synonymous with the closed convex 
hull of the set of points ao, --- , a, is called the closed simplex with ver- 
tices a, +++ , a, and is denoted by [ao <+> a). 

If an, tt, @,,0 < p <r, are vertices of a simplex (a --- a,), the 
p-simplex (ai, +++ a) is called a p-face of (ao +: a,). In particular, the 
r-simplex (ao -++ @,) is its own unique r-face. The remaining faces will be 
called proper faces of the simplex. 

Two faces (Qi --+ @:,) and (ajs --- a;,) of a simplex (ao -++ ar) are said 
to be opposite faces if every vertex of (ao --- a,) is a vertex of exactly one 
of the two faces. Obviously, if a pe eples and a q- simplex are opposite 
faces of an r-simplex, then p + q = r — 1. 

It is easily proved that 

3.23. If T? = (ai, +++ ai) and T? = (ai +++ aj) are opposite faces of a 
simplex T” = (do --- a;), then every point of T” lies on exactly one straight 
line segment joining some point of T? with some point of T°. 

Further, 3.11 implies 

3.24. The diameter of (ao --- a,) is equal to the maximum of the numbers 
p(a; , aj). 


§3.3. Convex polyhedral domains. Since the half-spaces of a given R” 
are convex sets, the intersection of any number of half-spaces (open or 
closed) is convex. 

3.31. A bounded nonempty subset of R” which is the intersection of a 
finite number of open (closed) half-spaces of R” is called a convex poly- 
hedral domain (closed polyhedral domain). 

The closure of a convex polyhedral domain is a closed polyhedral do- 
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main of the same dimension number; conversely, the set of interior points 
of a closed convex polyhedral domain is a convex polyhedral domain. 

Let Q” be an n-dimensional convex polyhedral domain in R”. The inter- 
section of every (n — 1)-plane R”’ C R” with Q” and Q” is convex. A 
plane R"” is called a plane of support of the polyhedral domain Q” if 
Q” n R*” < 0 and R= ng =0Q. 

The intersection of every supporting plane R” with the boundary 
Q” N Q” of the polyhedral domain Q” coincides with the set R! n Q” 
and is therefore a closed convex polyhedral domain Q, r < n — 1; if 
r = n — 1, Q is called an (n — 1)-face of the polyhedral domain Q”. 

Hence every (n — 1)-dimensional polyhedral domain which is the interior of 
some closed polyhedral domain obtained as the intersection of Q” with a sup- 
porting plane of Q” is called an (n — 1)-face of the convex polyhedral do- 
main Q”. 

Furthermore, the (n — 2)-faces of the (n — 1)-faces of Q” are called 
the (n — 2)-faces of Q”, ete. The 0-faces of Q” are points and are called 
vertices of Q”. 

3.32. Every two faces of a convex polyhedral domain are disjoint; the union 
of all the r-faces of Q”, 0 < r < n — 1, is the boundary Q” N Q” of Q”. 

REMARK. A polyhedral domain Q” is its own unique n-face. 

The proof of Theorem 3.32, which offers no serious difficulties but is 
nevertheless quite long and tiresome (see Alexandroff-Hopf [A-H; 609-614]), 
is left to the reader. We note finally that the least possible number of verti- 
ces of an n-dimensional convex polyhedral domain is n + 1. Convex poly- 
hedral domains which have exactly n + 1 vertices are n-simplexes. 


n—l 


§4. Centroid of a simplex 
DEFINITION 4.1. The centroid of a finite set of points a1, ---, a, of R” 
is the point 
b = (1/k)(a, + +++ + ax), 
i.e., the centroid of the system of equal weights located at these points. 
The centroid of a simplex (and in general of a convex polyhedral domain) 
is, by definition, the centroid of its set of vertices in the above sense. 
$4.2. Let M C R” be a finite set of diameter d consisting of k points, 
let M, be a nonempty subset of M, and denote by b and b, the centroids 
of M and Mı , respectively. Then 


(4.20) p(b, bi) < [(k — 1)/k] d. 
Indeed, if 
M = {a,°-- , a}, Mi = {a,--+ , a,}, (<k <k), 
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then, by the definition of centroid, 
b= (1/k) Dias, b 


(1/kx) Dojls ay, 

so that 
bi — b = (1/k) (È šta; — kib) = (1/kx) 25h (a; — b), 
a; — b = (1/k)(ka; — Dinas) = (1/k) Doin (a; — a), 


and 
(4.21) bı — b = (1/kki) Doin Dds (a; — a4). 
The kkı summands a; — a; contain kı summands such that j=i< k 
and these summands are equal to zero. This means that the number of 
summands different from zero in the sum J i-1 2-44, (a; — a) is equal 
to kky — kı = k(k — 1). Therefore, (4.21) and the assumption 
that | a; — a; | < d imply that P 

|b, — b| < (1/kkı) kı(k — 1)d = [(k — 1)/k] 4d, q.e.d. 


COROLLARY 4.2. Let T” be an n-simplex of diameter <d, let T” be a face 
of arbitrary dimension of T”, and let T” be a face of T’. Denoting the 
centroids of T’, T” by b’, b”, respectively, we have 


p(b’, b”) < [n/(n + 1)] 4. 


Indeed, if the dimension of T” is r, in consequence of the above, p(b’, b”) < 
[r/(r + 1)]d. But r/(r + 1) < n/(n + 1), whence the assertion also 
follows. a 


§5. Central projection 


Let o be a point of R”, called a center of projection. Let M C R” \ o. 
We shall call the point set oM([oM]) of R” which is the union of all open 
segments (ox) (closed segments [ox]), x € M, the open (closed) projection 
of the set M, or cone with base M and vertex o. 

Let N C R” \ o be any set intersecting every half-line joining o with 
any point x € M in a single unique point r(x). The assignment to each 
xz € M of the point r(x) € N yields a mapping =z of the set M into the 
set N. 

The mapping v, as well as the image 7(M) of M under this mapping, 
is called the projection of M into N from o. When there can be no mis- 
understanding, we shall use the term projection to denote a projection 
as a mapping. 
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The proof of the following property of projections is left to the reader: 
5.1. Suppose that the intersection of a set M with every half-line issuing 
from o consists of a single point and let M,, Mz be two subsets of M. Then 
the projection of the intersection of M, and Mz coincides with the intersection 
of their projections. By projection is meant either open or closed projection. 


Kazan, December 10, 1941. 
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— —, one-sided closcd, 86 

— —, open, 82 

—.—, separating, 90 

— —, two-sided closed, 85 

cut operation, 86 ff. 

cycle of an elementary curve, 68 

— of a 1-complex, 69 

—, relative, xiv 

—, simple, 68 

—s, singular, xiii, xiv 

—s, true, xiii, xiv 

cyclic star, 73 


Decomposition of an elementary curve, 
67 

— space, 19 

deformation, 32 

—, admissible, 48, 181 

degenerate n-simplcx, 116 
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— set, 16 

degree of a mapping, 52 ff. 

densc, 5 

diameter of a metric space, 8 
difference of sets, 2 

dimension, inductive, 187 

—, intuitive meaning of, 37 

— of an abstract simplex, 122 

— of a bicompactum, 36, 37, 38 

— of a compactum, 37, 38, 177, 179, 197 
— of a complex, 71 

— of a nerve, 129 

— of a simplex, 116 

— of a simplicial complex, 122 

— of a skeleton complex, 79 

— of a triangulation, 118 

— theory, 170 

—, topological invariance of, 37 
dimension number of a complex, 71, 155 
— — of a convex set, 210 

— — of a polyhedron, 155 

— — of a simplex, 116, 155 

— — of a simplicial complex, 122 
— — of a topological complex, 149 
— — of a triangulation, 118 
discrete spaces, 16, 28 

— — and partially ordered sets, 28 
disconnect, 39 

disorienting sequence, 96 
displacement, e-, 171 

distance, 7, 9 

— between a:point and a set, 7 

— in Euclidean space, S 

— in Hilbert space, 9 

— in space of continuous mappings, 31 
domain, 14 

doublet, 13 

—, connected, 13 

doubling of a three-dimensional ring, 22 
dual of 2 barycentric star, 144 

— of a complex, 147 

— of a partially ordered set, 27 ff. 
— of a simplex, 144 

— of a triangulation, 144 

— subcomplexes, 147 

duality laws, xv 

— — and homology dimension, xv 
dyadic discontinuum, 13 


Edge, 71 
Filenberg, xv 
elemcutary curve, 66 
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elementary subdivision of a complex, 67 

— — of a polyhedral complex, 141 

— — of a triangulation, 77 

endpoint of an elementary curve, 66 

e-approximation, barycentric, 177 

e-covering, 35 

e-displacement, 171 

«-mapping, 170 

e-neighborhood, S 

e-net, 30 

equivalence of open and closed coverings, 
33 

essential mapping, 181 

Euclidean n-space, S 

Euler characteristic of an elementary 
curve, 67 

— — of a 1-complex, 67 

— — of a triangulation, 99 

Euler theorem, 69, 99, 105 

extension of a continuous mapping, 17 

— of an affine mapping, 208 


Face of a convex polyhedral domain, 213 

— of a simplex, 116 

—s, opposite, 117, 212 

family depending on a parameter, 4 

fixed point theorem, 156, 168 

frontier of a simplex, 118 

fundamental group, xv 

— hypothesis of combinatorial topol- 
ogy, 150 

— sequence, 29 

— theorem of surface topology, 110 


Gawehn, 73 

general position, 204 

genus of a nonorientable surface, 108 
— of an orientable surface, 108 
geometric partial order, 26 
geometric realization of a nerve, 131 
Glezerman, xv 


Half-space, closed, 203 

—, open, 202 

handle of the first kind, 93 

— — — second kind, 93 
Hauptvermutung, 150 

Hausdorff, 2 

— space, 16 

— —, compact, 17 

— —, normal, 16 

Hilbert parallelotope, 9, 13, 171, 174, 179 
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— space, 9, 171 
homcomorphic spaces, 10 
homeomorphism, 10 
homological manifold, xiv 
homology dimension, xiv, 170 
—, relative, xiv 

homology theory, xiii 

— — of bicompacta, xiv 

— — of compacta, xiv 

— —, topological invariance of, xiii 
homotopic mappings, 32, 53 
homotopy, xv 

— classes of mappings, 32 

— groups, xv 

Hopf, H., xiii, xiv, xv 
Hurewicz, xv, 200 


Identification, 20, 124 

— of elements of a triangulation, 79 

— of the first kind, 93 

— of partially ordered sets and discrete 
spacés, 29 

— of points of a space, 20 

— of the second kind, 93 

— of vertices of a simplicial complex, 125 

— of vertices of a skeleton complex, 79 

—s, examples of, 20 ff., 80 ff. 

image, 3 

imbedding theorems, 18 

incident simplexes, 117 

index of a point relative to a closed path, 
47 

— — — relative to a continuous map- 
ping, 47 

— — — relative to a mapping of a cir- 
cumference, 52 

— — — relative to an oriented Jordan 
curve, 51 

indexed set, 3 

— system of sets, 3 

induced orientation, 94. 

inductive dimension, 187 

— — at a point, 187 

infinite dimension, 37 

— triangulation, 158 

interior closed cut, 82 

— element of a surface, 77 

— of a set, 5 

interior point, 5 

— — of a convex set, 210 

— — of a set, 5 

— — of a surface, 76 
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intersection of sets, 2 

—s, theory of, xiv, xv 

invariance of connectivity, 100 

— of dimension number of R”, 155, 168 
— of the Euler characteristic, 99 

— of interior points, 74, 156, 164 ff. 
— of orientability, 95 

inverse image, 3 

irreducible e-covering, 189- 

isolated point, 5 

isomorphism of abstract complexes, 125 
— of simplicial complexes, 124 

— of skeleton complexes, 79 


Jordan arc, 39 
— curve, 39 
— theorem, 39 ff. 


Klein bottle, 81, 97, 114 
Knaster, 156 
Kuratowski, 156 


Lebesgue, 37 

— lemma, 35, 162 

— numbers of a closed covering, 35 
Lefschetz, xiv, xv 

— -Hopf formula, xiv 

limit point, 5, 8 

linear closure of planes, 204 
linear independence of cycles, 68 
— — of points, 203 

linking theory, xiv 

local compactness, 24 

— connectedness, 41 


Major star, 144 

manifold, homological, xiv 
—, topological n-, 24 

—s with boundary, xiv 
mapping, 3 

—, affine, 205 

—, bicontinuous, 10 

—, continuous, 9 

—, e-, 170 

—, essential, 181 

— into, 3 

—, normal, of degree w, 52 
— of order n, 196 

~~? (1-1), 3 

— onto, 3 

—, similarity, 26 
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—, simple, 50 

—, simplicial, 79, 123 

—s, composition of, 3 

—s, uniform convergence of, 10 
Mazurkiewicz, 156 

mesh, 157 

metric, 7 

metric space, 7 

— —, complete, 29 

— —, locally connected, 41 
— —, totally bounded, 30 
metrizable space, 10 

— —, compact, 17 
metrization theorems, 18 
Mobius, 204 

— band, 80, 91, 96 
modification of a closed covering, 164 ff. 
Moise, 150 


Natural order, 26 

— topology of a metric space, 8 

n-cell, 167 

negative affine mapping, 206 

neighborhood, 5 

— in a decomposition space, 19 

— in a topological product, 11 

—, spherical, 8 

— system, 6 

— topology, 6 

—s, absolute system of, 6 

nerve of a covering, 129 ff. 

—s, examples-of, 129 ff. 

n-manifold, 24 

—s, examples of, 24 ff. 

(n-1)-sphere, 9 

noncoherent orientation, 94 

nonorientable surface, 95 

— triangulation, 94 

nonseparating cut, 90 

— subcomplex, 99 

non-singular affine mapping, 205 

normal closed nonorientable surface of 
genus p, 109 

— — orientable surface of genus p, 109 

normal Hausdorff space, 16 

normal mapping of degree w, 52 

normal simple surface with r contours, 
106° 

n-simplex, 116 

n-sphere, 9, 24 
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l-complex, 67 products, theory of, xv 
one-dimensional Betti number of an elc- projection, 214 

mentary curve, 68 projective 5-space, 25 
l-element, 67 — n-space, 22 ff., 151 
one-sided closed cut line, 86 — plane, 81, 97, 114, 151 
1-sphere, 11 — three-space, 24 ff. 
(1-1) mapping, 3 proper face, 117, 212 
open cone, 134 — — of a degenerate simplex, 117 
— covering, 32 ff. — subset, 3 
— cut, 82 proportional sequences, 22 
— manifold, 24, 25 pure complex, 72, 200 
— n-cell, 167 
— projection, 214 Ratio, 22 
— set, 4 real line, 7, 13 
— simplex, 212 reduction of holes, 90 ff. 
— solid n-sphere, 9 — by means of a handle, 93 
— stars of a triangulation, 138 refinement of a system of sets, 32 
— subcomplex, 71, 126 regular boundary, 41 
opposite faces of a simplex, 212 — component of an elementary curve, 67 
order axioms, 26 — point of an elementary curve, 66 
— —, partial, 26 — subdivision of a triangulation, 78 
— —, simple, 26 relative cycles, xiv 
order of a covering, 32 — homology, xiv 
— of a finite system of sets, 4 — topology, 5 
— of a mapping, 196 retraction, 172, 174 
orientable surface, 95 r-face, 117 
— triangulation, 94 r-plane, 202 
orientation of a Jordan are, 45 r-simplex, 212 
— of a Jordan curve, 46 
— of a triangle, 94 Schmidt, E., 39 
— of a triangulation, 94 semi-cyclic star, 73 
outer boundary of a barycentric star, 144 semi-star, 83 
— — of a star, 73, 126 separate, 39 

separation axioms, 16 

Partial order in a complex, 71, 118 — of two points, 55 
partially ordered set, 25 ff. sequential convergence, 8 
p-face, 212 similar coverings, 33 
Pfastersatz, 37, 155, 162 — partially ordered sets, 26 
phase space, 13 similarity mapping, 26 


simple arc, 39 

— closed curve, 39 

— covering, 37 

— cycle of an elementary curve, 68 
— cycle of a 1-complex, 68 

— mapping, 50 


plane, carrying, 210 

— of support, 213 

Pliicker coordinates, 24 

Poincaré, xiv, XV 

poiut set boundary of a simplex, 118 


polyhedral complex, 119 — nerve, 129 

polyhedron, 71, 118, 136 — surface, 104 

—, triangulation of, 137 — system of sets, 4 

Pontryagin, xiv, xv, 128, 134 — triangulation of a surface, 102 
positive affine mapping, 206 simplex, 116, 212 


prism, 135 ff. —, abstract, 121 
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—, boundary of, 119 — RNo, 13 
—, carrier of, 156 — R,, 138, 17 


—, centroid of, 213 

—, closed, 118 

—, degenerate, 116 

—, dimension of, 116 

—, face of, 116 

—,n-, 116 

—, opposite faces of, 117 

—, skeleton of, 116 

—, topological, 149 

—, triangulation of a closed, 156 
—, vertices of, 116 

—es, chain of, 200 

—es, incident, 117 

simplicial complex, 122, 125 

— —es, examples of, 122 ff. 
simplicial mapping of a polyhedron, 139 
— — of a simplicial complex, 123 
— — of a skeleton complex, 123 
singular affine mapping, 205 

— point of an elementary curve, 66 
skeleton, 78, 121, 129 

— complex, 78, 120 

— — of a simplicial complex, 122 
— — of a triangulation, 78 

— —, unrestricted, 121 

— —es, isomorphism of, 79 

— of a degenerate simplex, 116 
skeleton of a simplex, 121 

—s, sum (mod 2) of, 68 

space, compact Hausdorff, 17 
—, compact metrizable, 17 

—, compact topological, 17 

—, complete metric, 29 

—, connected, 13 

— D,, 18, 17, 18 

—, decomposition, 19 

—, discrete, 16, 28 

—, Euclidean, 8 

—, F,, 13, 16 

—, Hausdorff, 16 

—, Hilbert, 9, 171 

—, locally compact, 24 

—, locally commected, 41 

—, metric, 7 

—, metrizable, 10 

—, normal, 16 

— of continuous mappings, 31 
— of countable weight, 7 

—, projective, 22 ff. 


T; To a) Tı - T2 -, 16 

—, topological, 4 

—, totally bounded metric, 30 
— with countable basis, 7 
special covering, 189 

spectral theory, xiv 
Sperner’s lemma, 156, 160 ff. 
sphere, closed solid n-, 8 

ma (n— 1)-, 9 

—, open solid n-, 9 

— with p handles, 109 

— with p + 1 cross-caps, 109 
spherical neighborhood, 8 
star, 27, 72 

—, barycentric, 144 

—, center of, 126 

—, cyclic, 73 

— in a partially ordered set, 27 
—, major, 144 

— neighborhood, 137 

— of a subcomplex, 72, 126 
—, open, 138 

—, semi-, 83 

—, semi-cyclic, 73 

—, zone of, 127 


strongly connected compactum, 199 


— — pure complex, 72, 200 
— — polyhedron, 201 
subcomplex, 71 

—, closed, 71, 126 

—, open, 71, 126 
subdivision, barycentric, 78 
—, central, 140 

—, elementary, 141 
— of a closed covering, 190 

— of a closed simplex, 140 

— of a polyhedral complex, 139 
— of triangulations, 77 ff. 

—, regular, 78 

—s, chain of, 191 

sum, combinatorial, 118 

— of sets (mod 2), 68 

— theorem, 184 ff. 

surface, 76 

—, boundary of, 76 

—, closed, 73, 76 

—, contour of, 76 

—, nonorientable, 95 

—, normal, 109 
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— of genus p, 108 

—, orientable, 95 

—, simple, 104 

— with boundary, 76 

system of subsets, 4 

— — —, partially ordeted, 26 


Three-dimensional ring, 22 

Tihonov, 11, 17, 18 

topological circle, 104 

— circumference, 104 

— complex, 149 

— mapping, 10 

— n-manifold, 24, 198 

— polyhedron, 118, 149 

— simplex, 149 

— space, 4 ff. 

— triangulation, 149 

topological product, 10 ff. 

— — of a denumerable number of dou- 
blets, 13 

— — of a finite number of closed mani- 
folds, 24 

— — of a 1-sphere and a line, 13 

— — of a 1-sphere and a 2-sphere, 11 ff., 
21 ff., 151 

— — of &, closed segments, 13 

— — of bicompacta, 18 

— — of compacta, 18 

— — of n lines, 11 

— — of n 1-spheres, 11 

— — of n-spheres, 24 

— — of sets, 10 

— — of spaces, 10 ff. 

— — of r connected doublets, 13 

— — of r doublets, 13 

— — of 7 closed segments, 13 

— — of two lines, 11 

— — of two 1-spheres, 11 

topology defined in a set, 5 

—, neighborhood, 6 

—, relative, 5 

torus, 11, 21, 22, 81 

—, n-dimensional, 11, 24 

—, three-dimensional, 21, 150 

totally bounded metric space, 30 

triangle, 71 

— axiom, 7 

—, oriented, 93 

triangulation, 71, 118 
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—, curved, 73 

—, dimension of, 118 

—, infinite, 158 

— of a closed simplex, 156 

— of a closed surface, 74 

— of a Klein bottle, 81 

— of a Möbius band, 80 

— of a polyhedron, 71, 137 

— of the projective n-space, 151 
— of the projective plane, 81, 151 
— of a torus, 81 

—, orientability of, 94 

—, subdivision of, 77 ff. 

—s, examples of, 119 

true cycles, xiii, xiv 

Tumarkin, 188, 200 

turning function, 53 

2-complex, 71 

two-sided cut of the first kind, 111 
— — of the second kind, 111 
2-sphere, 10, 105 


Uniform continuity of a mapping, 18 

— convergence of mappings, 10 

union of sets, 2 

unrestricted simplicial complex, 122, 125 

— skeleton complex, 121 

upper semi-continuous decomposition of 
a compactum, 19 

— — —s, examples of, 20 ff. 

Urysohn, 9, 16, 17, 18, 170, 188. 189 

—’s theorem, 9 


Vertex, 68, 128 

—, first, 132 

—, last, 132 

— mapping, 79 

— of a cone, 214 

— of a finite system of sets, 128 
— of a nerve, 128 

— of a simplex, 212 

— of a skeleton complex, 78 


Weight of a space, 7 
Yoneyama, 42 


0-element, 67 
Zone of a star, 127 


